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Analysis of optimal harvesting of a prey-predator fishery
model with the limited sources of prey and presence of
toxicity
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Abstract. A model of prey and predator species is discussed to study the effects of the limited prey density
and presence of toxicity. The model is studied for sustainable optimal harvesting. The existence of equilibrium
points is analyzed to find the stability of coexistence equilibrium, and use Pontryagin’s maximal method to
obtain the sustainable optimal harvesting. The results show that the optimal harvesting is obtained from the
solution of optimal equilibrium. The toxicity factor decreases the sustainable harvesting.
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1 Introduction

tilapia, goldfish. 2. Mathematical model

12
1 1 1

1

1
xydx x

r x x q Ex
dt K A x

α
β

21
2 2 2

2

1
xydy

r y q E
y

y y
dt K A x

α
β

( ), y( )x t t

1r 2r

 https://doi.org/10.1051/e3sconf/201873    , (2018)E3S Web of Conferences 73
ICENIS 2018

0 0606018 18

   © The Authors,  published  by EDP Sciences.  This  is  an open  access  article distributed under the  terms of the Creative Commons Attribution License 4.0
 (http://creativecommons.org/licenses/by/4.0/). 



1K 2K .

12α
A

1 2
,β β

21α

iq 1,2i

.E

3 Model Analysis

3.1 Existence of steady state
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and *x is the solution of polynomial
3 2
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The polynomial has exactly one positive root of *x ,
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From the equation (11), we can see that sum of roots is
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3.4 Analysis of Optimal Harvesting

The cost of revenue in time t is defined by,

0
, , , tx y E t e dtδπ (7)

where π is the real income at time t formulated by
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discount annual. To maximize the objective function
subject to system (1), we use Pontryagin maximal

principle and assume max
0 ( )E t E . The formulation for

Hamiltonian is given as follows,

1 1 2 2

tH p q x p q y C Ee δ

12
1 1 1 1

1

1
xyx

r x x q Ex
K A x

α
λ β

21
2 2 2 2

2

1
xyy

r y y q Ey
K A x

α
λ β

1 2,λ λ

1d H

dt x

λ

21 21
1 1 2 2

e t xy y
p q

A xA x
δ α α

λ

12 1 12
1 1 12

1

1
1

1 xy r y
q E

K A xA x

xr
K

α α
λ β

(9)
2d dH

dt dy

λ

1 12
2 2e

t x
p q

A x
δ λ α

2 21
2

2

2 22
2

1 r x
q E

K A x

yr y
K

α
λ β (10)

12
1 1

1 1

1
1

yx
E r

q K A x

α
β

2λ

1λ
2

1

2

1d d ( )

d

( )

d

t
Q

t

t

t

λ λ 12
1

x
t

A

P

x

α
λ tM e δ (11)

where,
21 21

2

y xy
P

A x A x

α α , 1 2 12

2

1 2

r x r y xy
Q

K K A x

α , and

1 1 2 21M P p q E p q Eδ . The quadratic equation in η of
(11) is,

 https://doi.org/10.1051/e3sconf/201873    , (2018)E3S Web of Conferences 73
ICENIS 2018

0 0606018 18

3



2 12 0
P x

Q
A x

α
η η . (12)

0Q

12 0
P x

A x

α

1 2 1
1 1 2( ) t t tM

t C e C e e
N

η η δλ

1 2
,C C 2 12 0

P x
N Q

A x

α
δ δ

1
( )tλ t

1 2 0C C

1

1
( ) tM
t e

N
δλ

2
2 ( ) tM

t e
N

δλ

12 1 1
2 2 2

x p q
M Q q p

A x

α
δ .

( ) t
i t e δλ 1,2i t

H 0
H

E

1 1 2 2 1 1 2 2( ) 0tH
p q x p q y C e t q x q y

E
δ λ λ

1 1 2 2( ) ( ) tt q x t q y e
E

δ π
λ λ

1 2
( ), ( )t tλ λ

1 2
1 1 2 2

M M
p q x p q y C

N N

E

1
M

, .x x y yδ δ δ

1 1 2 2pq x p q y C

, , 0x y Eπ

1 1 2 2
1 1 2 2

M q x M q y
p q x p q y C E

N
π

1 2
,M M o δ N

2o δ π
1o δ π

δ 0δ
0δ π

4 Numerical results
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Fig. 1. The evolution of prey and predator populations for
biological equilibrium.

Fig. 2

3 198, 301P for harvesting effort
E equals to 22 units. In figure 2, it shows that the
solutions with the different initial conditions, close to the
optimal equilibrium (205, 280)R . It is shows that for prey
population, the optimal equilibrium is larger compered to
equilibrium state. On the contrary, for the predator
population, the optimal equilibrium is less compered to
equilibrium state.

5 Conclusion

the simulation results, it was
shown that the sustainable harvesting for two species
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(prey and predator) can be obtained. The toxicity factor
cause the decreasing of harvesting. So, to prevent coastal
ecosystem is needed the efforts for reducing the emission
of carbon dioxide in sustainable economic development.
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