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Analysis of reliability of systems with component-wise storages
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Abstract. Time redundancy is a method of increasing the reliability and efficiency of the operation of
systems for various purposes, in particular, energy systems. A system with time redundancy is given
additional time (a time reserve) for restoring characteristics. In this paper, based on the theory of semi-
Markov processes with a common phase space of states, a semi-Markov model of a two-component system
with a component-wise instantly replenished time reserve is constructed. The stationary reliability
characteristics of the system under consideration are determined.

1 Introduction

Most modern large systems have high reliability, but
they are characterized by a significant impact of operator
errors (the human factor) on the functioning and
efficiency of the system. Time redundancy reduces the
impact of such errors by providing additional time (a
time reserve) to eliminate them without affecting the
operation of the system.

Time redundancy [1-9] is a method of improving the
reliability and efficiency of systems, in which the system
in the process of functioning is given the opportunity to
spend some additional time (time reserve) for restoring
characteristics. For systems with time redundancy, a
malfunction of the system is not necessarily
accompanied by a system failure, since it is possible to
restore the system's operability for a standby time.

A time reserve is called instantly replenished if the
same time is allocated for the restoration of operability
after the failure of any element, regardless of the number
of previous failures and the time spent on their
elimination. At the end of the recovery, such a time
reserve is immediately replenished to the original level
[1-3].

Time reserve in the systems of a power engineering
[10-12] can be created by increase in power (efficiency,
a channel capacity) the generating inventory extracting
inventories, subsystems of transport of energy resources,
electricity transmissions and other constituents of
systems of a power engineering, by creation of internal
stocks of the made or transported production,
introduction of parallel devices for increase in total
capacity, use of the functional inertance of systems and
restricted speed of development of the processes caused
by adverse effects of various physical nature.

Time redundancy is used in gas transmission systems
in which underground gas storage is the source of the
time reserve; in the electric power industry, the time
reserve is realized at the expense of high-capacity energy
storage devices [10, 11].
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In connection with this, problems arise in
determining the capacities of storage devices and their
locations.

In this paper, based on the theory of semi-Markov
processes with a common phase space of states [13-18],
a semi-Markov model of a two-component system with a
component-wise instantly replenished time reserve is
constructed. Stationary reliability characteristics of the
system are found, the effect of the time reserve on the
characteristics obtained is analysed.

2 Description of the system functioning

The system S, consisting of two components, time to
failure of which are random variables (RVs) ¢; with the

distribution functions (DFs) F (X), a restoration times

are RVs S with DFs G, (X), i=12. Each
component of the system has a random instantly
replenished time reserve 7; with DF R;(X). RVs ¢,

B, 7, are assumed to be independent in aggregate,
having finite mathematical expectations; DFs F,(X) s
G,(x), R (X) have distribution densities f;(X),
9:(9), (x).

The time reserve starts to be used at the time the
component begins to recover. The failure of system S
occurs when both elements are restored and the time
reserve for each element is completely spent. It
continues until the restoration of one of the failed
elements, while the time reserve of the restored element

is instantly replenished to the level 7; (instantly

replenished time reserve).
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Fig. 1. Time diagram of the functioning of the system S .

3 Semi-Markov model building

To describe the functioning of the system S , we use the
semi-Markov process &(t) [7-10]. We introduce the
space of states of the form:

E={, idx:d =(d,,d,), x>0}, (1)

where 1 =1,2 is the number of the component in which
the state change occurred. Component d, of the vector

d describes the physical state of the element with the
number K :

0, if k—th componentisin failure,
1, if k—th component is operational,

“ 11, if k—th component is restored and

functions due to the time reserve.

The continuous component X indicates the elapsed
time since the last change in the system state. The time
diagram of the functioning of the described system is
shown in Figure 1.

