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Abstract. This paper presents a new idea of perfect signal reconstruction in multivariable wireless 
communications systems including a different number of transmitting and receiving antennas. The proposed 
approach is based on the polynomial matrix S-inverse associated with Smith factorization. Crucially, the 
above mentioned inverse implements the so-called degrees of freedom. It has been confirmed by simulation 
study that the degrees of freedom allow to minimalize the negative impact of the propagation environment 
in terms of increasing the robustness of whole signal reconstruction process. Now, the parasitic drawbacks 
in form of dynamic ISI and ICI effects can be eliminated in framework described by polynomial calculus. 
Therefore, the new method guarantees not only reducing the financial impact but, more importantly, 
provides potentially the lower consumption energy systems than other classical ones. In order to show the 
potential of new approach, the simulation studies were performed by author’s simulator based on well-
known OFDM technique. 

1 Introduction 

As we all know the environment in which we live 
and move has a huge impact on our behavior. In fact, 
without proper air conditions we cannot to function 
normally. That is why it is so important to be able to 
determine the positive or negative impact of the 
environment on our actions. In this paper, a special 
attention has been paid to the parasitic influence of the 
environment on the wireless data transmission process. 
Through an application of different tools we can 
effectively identify and reduce the noise impact under 
various engineering tasks including a multivariable real 
perfect signal reconstruction problem. A recently 
introduced new method of signal recovery is presented 
and confirmed by simulation examples here.    

Today's wireless data communication standards are 
already well developed. There are a number of solutions 
that allow for balanced transmission of information in 
order to achieve a significant bandwidth throughput (for 
example WiMAX, WiFi 802.11n, DVB-T or LTE/LTE 
Advanced standards), the several of them implement the 
well-known OFDM mechanism [1,2]. The use of multi-
variability, which is a response to the paradigm of 
achieving a significant throughput, entails additional 
problems such as inter-channel (ICI) and inter-symbol 
interference (ISI). Notwithstanding, the basic method of 
independent separate between channels is the usage, for 
instance, the commonly practiced tool in form of SVD 
factorization [3-7]. However, all of those methods suffer 
from the parasitic effect of the environment in the form 
of noise. This paper presents the results of simulation 
studies using a new signal reconstruction method 

dedicated to propagation environments described by 
nonsquare polynomial matrices. A new approach implies 
the use of appropriate tools associated with systems 
described by matrix polynomial framework. A key role 
plays here the Smith-factorized the polynomial matrix S-
inverse, which implements the so-called degrees of 
freedom [8-15]. As is shown by simulation studies, the 
new idea can restrain the negative influence of the 
propagation environment on the process of signal 
reconstruction/recovery.  

The paper is organized in the following manner. A 
system representation is given in Section 2. Next unit 
includes the notion of S-inverse. A new approach to 
problem of signal recovery in MIMO telecommuni-
cations systems is presented in Section 4. A simulation 
study of Section 5 confirms a big potential of new 
method. Finally, the conclusions are shown at the end of 
the paper. 

2 System representation 

In this paper the simulation studies of wireless data 
communications were carried out using a system with 
NT-transmitting antennas and NR-receiving antennas 
described by the polynomial matrix of the form [16] 

𝐂𝐂!!×!! 𝑞𝑞
!! =

𝐜𝐜!!(𝑞𝑞!!) ⋯ 𝐜𝐜!!(𝑞𝑞!!)
⋮ ⋱ ⋮

𝐜𝐜!!(𝑞𝑞!!) ⋯ 𝐜𝐜!"(𝑞𝑞!!)
,   (1) 

where operator q-1 is the background shift operator. And 
polynomials describing individual cells of C(q-1) matrix 
are finite ipulse response type (FIR). For such described 
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environment model, the signal transition through the 
propagation path is illustrated in the Fig. 1. Therefore, 
the signal transition equation can be written according to 
the formula [16]  

R’(t) = C(q-1)S(t) + ζ(t),                    (2) 

where R’(t), S(t) and ζ(t) are the vectors of the noisied 
received signal, transmitted signal and noise signal, 
respectively. In simulation studies we also assumed that 
the analyzed disturbance is an uncorrelated white noise 
with zero-mean value.   

Fig. 1. Model of wireless signal path [16]. 

Because fo the new method is based on a polynomial 
approach, the next section presents alternative tools that 
are equivalent to those commonly used in the classical 
reconstruction processes, where the propagation 
environments are described by parametric matrices [17-
19].

