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Abstract. With the rapid increase in energy demand, renewable energy has been considered as an 
alternative energy resource around the world. A new nonlinear mathematical model is developed in the 
presented study and a comparison is obtained with a mathematical modelling study from the literature. The 
results superior according to power generation under a single wind direction. Jensen’s wake decay model is 
used to state multiple wake effect among the turbines. The power production is maximized in terms of the 
minimization of wake effects. Mathematical formulations are represented and compared with the model 
from the literature. The generated layouts are presented and expected power among the Introduction 
turbines are significantly improved. 

1 Introduction 

Renewable energy is considered as an alternative energy 
resource because of its high potential to provide the 
required energy capacity. Continuity and sustainability 
opportunities of renewable energy is noticed and used as 
an attractive source in the developed countries. Wind 
power extracts the kinetic energy from the wind and 
converts it into electricity with the help of turbines. 
Turbulence or wake is generated behind the tower, while 
it is working. Thus, power production and the wind 
speed deficits of a wind turbine are reduced by another 
turbine’s wake in the wind farm. Electricity generation 
with the wind farm development takes a meaningful 
impact with the correct estimation of the wind power. 
Therefore, not only the location selection, but also the 
placement of turbine is crucial for investment on a wind 
farm, in terms of maximizing power production with 
minimizing wake effect among the turbines. 

A new nonlinear mathematical programming model 
is proposed where totally unimodularity property is used 
in the model for wind farm layout problems. The aim is 
to maximize total generated power while minimizing the 
wake effect among the located turbines. An interaction 
matrix is generated priori as presented in Turner et al. [1] 
and several number of wind turbines are tested. Wind 
farms are expensive investments and improvements in 
the investment cost will be quite valuable. The objective 
function where total power produced is nonlinear and 
binary variables of wind turbine locations make the 
model to be complex. In the presented model, the totally 
unimodularity property is introduced. Thus, the optimum 
turbine locations are binary without using integer 
programming model and generates higher total power 
production for a predetermined turbine numbers. 

In Section 2, literature review is introduced, and 
nonlinear mathematical programming model is 
represented in section 3. The performance of the model, 
conclusions and future study details are is given in 
section 4 and 5, respectively. 

2 Literature Review 

Jensen in 1983 [2] has developed one of the most popular 
wake models. Jensen model is based on the distance 
behind the rotor and it is a linear expanding wake with 
the velocity deficit which is widely used in the literature. 
Figure 1 illustrates a single wind turbine wake effect. 
The wind blows with a speed 𝑢0 from the left and passes 
through the wind turbine 1 with the rotor radius 𝑟. Wind 
turbine 2 is affected from the wake created by the turbine 
1. Genetic algorithm is used mostly in the literature as 
heuristics to solve wind farm layout problems [3-5]. First 
model based on genetic algorithm is introduced by 
Mosetti et al. [3] to find optimal placement of the wind 
turbines. Jensen’s wake decay model is used to analyse 
the wake effect according to various wind speeds and 
directions. A test case is used by dividing a square into 
100 square cells where possible turbine locations can be 
arranged. Grady et al. [4] developed a genetic algorithm 
to find optimal placement of turbines, where the number 
of installed turbines are limited. A Monte Carlo 
simulation method determines optimal turbine placement 
in the study of Marmidis et al. [5]. Turner et al. [1] 
presented two mathematical models to determine the 
efficiency between them. First model is a quadratic-
integer model and second model is a linear-integer 
programming model. With these models an interaction 
matrix is prepared priori, to determine wake effects on 
each possible wind turbine location. 
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A set of possible turbine locations are (𝑖, 𝑗) pairs for 
all i,j ∈ I where I={1,…,N} is the index set. Distance 
between turbines at position (𝑖, 𝑗) and (𝑘, 𝑙) for i,j,k,l ∈ 
I is represented as 𝐷𝑖𝑗𝑘𝑙 . The wake radius 𝑟1  and the 

wake enlargement, 𝛼 are calculated in equation (1) and 
(2), respectively. Coefficients 𝑧  represents hub height 
and 𝑧0 indicates surface roughness [2]. 

𝑟1 = 𝛼 ∙ 𝐷𝑖𝑗𝑘𝑙 + 𝑟 (1) 

𝛼 =
0.5

𝑙𝑛 𝑧
𝑧0

 (2) 

 

Figure 1. Wake effect representation 

 
Wind speed, 𝑢𝑖𝑗  at position (𝑖, 𝑗)  is determined by 

equation (3) according to Jensen’s wake model as Ѵ𝑑𝑖𝑗𝑘𝑙 
is the velocity deficit in the wind speed due to the turbine 
located at  (𝑘, 𝑙)  and 𝑢0  is the ambient wind speed. 

