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On the Painleve property of a hydrodynamic system
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Abstract. We represent conditions of hydrodynamic system when it passes the Painleve
test. We use Kovaleskaya-Gambie method for fourth order ordinary differential system.
We obtain Lorenz-like dynamic for this system.

Introduction

The existence of magnetic fields of planets, stars and galaxy is explained by a dynamo-mechanism [1].
Mathematical aspects of dynamo effect are reduced to solutions of MHD equations. Nonlinear terms
of these equations don’t allow to find an analytical solutions (except private cases). Direct number
simulation of 3D magnetohydrodynamics with big Reynolds number require huge computing at su-
percomputers [2]. So simplified MHD systems are very important to investigate for understanding
main features of dynamo.

In the paper we discuss the analytical properties of a dynamical system, which is the simplest
model of the dynamo. We find relation between coefficients of system in order to pass the Painleve
test.

We discuss a model of process which generates the average magnetic field by a turbulence flow
of viscous incompressible fluid with the alpha effect in rotating coordinate system. It is described by
magnetohydrodynamics equations.

0v+ Ry (VW) V=PmAv—-Vp — E'Pm (e; X V) +rotB X B,

0;B = Ryrot (v X B) + R, rot (aB) + AB,
9]
V-v=0,

V-B=0,

where v — the average velocity, B — the average magnetic field, p — pressure, f — mass density of
external forces, a — tensor of the a-effect, R, — magnetic Reynolds number, E — Ekman number, Pm
— Magnetic Prandtl number, R, — amplitude of the a-effect, e, — the unit vector of axis of rotation.
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We admit that field axially symmetric with respect to axis e,. Solenoidal fields v and B give the
sum of the toroidal and poloidal components.

We represent the following decomposition of the velocity and magnetic field into the sum of time-
dependent amplitudes and stationary poloidal (toroidal) fields products:

v =x1(OV (1) + x2(t)v" (1),
2
B = yi (OB () + y2(t)B” ().

Substitution of decomposition (2) in (1) gives system of amplitude’s equations [3]:

dx _

d_tl = RpAi2x1 X2 + ET'PmPaxs + Fi + RuLiioyiys — i1,

D2 RiAia + E-PmMPyyx; + F + RyLaty + RuLony? —

dr  m 211X mieoy Xy 2 mL211Y] mi222Y, — M2X2,

dy, 3)
i RuWizxiyz + RuWiixoyr + RoWieaya — miyi,

% = RuWax2y2 + ReWaaiy1 — may2.

In the system we take into account that in the axially symmetric case the vector lines of any
poloidal field lie in planes passing through the axis of rotation, and the lines of any toroidal field
perpendicular to them. Uppercase letters denote constant coefficients. They appear after application
of Galerkin’s method to a system. Coeflicients y; and 7; determine the dissipation rate of velocity
and magnetic fields modes from (2). In this case we assume Pj, = —P5; and some other relations on
coefficients A2 = —Azi1, L2 = =Wiiz, Lot = =Wiat, Loy = —Wap, pry = o, 1 = 12, F1 = 0.

System (3) is the simplest dynamo model without a kinematic effect. In this paper we investigate
its analitical properties.

Simplified ODE system

We present the Painleve test on simplified ODE system. The Painleve test is neccesary condition for
the Painleve property. The formal solution is given by Laurent series near a movable singularity x— xy.
For this aim we use Kowalevski-Gambier method [4].

Main steps of Kowalevski-Gambier method are

1. substitution u(x) = upx” in order to find integer value of parameter p.

2. computation coefficients u(x) = u jx”+j for integer j. For every fixed j we have a linear algebraic
system on coefficient u; of Laurent series. If a system is consistent we have an uniformal
solution for fixed j. For some values of j system can be overdefined. In this case coefficients
of Laurent series are free. In order to determine j for which system is overdetermined we can
calculate Fuchs indices.