We construct the Markov renewal process (MRP)
{&,,0,:n>0} that describes the functioning of the

system S .
We define the transition probabilities of the
embedded Markov chain (EMC) {& :n=>0}. Introduce

the notation:

2,i=1

F(t)=1-F(t), i_:{l, o

1. Let us consider the case of states id,d,X, d, =1,
d; =1.

In this case, the following transitions are possible:
a) id,d,x —id/d}y in conditions: d; =d, at k=i,
d’=1, y>x. The transition probability density in this
case is calculated from the formula:

idd;y A(y— ﬁ — I:
o _ Gy X)ﬁ.(y )R () @
e T(X)

b) id,d,x —id/d,y in conditions: d, =d, at k =i,
d/=0, y>x. The transition probability density in this
case has the form:

sy _ 5(Y=X)G,(y=x)F ()

iddx |ET (x) ’ 3)

c) id,d,x —>i_dl’d§y in conditions: d, =d, at k=i,
d/ =1, y>0. In this case, the probability density of
the transition is

oy f (Y + )G (YR ()

iddx |ET (X) )

2. Let us consider the case of states 1d,d,X,
d,=d,=0.

In this case, the following transitions are possible:
a) id,d,x —>id/d}y in conditions: d/=d, at k=i,
d'=1, y>x. The transition probability density is
calculated by the formula:

0

N Iri(t)gi(y—x+t)dtTrT(t)(§T(y+t)dt

= ~ )
P(B > )| ©G; (x+t)dt

idydyx

b) id,d,x — id/d,y in conditions: d; =d, at ki,
d{ =1, y>0. The transition probability density will be:

idgdzy

[ 09, (v -x+ et [ 1,06, (v + et

(6)

idyd,x

P(A > )| 1 (OG; (e et

3. Consider the case of states id,d,X, d, =d, =1.
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a) id,d,x —id/d,y in conditions: d/ =d, at k=i,
d/=1, y>x. The transition probability density in this
case is calculated from the formula:

aissy _ (Y = X)R(y = ¥)Gr (Y)Re ()

w T GWR0 @

b) id,d,x —id/d,y in conditions: d; =d, at k=i,
d'=0, y>x. In this case, the transition probability
density is calculated by the formula:

aay _ 1(Y =X)G, (Y =X)G; (Y)R: (¥)

w " GORM ®

¢) id,d,x —id/d}y in conditions: d; =d, at k=i,
df =1, y>0. The transition probability density is
iy _ Gr (Y + ¥R (Y +X)G (V)R (¥)

wi GORM )

d) id,d,x —id/d}y in conditions: d; =d, at k#i,
d; =0, y>0. The transition probability density is
found from formula:

oy (Y +X)G; (Y + )G (YR ()

id;dyx Gi— (X) ﬁT (X) l (10)

For the remaining states of the system, the transition
probabilities are determined in a similar manner.

4 Finding the characteristics of the
system

To determine the stationary reliability characteristics of
the system, we find the stationary distribution of the
EMC {£,:n>0}.
Suppose that for a stationary distribution of EMC
{&, :n >0} exist densities p(id,d,x).
We introduce the following substitutions:
(id,d,x)

5(id,d,x) = e d. =1,

ﬁ(idldzx)zm d =1,

Re(0G ()"
plddyx = —204d:0 g g
j r ()G, (x+t)dt
: P(,BT >TT)

The system of integral equations for the stationary
distribution of the EMC {& :n >0} has the following

form:

1. Ifd'=1 d/ =d;,then

Aid,d,x) = [ Aid/d;y) f, (x—y)dy +
0

i (11)
+ [ Aididgy) f,(x+ y)ay,
0
2. Ifd/=1, d/ =d,, then
Aidd,X) = [ A(id/d;y)r, (x - Y)G, (x - y)dy +
N (12)
+ [ Aidid;y)r (x+ )G, (x + y)dy,
0
3. Ifd/=1, d/ =d; =0, then
Aid,d,x) = [ A(idid;y)g, (x—y)R (x—y)dy +
0
(13)

+Iﬁ(id1d;y)gi(x+ VIR (x+ Y)dy,
4. 1fd =1 d'=T,d’'=0, d’ =d” =d. %0, then
Aid,d,x) = Eﬁ(idfd;wgi (X~ V)R (x- y)dy +
+I/3<id;d;y)gi (x+y)R (x-+y)dy +

0

[rOgx-y+tdt  (14)

+ [ Alidd7y)dy 2 P(B >1)
. g, (x+y+0ct
+ [ Alid/d7y)dy 2 P(B >1)

5. j p(idx)dx =1. (normalization condition). (15)
E
By substitution, one can verify that the solution of
the system of equations for the stationary distribution of
the EMC has the form:

p(idleX):cpi/}iF‘T(x)’ d; =1, (16)

p(id,d,x) = cpipiupiRT (x)GT (x), d; = 1, (17)

