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Abstract. Work on the hydrodynamic entry length of pipe and duct flow has been well studied over the years. The 
assumption of fully developed flows is commonly used in many practical engineering applications (e.g. Moody’s 
chart). For laminar axial pipe flow, the hydrodynamic entry length can be found through the monomial proposed 
by Kays, Shah and Bhatti (KSB) (Lh=0.056ReDh). In contrast, several approximations exist for fully turbulent 
flows (i.e. 10Dh-150Dh). Through theoretical and numerical investigations, the hydrodynamic entry length for 
swirling decaying pipe flow in the laminar regime is investigated. It was found that, the development length Lh for 
the axial velocity profile changes when a tangential component is added to the mean flow. The reduction in the 
hydrodynamic length was found to be dependent on the inlet swirl angle θ. The results indicate that a modification 
can be made on the KSB equation for two-dimensional swirling annular pipe flow. 

1  Introduction 

The entry length of axial pipe flow has been well studied 
over the years [1–3]. The predictability of the entry length 
in pipes has benefited many practical engineering 
applications e.g. the estimation of wall friction factor in 
the fully developed region through the Moody Diagram 
[4], heat transfer for fully developed pipe flows [5] etc.  
The entry length for pipe flow is characterized by the 
boundary layer and the irrational core region. For the case 
of laminar axial flow, the velocity profile attains a fully 
developed state (∂u(r,x))/∂x=0, at Lh, the hydrodynamic 
entry length. However useful the said equations may be, it 
has been limited to axial flow pipe flows. It would be an 
interesting attempt to adapt such equations to two-
dimensional flow, namely swirling/vortex pipe flow. 

Swirling flow in pipes and ducts are found in many 
engineering applications [6, 7] (e.g. swirl tubes, vortex 
tubes, hydrocyclone, swirl combustors, pipe lines, mixers, 
flow guiders etc.). The work on various passive swirlers 
can be found in the wide literature [8–12].Kelvin et. al. 
[13–15] investigated the flow dynamics is swirling 
decaying flows in an annular pipe using both 
experimental and numerical techniques. The use of axial 
swirl vanes produced decaying swirl flows that can be 
defined using the swirl number S as functions of Re, pipe 
length and the vane angle. The focus of this work is to 
apply the numerical model developed in [7, 15] to 
investigate the effect of swirling flow towards the 
hydrodynamic entry length Lh inside and annular pipe. 
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Aspect ratio, 
A*=z/Dh V Volume, 

m3 

D Diameter, 
mm α 

Thermal 
diffusivity 
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clearance(Dh/
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ε 

Turbulenc
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dissipatio
n rate, 
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L Length, mm μ 
Dynamic 
viscosity, 
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P Pressure, Pa ρ Density, 
kgm-3 

R, 
r Radius , mm θ Vane 

angle 

S Swirl number, 
S=v/w ω Rotational 

speed, s-1 

t Time, s  
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2  Methods 

The experimental setup in Kelvin et. al. [15] for decaying 
flow is modelled using the commercial codes from 
ANSYS CFX 12.0. The flow field for different vanes was 
investigated by Baiman et. al. [14]. The focus of this 
work is to apply the same numerical model to investigate 
the effect of swirling flow towards the hydrodynamic 
entry length, Lh. In-depth information on the simulation 
model can be found in [7,13–15]. The equations (eq. 1-2) 
were solved for three dimensional laminar flows (µeff  = 
µ; µt=0).     

               0)(  Uf                    (1) 
The simplified time-independent non-viscous Navier-
Stokes equation:  
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(2)        
Where 

teff      
The fluid domain of the annular pipe and inlet swirler 

was modelled (figure 1) and discretised using semi 
structured mesh [7].Water (ρ=1000 kg/m3; µ=0.001 Pa s) 
was used as the working fluid of the system. The annular 
tube has a length of 1000 mm (Di=30mm; Do=46mm; 
Dh=16 mm).Each of the vane (30°, 40° and 60°) was 
investigated using an average of 1x106 nodes. 

Figure 1.Computational Domain. 

3  Numerical Results 

The onset of this work was to investigate the effect 
of two-dimensional flow towards the hydrodynamic 
entry length. The numerical predictions for all three 
vane angles (30°, 45° and 60°) are shown in figure 
2(a)-(f) along the annular pipe (A*=1-52) and for 
two different Reynolds number (Re=347 & 694). 
The bias of the velocity profile towards the outer 
pipe is caused by the swirling momentum and 
reduces as the vane angle increases. The symmetry 
of the velocity profile increase as the Swirl number 

decreases [14] and attains a fully developed state 
when A* reaches a certain length. The value of A* 
can then be used to estimate the hydrodynamic entry 
length, Lh. 
From the work of Kays [1] and Shah and Bhatti [2] 
(KSB), it is known that the hydrodynamic entry length 
(Lh) can be found using the following equation.  

Re056.0
h

h

D
L

; For laminar internal pipe flow                
(3) 
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              (4) 
Using the Buckingham π-Theorem eq.4 can be refined to 
eq.5 
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(5) 
The hydrodynamic entry length can be normalized 

using the hydrodynamic diameter of the annulus 
(A*=Lh/Dh). 
The Reynolds number is calculated using axial velocity 
U.For swirling decaying flow the ratio between U and V 
can be related through the angle θ. [14].Dh/2 is used for 
an annular pipe because a developed velocity profile will 
only occupy Dh/2 in contrast to Dh for pipe.   

 SinA
D
L

h

h  Re
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(6) 
Assuming that α ≈ 1 [1,2], the Reynolds number will 

have the same power as eq. 3. From the work of Baiman 
et. al. [7], the Resultant Reynolds number can be defined 
as Re/sinθ (β ≈ -1). 
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(7) 
Equation 6 shows that, the hydrodynamic entry length 

for swirling decaying flow in an annular duct can be 
obtained through a modified version of the monomial 
proposed by Kays, Shah and Bhatti [1,2]. A comparison 
between the Lh predicted using the numerical model and 
the correlation in eq.6 is shown in figure 3. The 
comparison indicates that the hydrodynamic entry length 
of a two-dimensional swirling decaying flow in an 
annular pipe is a function of the Reynolds number and the 
vane angle, θ.  

4  Conclusion 

The validated numerical model from a previous work [13] 
was used to study the effect of two-dimensional swirling 
flow towards the hydrodynamic entry length in an annular 
pipe. The monomial that was devised using the π-
Theorem managed to predict the Lh and was comparable 
to the numerical predictions. However, the universality of 
the modified monomial and its dependency to other 
governing parameters (e.g. Swirl number, geometrical 
configurations, pressure drops etc) still requires additional 
work and is the subject of future work. 

Fluid Domain of Annular Pipe

Outlet

Inlet

Fluid Domain of Swirler
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 Figure 2. The development of the axial velocity profile along 
the annular pipe for (a-b) 30° vanes (c-d) 45° vanes (e-f) 60° 
vanes. 

 
 

Figure 3. The hydrodynamic entry length for axial and swirling 
decaying pipe flow. 
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