Equation (4) is used to calculate Ѵ𝑑𝑖𝑗𝑘𝑙 by using rotor 
radius 𝑟, distance 𝐷𝑖𝑗𝑘𝑙 and axial induction factor 𝑎 which 
is dependence of thrust coefficient,  𝐶𝑇  as given by 
equation (5). 

𝑢𝑖𝑗 = 𝑢0(1 − Ѵ𝑑𝑖𝑗𝑘𝑙) (3) 

Ѵ𝑑𝑖𝑗𝑘𝑙 =
2 ∙ 𝑎

�1 +
𝛼 ∙ 𝐷𝑖𝑗𝑘𝑙

𝑟 �
2 (4) 

𝑎 = 0.5�1 −�1 − 𝐶𝑇� (5) 

Multiple wake effects occur when a turbine is located 
at position (𝑖, 𝑗) and affected by more than one turbine’s 
wake. Thus, sum of the squares of individual velocity 
deficits generated by each wake is equal to Ѵ𝑑𝑒𝑓𝑖𝑗  as 

shown in equation (6) [2]. Equation (7) represents the 
remaining velocity 𝑢𝑖𝑗 by a turbine at (𝑖, 𝑗). 

 

Ѵ𝑑𝑒𝑓𝑖𝑗 = ��  
𝑁

𝑖=1

�  
𝑁

𝑗=1

�  
𝑁

𝑘=1

�Ѵ𝑑𝑖𝑗𝑘𝑙
2

𝑁

𝑙=1

 (6) 

𝑢𝑖𝑗 = 𝑢0 ∙ �1 − Ѵ𝑑𝑒𝑓𝑖𝑗� (7) 

3 Mathematical Programming 
Framework 

In a wind farm layout wake effect has a key factor on the 
total power production since, the wind speed is decreased 
by individual wind turbines as explained in Section 2. A 
new nonlinear mathematical model is proposed under a 

single wind direction for the wind farm layout problem. 
An available wind farm is represented with a grid of size 
𝑁2 in which each cell (𝑖, 𝑗) corresponds a possible turbine 
location and the number of turbines, TN, to be placed in 
the wind farm is known in advance. Interaction matrix of 
size (𝑁2)𝑥(𝑁2) is created with all possible multiple wake 
effects. The turbines are assumed that can turn to face at 
any given wind direction. Each possible turbine location 
has 𝐽 − 1  interaction between itself and other possible 
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turbine locations. A decision variable for wind farm layout problem is as follows: 

𝑥𝑖𝑗 = �
1,   if there is a turbine at position (i, j) for 𝑖, 𝑗 = 1, … ,𝑁               
0,   otherwise                                                                                               

 
 

Since wind turbine efficiency, 40%, and hub radius, 
20 m, are used in the related literature [7] the coefficient 
of 0.3 in equations (8) is used. To maximize total power 
production where the power produced by individual wind 
turbines (𝑖, 𝑗)  is indicated with equation (10) for wind 
farm layout problem. TP, total sum of the power is shown 

in equation (9) that is produced by all turbines located at 
positions (𝑖, 𝑗). The nonlinear integer mathematical model 
of wind farm layout problem, is given by equations 10-12. 
Total number of turbines are known and satisfied with 
equation (11) since binary conditions of variables are 
represented in equation (12). 

 

𝑃𝑖𝑗 = (0.3) ∙  𝑢𝑖𝑗3  (8) 

𝑇𝑃 = ��  
𝑁

𝑖=1

�𝑃𝑖𝑗                   
𝑁

𝑗=1

𝑓𝑜𝑟 𝑥𝑖𝑗 = 1,∀𝑖, 𝑗� (9) 

𝑀𝑎𝑥 �  
𝑁

𝑖=1

�𝑃𝑖𝑗 ∙ 𝑥𝑖𝑗

𝑁

𝑗=1

 (10) 

��𝑥𝑖𝑗

𝑁

𝑗=1

= 𝑇𝑁
𝑁

𝑖=1

 (11)      

𝑥𝑖𝑗 ∈ (0,1)                         ∀𝑖, 𝑗 (12) 

There are some obstacles during the solution 
procedure of the wind farm layout. Firstly, due to the 
nonlinearity, the equation (10) is a main difficulty to 
solve the layout problem. Turner et al. [1] proposed a 
linearized integer programming model by minimization of 
total velocity deficits to handle this difficulty. Secondly, 

to locate a turbine or not for each possible turbine 
locations in a grid with size 100 consists of a huge search 
space. Therefore, the binary constraints in equation (12) 
are replaced with equation (13) with the help of totally 
unimodular matrix property [6]. 