3. If a linear algebra system of Laurent series coefficients for each Fuchs indices is consistent
the ODE system passes Painleve test. It does not imply the Painleve property. If system is
inconsistent ODE system passes test.
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Let us discuss one simplified case of (3). We suppose that Ly = Ly = Wipy = Wapp = F1 =0,
Fy =M, RWop1 = RoWig2 = @, P1p = K, Py = =K, x1 = uy, X1 = U, Y1 = u3, y» = Uy, independent
variable r = x. So a reduced ODE system is

1 = —Au; + Kuy — Luzuy
Uy = —/luz—Kul +M

U3 = Lujug + auy —u3

Uy = QU3 — Uy

“

where M, L, K, A, @ — independent parameters.

1 step. We substitute u;(x) = u;ox”,i = 1..4 at system (4). Main terms give next system on p;:
pr—1=p3s+ps,pp—1=pi,p3—1 = p; + ps,ps — 1 = p3. Solution of the linear system is
pPL= _2»]72 = _17p3 = _2;174 = _1'

We find coefficients u; from system of main terms for calculated values of p;, i = 1..4:

DP1X1 = —Lx3x4, poxy = —Kx1, p3x3 = LX1X4, paxs = a x3

From this system we get one trivial solution and four nontrivial

2 2K 21 21
U0 = ——,U30 = £——,U40 = £—

upp = - ,
La La La L

where I — the imagery unit.

21 21
7% Usp = T when u3, us have the same sign. In this
ot

case Fuchs indices are irrational 0,1,5/2 — 1/2 V17,5 /2+1/2 V17. Because of the irrational value
we need to take u3, us o with the different sign. For positive values of u3 ¢ and u4 o the Fuchs indices
are —1, 1, 2, 4. For each Fuchs index we get 3 invariants:

Let us check the first solution uz o =

_8(a-1) K2+ 22 +41-4

5 = _2
01 1 )} Ta

A-D(@A- 2 -24+2) 1 GA=2)(cuid+ M=)

Os=((A=2up1 —urp) K +4 To X

Assuming Q| = Q> = Q4 = 0 we get next set of system’s parameters A = 1, K = =1, M = 0.

General ODE system

In this case we assume P, = —P>; and some other relations on coefficients Aj;p, = -4z = A,
Lo =-Win ==L, Ly11 = Wi = =P, Lyyy = ~Wap = =Q,u1 =pp =11 =m = 1, F = 0. For
such coeflicients system is more general than previos one.

Uy = Auuy + Kupr — Luzug — uy
u2=—Au%—Ku1—Pu§—Qui+M—u2
178} =Lu1u4+Pu2u3+au4—u3

g = Quous + @ Uz — Uy

&)

Let us consider the Painleve test of system (5) with A = P. First we check if the pivot terms satisfy
following equations

pr—l=pi+prpr—1l=p3s+ps,pp—1=2p1,pp—1=2p3,prp—1=2py,

p3—l=pi+psps—1=pr+p3,ps—1=pr+p3
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Figure 1. One velocity and two magnetic cmponents

There is one case when p; = —1,p, = —1,p3 = —1,ps = —1. Now we substitute expantions
u; = up,;x"" into pivot terms and get nonlinear system for coefficients ug .

I+ \-1*-4PQ

uon = Tuoz, uox = (LQuos — P)™' L ugs = —agr > Uoa = —Quoato3

In order to simplify up; we put Q = —L?/(4P). Such simplification gives a very simple charac-
teristic equation for the Fuchs indices j ( P-62+5j+ 12). Solving equation we obtain indicies
—-1,0,3,4. A characteristic polynomial doesn’t depend on parameters L, P. There are two invariants
for this system. Invariants correspond to the Fuchs values j = 3 and j = 4. Detailed analysis of the
invariants gives some relations on coefficients. So L = 2P, P = 1. Free parameters are K, o and
dependent one is M. Resulting system passes the Painleve test with @ = 3, K = 2.

Uy = Uy — uy + 2upy — 2 uzuy,

; 2 2 2 1330
Uy —ul—u2—2u1—u3+u4+W, )
Uz = 2ujug + upuz + 3ug — uz,

Uy = —Uouz + 3uUz — Uy

If we put value of M to zero, we get a modification of (6). Direct solutions of this system gives
periodic oscillations (fig. 1). If we keep constant force M, the periodic solutions will be relaxation
oscillations.

Conclusion
We have considered two cases of hydrodynamic system. For these systems we find sets of parameters
to satisfy the Painleve test. It is possible to check what conservation law holds for this system.
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