CpiprTTrT ()G (x+1)dt

p(idd,x) = po(ﬁi, >17;)

, d. =0, (18)

cpipi—piprFT (G (x+1)dt

P(ﬂ? > Tr)

p(id,d,x) = .d, =d_=0,(19)
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where  p =P(8 >7)=[GOrt)dt, p =const, j G, ()R (t)dt j r.(2)G; (X +t+2)dz
0 _ 0 0
Egid d,x
1 142 0 _
which is equal to p; zﬁ, the constant ¢ is found er(Z)GT (x+2z)dz
+p 5
from the normalization condition.
We calculate the mean residence times in the states 8. Ifd, =1 d; =0, then
of the EMC.
1. When d; =d; =1, O = /\[[IBT e X:|+ ’
3 N TE(MF (x+t) w
Ogox = Ny =XI, EOyq, = .([ £ : j (t)dtjr (2)G; (x+t+2)dz
Egidldzx =2
2. Incaseof d, =1, d. =1 _[rT(Z)G_T (x+2)dz
0

0. ... =B rt Ao —X]",
o = B Al =X 9. Incaseof d, =d; =0,

TG (MR MF (x+1) ) -
Bl = ! Fi—(X) dt. O =16 7] /\[[,BT —7;] —X] ,
3. 1fd =d; =1, then TdtTn(y)éT(t ; y)dyT £ (2)G. (X +t+2)dz
EHidldzx =00 0 )

|dd2>< =p AT, /\[ﬂ X]* /\[TT—X]+’ P(ﬂ. >Ti)TrT(Z)GT(X+ z)dz

K (t)R (t)G (x+t)R (x+t)
Eax = I G; (NR; (%) dt. where A is the minimum sign.
RV [a—X]" is the residual residence time of the

0

4. When d; =0, d; =1, semi-Markov process &(t) in the state, provided that the

residence time in this state exceeded the value X .

|d1d2x [ﬂ 4 ]+ N [aT - X]Jr B

. F(x+t)
® w© Then P{[a—X]" >t}=— and
s = | D)6+ 21 F
o RMPB >T) )
X+
5. Ifd, =1 d. =1, then Plla—xI" < di} = F(x)
Hidldzx =a; AL —X]" ALz = X]", RV [ -]’ is given by the following probabilities:
Groyax T IEI t)Gé (E( ;_%) fi§X+t) dt Tr(z)é(t +2)dz
o P (X)R; X T _D
0 ) Plg-7]" >t} IS
6. Incaseof d, =0, d; =1,
O =18~ ALB —X1' Alz; =X, ! r(z)g(t+2)dz
. OR (st i P{[B-7] Edt}:—P(ﬂ>z’)
E6,,, = j G OHOR (X+D) [5G (t+ =)
2 G (IR (WP(B >7) 4 Define a random variable [[,BT -] - XT by
7. When d, =1, d; =0, .
Ir(z)é(t+ X+ 2)dz
gidldzx =75, Ap, A[[ﬁ? -] - XT > P{]:[ﬂ_f:r _X:|+ >t}=2 = '
jr(z)é(x+ 2)dz
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0

jr(z)g(t+x+z)dz
P{[p-] -x] edi}=2_ :
fr(z)é(x+ 2)dz

0

Let us turn to the determination of the stationary
reliability characteristics of the system S : mean
stationary operating time of the system to failure T _,
mean stationary restoration time T_ and stationary
availability factor K, of the system.

To find the characteristics, we use the following
formulas presented in [18]:

| m(e)p(de) | m(e)p(de)

E, T E.

T [PEE)pe)’ T [PEE (e

+

K,=—", (20)

where p(de) is stationary distribution of EMC
{£;n=0}, P(e,E.) — transition probabilities of the

EMC {£,;n>0} to a subset of fault states, m(e) is

mean residence time of the semi-Markov process in the
state e E .

Consider the parallel connection of system

components. In this case

E_={100x, 200x},
E, ={idx:d =(d,,d,), d #(0,0), x > 0}.

We calculate the components of formulas (20) using
solutions of the system of integral equations (16) - (19),
the transition probabilities of the embedded Markov
chain (2) — (10) and average residence times in the
states obtained above.

In the transformations, we will use the following
formula, proved in [19]:

o3
O =y 8

JREO[TTRe+ydy, dt=]]Eq,
k=1, -

k#j

I
AN

where F (t) are distribution functions of independent
nonnegative random variables ¢, with mathematical
expectations Eco, .