3 Polynomial matrix S-inverse 

Due to the fact that in the new approach the signal 
reconstruction process uses the polynomial matrices to 
described a propagation parameters, the well-known SV 
decomposition for channel separation cannot be applied. 
On the other hand, in the literature we can find a several 
solutions related to SVD factorization in form, e.g., P-
SVD (Polynomial-SVD) [20-22]. In this paper a new 
approach to perfect signal recovery is presented, which 
is based on so-called polynomial matrix S-inverse. This 
tool does not only provide a channel separation using the 
so-called Smith factorization, but penetrates the whole 
process of signal reconstruction. The Smith factorization 
for the matrix C(q-1) being of the full normal rank with 
FIR-polynomials is the following 

C(q-1) = U(q-1)∑(q-1)V(q-1),        (3) 

where the unimodular matrices V(q-1) and U(q-1), as 
equivalent to the parameter signal reconstruction 
approach, are precoder and equalizer, respectively  [20], 
whilst matrix ∑(q-1) includes eigenvalues of matrix C(q-

1). Taking into account this factorization we obtain right 
and left polynomial matrix S-inverses [8] 

   CR(q-1) = V-1(q-1)∑R(q-1)U-1(q-1),               (4) 

CL(q-1) = V-1(q-1)∑L(q-1)U-1(q-1). (5) 

Due to the fact that in the presented in the paper the 
simulated studies consider the telecommunications 
systems with a greater number of receiving antennas 
than transmitting ones (NT < NR), our attention is focused 
only on nonunique left inverses. This results that the 
matrix ∑(q-1), which is depicted in Eqn. (5), is of the 
following form [23] 

∑!(𝑞𝑞!!) = 𝐃𝐃!!×!! 𝑞𝑞
!! 𝐌𝐌!!×(!!!!!) 𝑞𝑞

!! ,  (6)

where matrix M(q-1) contains the crucial degrees of 
freedom. As has already been confirmed by formal proof 
[16], in a classical approach, where the Moore-Penrose 
inverse associated with SVD factorization is commonly 
used for nonsquare systems, a corresponding to the 
matrix ∑L(q-1) structure has zero – degrees of freedom 
[20]. Therefore in this case we cannot influence the 
signal perfect recovery through an application of special 
selected degrees of freedom. The next section presents a 
new issue concerning the multivariable signal perfect 
reconstruction including Smith factorization of C(q-1). 

4 New approach to wireless signal 
reconstruction in polynomial matrix 
environment 

Having the background and the necessary tools 
needed in the new approach to the reconstruction process 
we can finally go through the description of the main 
issue of the paper. Let the signal pass through 
propagation environment described by Eqn. (1) defines 
the formula (2). After using the Smith factorization, for 
the purpose of the ICI cancellation, we obtain 

𝐑𝐑! 𝑡𝑡 = 𝐔𝐔(𝑞𝑞!!)∑(𝑞𝑞!!)𝐕𝐕(𝑞𝑞!!)𝐒𝐒 𝑡𝑡 + 𝛇𝛇 𝑡𝑡 .     (7)

After applying the left polynomial S-inverse of Eqn. (5), 
we receive the reconstructed signal form 

𝐒𝐒 𝑡𝑡 = 𝐕𝐕!!(𝑞𝑞!!)∑!(𝑞𝑞!!)𝐔𝐔!!(𝑞𝑞!!)𝐑𝐑′ 𝑡𝑡

-­‐  V-­‐!(q-­‐!)∑!(q-­‐!)U-­‐!(q-­‐!)ζ t , (8) 

or, after some assumptions [16], as follows 

𝐒𝐒 𝑡𝑡 + 𝐕𝐕!!(𝑞𝑞!!)∑!"(𝑞𝑞!!)𝐔𝐔!!(𝑞𝑞!!)𝛇𝛇 𝑡𝑡
= 𝐕𝐕!!(𝑞𝑞!!)∑!(𝑞𝑞!!)𝐔𝐔!!(𝑞𝑞!!)𝐑𝐑 𝑡𝑡        (9) 
+𝐕𝐕!!(𝑞𝑞!!)∑!"(𝑞𝑞!!)𝐔𝐔!!(𝑞𝑞!!)𝛇𝛇 𝑡𝑡 ,

where R(t) is the perfect obtained signal, whilst ∑L1(q-1) 
≠ ∑L2(q-1) and ∑L(q-1) can be any. It is crucial, that trough 
an application of Eqn. (9) we would like to delete any 
noises in terms of selection of appropriate degrees of 
freedom M(q-1). Therefore, the performance index is 
determined in the following form [24,25] 

𝐌𝐌!"# 𝑞𝑞!! = arg   min
𝐌𝐌 !!!