0 ≤ 𝑥𝑖𝑗 ≤ 1 for ∀𝑖, 𝑗 (13) 

Although the constraints does not take 0-1 binary 
values, an optimum layout to the problem is also satisfied 
as the binary requirements. With this relaxed form of the 
problem, search space is decreased and proposed 
nonlinear integer model with equations (10), (11) and (13) 
is solved simpler than the model through equations (10)-
(12).  The quadratic integer model of Turner et al. [1] has 

the following objective function where sum of the 
multiple wake effects are minimized as in equation (14). 
The quadratic integer model of Turner et al. [1] is 
represented with equations (14), (11), and (12) and 
compared with the proposed nonlinear integer model in 
this study. 

 

𝑀𝑖𝑛 �  
𝑁
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�  
𝑁

𝑗=1

�  
𝑁

𝑘=1

�𝑥𝑖𝑗

𝑁

𝑙=1

∗ 𝑥𝑘𝑙 ∗ 𝑉𝑑𝑒𝑓𝑖𝑗 (14) 

4 Computational Results 

A set of test problems are generated to represent the 
performance of the proposed nonlinear model for single 

wind direction from north to south. The parameters in 
table 1 are used in this study. An interaction matrix is 
prepared priori in order to determine velocity deficits of 
each possible turbine locations. 

 

Table 1. Input parameters for the cases. 

Grid size 100 square cells 
Cell size 10𝑟0 (200 m x 200 m) 

Wind speed (𝑢0) 
Rotor radius (𝑟0) 

12 m/s 
20 m 

Hub height (𝑧0) 60 m 
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Thrust coefficient (𝐶𝑇) 0.88 
Entrainment constant (𝛼) 0.1 

Power (𝑃𝑖𝑗) 𝑃𝑖𝑗 = (0.3) ∗  𝑢𝑖𝑗3              Ref. [3] 
 

In the following subsection, the obtained expected 
power results from the proposed nonlinear model are 
compared with the quadratic integer model by Turner et 
al. [1]. 

4.1 Comparison of Non-Linear Model with 
Quadratic Integer Model 

Both non-linear model and quadratic integer model are 
performed in LINGO [8] on a 1.70 GHz Intel Core i5 
notebook with 6 GB of RAM with an upper limit of 2 
hours on the run time. Thus, total power results of non-
linear model are the lower bounds on the exact optimum 
power for the test cases of wind farm layout problem. 
Generated total power results by non-linear model and  
 

quadratic integer model are introduced in Table 2 for 
several number of turbines considering single wind 
direction from north to south. Although for 10 and 20 
turbines both models obtain the same total power, non-
linear model has better power output than quadratic 
integer model for 30 and more turbine layout. Apparently, 
as the number of turbines increases the performance of 
non-linear model proposed in this study also increases 
comparing the quadratic integer model. Since the 
objective function of the non-linear model is to maximize 
total power generated, this model is more successful than 
the quadratic model which minimizes the total velocity 
deficits. Although, minimization of total velocity deficits 
is necessary to generate more power, this study shows 
that if the objective function is selected as maximization 
of total power instead of minimizing velocity deficits, the 
resulting wind farm layouts will be more efficient.  

 

Table 2. Single Wind Direction from north to south 

Turbine  Number     
Turner et al. 
Power (kW) 

Non-Linear Model 
Power (kW) 

10 5760 5760 
20 11364.9716 11364.9716 
30 13976.48032 16163.17394 
40 16390.31483 19609.61508 
50 16302.32057 22644.51072 

 
10 Turbines 20 Turbines 30 Turbines 40 Turbines 50 Turbines 

     

Figure 2. Non-Linear Model Layouts for a Single Wind Direction  

10 Turbines 20 Turbines 30 Turbines 40 Turbines 50 Turbines 

     

Figure 3. Quadratic Integer Model Layouts for a Single Wind Direction 

Figure 2 and Figure 3 gives the optimal wind farm 
layouts of non-linear model and quadratic integer model 
for the turbine numbers from 10 to 50 turbines under 
single wind direction. 

5 Conclusion 

A new nonlinear mathematical model is presented to 
solve layout of wind farm problem to maximize total 

power production in terms of multiple wake effects. 
Jensen’s multiple wake decay model is used for the 
presented mathematical model. Due to nonlinearity of the 
power and wake effects calculations the researchers 
preferred to use heuristic methods in the literature. Layout 
of a wind farm is a permanent investment, thus, any 
improvement in the layout of a wind farm increase the 
generated total power.  The proposed nonlinear 
mathematical programming model has totally 
unimodularity property where binary variables of wind 
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turbine locations is relaxed and model is solved simpler. 
It is obvious that solving the proposed nonlinear model 
within a limited run time generates better lower bounds 
on the exact optimum power in comparison with the 
quadratic integer model [1]. Also, an interaction matrix is 
used priori as presented in Turner et al. [1] and various 
number of wind turbines are performed. The proposed 
study express that the wind farm layout problems can 
have optimum layouts. We are planning to extend our 
study by including multiple wind direction. Thus, various 
situations can be handled for the wind farm layout 
problems. 
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