We write out expressions for the numerator and
denominator for mean stationary operating time of the
system to failure and mean stationary restoration time.

[ m(e)o(de) =

E_

= cpyp, [ dx[dt[1,(0)G, (v + )y [ ()G (v + x + 2)dz +
0 0 0 0

+epp, [dx[ dt ()G, (v +0)dy [ 1,(2)Gy (v + x+ 2)dz =

0 0 0 0

= 0p1p2p1p2E([ﬁ1 -4 )E([ﬁz -7,] )1

[ P(e.E ) p(de) =

E.

+

0

= cpl,DZJ‘de.r2 (x+y)é2 (x+ y)dy_l.rl(t)(_?l(y+t)dt +
0 0 0

©

ey, [ [ 1 (et )G, (x+ )y [ 1, ()G, (v + )de +
0 0

©

e, [ e[ r, (DG, () dy [ ()G, (v +x+1)dr +
0 0

!
!

+epp, [ dx[ RGO | (OG- x+ )it =
|

=CPP; |:p G, (X)R, (x)dx + p, ]ﬁ él (x)&(x)dx:| )

[ m(e)p(de) =

=CppP, [plE([ﬂl -l )(Eaz +E(B, A Z'z))"‘
+ sz([ﬂz —7.'2]+)(E0(1 + E(ﬁ1 /\71))+
+(Eay +E(B, 7 7,))(Ea, +E(B, ATy)) |-

Let's write down formulas for finding of stationary
characteristics of reliability:

T - Cp1pzp1sz([ﬂ1 _71]+)E([ﬂ2 _Tz]+) _

cpp Mc‘a (X)R, (x)dx + p, j GOR M| )

_ E(I8-a)E(18-=T)
E(IB. -] )+E([8-7])

B pE([B -] )(Ea, +E(B, A7) .
" opp (E(A 7Y )+ E(18, -7 )

. 0,E([B, —7,1")(Ee, +E(B, A 17y)) .22
p.p, (E(I8 -1 )+E(18,-7]))
+(Ea1+E(,Bl/\Tl))(Ea2+E(ﬂ2/\2'2))

p.p, (E(IB, -] )+E(18,-%.17))

As an example of the use of formulas (21), (22),
consider a system in which K, operating time Ea; =8 h,

K, operating time Ea,=6h, K, recovery time
EB;=0.71 h, K, recovery time £4,=0.83 h, RV «;, a,,
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P, P» have 5th order Erlang distribution. Each
component has a non-random time reserve
(R (t)=1(t—h;)), which varies from 0 to 0.7 hours in
0.1 increments. The corresponding values of mean
stationary operating time of the system to failure
T,(h,h,), mean stationary restoration time 7 (%,,4,)

and stationary availability factor K, (h,h,) of the

system for the specified distribution were calculated. The
results are presented in Table 1, calculated on the
condition that h +h, =0.7.

Table 1. The influence of the time reserve on the system
reliability characteristics.

h h, | ToUwhy) | T.(hy) | K.(hh)
0 0 0.385 49.551 0.9923

0 0.7 0.241 102.274 0.99765
0.1 0.6 0.241 91.035 0.99736
0.2 0.5 0.238 84.365 0.99719
0.3 0.4 0.233 82.291 0.99717
0.4 0.3 0.228 85.172 0.99733
0.5 0.2 0.224 93.617 0.99762
0.6 0.1 0.219 108.69 0.99799
0.7 0 0.214 132.3 0.99839

Analysis of the data in the table shows the significant
effect of the time reserve on reliability characteristics.

5 Conclusion

In this paper we construct a semi-Markov model of a
two-component system with a component-wise random
instantly replenished time reserve. On a concrete
example, influence of capacities of component-wise
stores on stationary characteristics of reliability of
system is shown. The effect of the time reserve on the
reliability characteristics obtained is analysed.

In the future, it is planned to build semi-Markov
models of multicomponent systems with a component-
wise time reserve.

The results of this work can be used to construct
semi-Markov models of systems with different types and
strategies for using the time reserve, engineering
calculations and solving optimization problems
associated with the use of a time reserve.

The research was carried out within the state assignment of
the Minobrnauki of Russia (No. 1.10513.2018/11.12), with
financial support by RFBR (project No. 18-01-00392a).
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