{[𝐒𝐒′ 𝑡𝑡
!!!

!!!
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−  𝐒𝐒 𝑡𝑡 ]![𝐒𝐒′ 𝑡𝑡 − 𝐒𝐒 𝑡𝑡 ]},  (10) 

which was the basis for genetic algorithm to obtain the 
optimal degrees of freedom. The goal of the optimization 
task is receive the smallest difference between the 
transmitted S(t) and  reconstructed S’(t) signals. The big 
potential of the new approach shows next section. 

5 Simulation study
In the simulation studies, a system containing two 

transmiting antennas and three receiving antennas (NT = 
2, NR = 3) is considered. The parameters describing the 
propagation properties of the environment are described 
by the hypothetical polynomial matrix of the form 

𝐂𝐂 𝑞𝑞!! =
0.8 + 0.4𝑞𝑞!! 0.8

1 − 0.6𝑞𝑞!! + 0.2𝑞𝑞!! 1 − 0.6𝑞𝑞!!

1 + 0.4𝑞𝑞!! 0.8
.  (11) 

After applying the new method to the process of signal 
reconstruction, the matrix (11) is factorized and inversed 
finally to obtain 

𝐔𝐔!! 𝑞𝑞!! =
1 0 ⋯
1 0 ⋯

−1.25 − 1.75𝑞𝑞!! + 2.5𝑞𝑞!! 1 ⋯
 

⋯
⋯
⋯

0
−1

  2.5𝑞𝑞!! − 2.5𝑞𝑞!!
 , (12) 

and 

𝐕𝐕!! 𝑞𝑞!! = 0 −5
1.25 5 + 2.5𝑞𝑞!! ,  (13) 

whilst crucial in the new approach a block matrix 
containing the degrees of freedom is a form 

∑ 𝑞𝑞!! =
1 0 𝐌𝐌!! 𝑞𝑞!!

0 1 𝐌𝐌!" 𝑞𝑞!!
. (14) 

For the purpose of simulating studies of wireless data 
transmission an authors’ simulator, which implements 
the new signal reconstruction method, was developed in 
the Matlab environment. This tool, besides using the new 
method, takes into account the widely used mechanism 
OFDM for increasing the transmission of data. However, 
due to space limitation reasons the simulator is not 
discussed here in detail (for more information see Ref. 
[16]). The procedure allows to select the optimal degrees 
of freedom, which were determined using a genetic 
algorithm based on the performance index (10). 
Moreover, said tool also give us the ability to graphical 
presentation the transmitted bits in the form of 
constellation maps.  

In order to show the obtained results, the basic 
information related to data transmission, should be given 
(Table 1).  

The simulation studies were performed as follows. 
For the considered matrix (11) describing the dynamics  

of the environment, the transmission of individual 
bits was simulated. 

Table 1. Data transmission parameters. 

Parameter Value 

Number of transmitting antennas 2 
Number of receiving antennas 3 

Number of subcarriers 16 
Type of constellation 64-QAM 

Number of transmitted bits 103776 

In this scenario the different levels of noise were 
taking into account, which, according to Eqn. (2), 
blurred the received signal. Basis on the selected degrees 
of freedom the Bit Error Rate (BER) index was 
calculated. The BER index results of new method and 
classical one (i.e., the approach where the degrees of 
freedom of the matrix ∑(q-1) of Eqn. (14) are zero) were 
compared separately. For such studies, the comparative 
results are shown in Fig. 2. The constellation points 
obtained from the signal reconstruction process for the 
classical approach and the new method are presented in 
the Figs. 3 and 4, respectively. 

Fig. 2. BER vs. SNR. 

Fig. 3. Classical approach with SNR = 28 dB, BER 47%. 
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Fig. 4. New approach with SNR = 28 dB, BER 27 %. 

6 Conclusions 

This paper presents a new method for signal 
reconstruction process. A signal recovery technique 
based on polynomial matrix description of propagation 
properties of the natural environment has been proposed. 
A new approach implements the polynomial matrix S-
inverse, which contains the crucial degrees of freedom. 
The superiority of the new method over classical 
solutions was proven by simulation studies. 
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