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Abstract. The paper the one of current problem of transition of district 

heating systems (DHS) to the new type of intelligent and integrated 

systems. This problem is related to the implementation the technology of 

prosumer, which allows regulating its own heat loading ensuring the most 

efficiency heating modes by using its own heat sources (HS) and/or heat 

storages. The statement of considered problem is formulated as the search 

of the optimal loading relation between the own distributed HS of 

prosumer and the district HS of DHS, based on the criterion of minimal 

cost on heating to prosumer for each calculated time interval during the 

heating period. The practical researches based on calculating experiment 

using the test scheme of DHS is provided. The results of calculations are 

presented as diagram of prosumer’s and district HS loading for the 

considered DHS scheme, as well as the economic benefit when using 
distributed generation of prosumers.  

1 Introduction 

The problem of ensuring the efficient and reliable operation of district heating systems 

(DHS) is becoming increasingly urgent due to the development of energy technology, the 

growth of heat loads in cities (connecting of new consumers), as well as competition with 

distributed heat generation. However, despite the intense development of distributed 

generation, the district heating based on combined heat and power plants (CHP) is still the 

most energy and economic efficient technology of producing and distributing thermal 

energy [1–3]. At the same time, majority of DHS of cities in Europe, Russia and Asia were 

designed many years ago, and many technologies used in their construction no longer meet 

modern requirements for economy, quality and reliability of heating to consumers [4–7]. 

The innovative transformation of DHS, as well as other energy systems, is carried out 

within the framework of the concept of intelligent integrated energy (Smart Grid) [8–10]. 

Today, the transition of the existing DHS to the technological format of the so-called 4th 

generation district heating systems (4DHS) is also actively developing [10–12], suggesting 

of innovative technological, structural and management solutions. One of the key 

technology within the framework of the mentioned concepts of intelligent integrated energy 

systems, including 4DHS, is co-called prosumer who optimally regulate their heat 
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consumption schedule by own heat source (HS) and/or heat storages, decreasing the load on 

district sources and network (for example for the peak of load). Most of the research on this 

topic is devoted to the prosumer of electric power systems [13–16], while recently the 

studies on the prosumer of heat energy are provided actively [17–19], including studies of 

the authors of this work [20–22]. In this paper, we consider the problem of optimal 

regulation of loading the prosumer’s HS at the optimal relation with the heating from 

district HSs (from DHS). To solve this problem, a mathematical formalization are 

presented, including different models considered below.  

2 Methods  

The statement of considered problem is formulated as the search of the optimal loading 

relation between the own distributed HS of prosumer and the district HS of DHS, based on 

the criterion of minimal cost on heating to prosumer for each calculated time interval 

during the heating period. Mathematical formalization of this problem for each time 

interval (moment) τ  is presented the following set of expressions:  
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Where: h
τс  – tariff  for the heat supplied from the DHS, rub/GJ; 

pro(hs)
τjq  – heat self-

production volume at the HS of the j -th prosumer, GJ/h; 
pro(hs)
τjz  – costs of heat self-

production at the HS of the j -th prosumer, rub.; jα , rub/(GJ/h)2, jβ , rub/(GJ/h), jγ , rub – 

approximation coefficients of cost characteristic of respective heat sources; hsJ  – a subset 

of the DHS heat sources; pro(hs)J  – a subset of prosumer HS; 1F  – semi-fixed costs, rub; 

2F  – coefficient of semi-fixed costs of heat network (HN), rub; τix  – heat carrier flow rate 

in the i -th branch of HN at time τ , t/h; is  – coefficient of hydraulic resistance of the i -th 

branch, mh2/t2; cf  – share of semi-fixed and operational costs of HN (normally taken 

equal to 0.075); pN  – the number of pump unit operation hours, h/year; i  – length of the 

i -th network section, m; ia , ib  – approximation coefficients of costs for the i -th network 

sections with various diameters; iχ  – coefficient depending on the pipeline roughness of 

the i -th network section; 
eс – electricity price, rub/kWh; pη  – pump unit  efficiency, %; 

h
jq  – calculated heating load, GJ/h; 

hw
jq  – calculated hot water supply load, GJ/h; jω , jυ  

and jσ  – heat load curve irregularity factors; jφ  – proportion of hot water supply load; 1t  – 

calculated indoor temperature, ºС; 2t , 3t , 4t  – ambient air temperature: calculated, 

corresponding to the beginning of the heating season and average throughout the heating 

season, respectively, ºС; 
ord
τjq  and 

pro
τjq  – heat demand of ordinary consumers and 

prosumers at node j , GJ/h; AC  – specific total heat supply costs, rub/GJ; R  – 

profitability, %; 
hs
τjz  – heat production costs of the j -th heat source, rub; 

hnw
τz – heat 

transportation costs (HN operating costs), rub; 
hs
τjq  – volume of heat produced by the j -th 

HS, GJ/h; A  – matrix of couplings of linearly independent nodes of HN; 
т

A  – complete 

transposed branch and node incidence matrix; τx  – vector of heat carrier flow rates in the 

branches of HN at time τ , t/h; τg  – vector of flow rates  at network nodes at time τ , t/h; 

τp  – vector of nodal pressure in HN at time τ , mm wc; τh  – vector of head losses in the 

network branches at time τ , mm wc; τH  – vector of acting heads at HS at time τ , mm wc; 

τ, XS  – diagonal matrices of coefficients of hydraulic resistance in the branches,  m/(h2t2), 

E3S Web of Conferences 102, 02006 (2019) https://doi.org/10.1051/e3sconf/201910202006
Mathematical Models and Methods of the Analysis and Optimal Synthesis of the Developing Pipeline and Hydraulic 
Systems 2019

3



and absolute values of flow rates in them, t/h, at time τ ; ν  – heating capacity of the heat 

carrier, GJ/kgºC; τjg  – mass flow rates of a heat carrier at the j -th node, t/h; t  – network 

water temperature difference in the supply and return pipelines, ºС. 

Empirical dependencies (2) and (3) are needed to calculate the operational costs of 

district HS and distributed HS of prosumers at each time point [23, 24]. Formulas (4)–(5) 

are needed to calculate the operational costs of HS used to determine the heat tariff in DHS 

[25]. Equations (6)–(9) determines the schedule of heat consumption during the heating 

season [25]. Equations (11) and (12) determines heat tariff for each calculated time point. 

Model (13)–(15) and dependence (16) are needed to calculate the thermal and hydraulic 

conditions in HN [26]. Search for optimal solutions to the formulated problem is based on 

the application of the methods of univariate relaxation (the method of coordinate descent) 

and iterative approximation. Fig. 1 presents the interrelation stage scheme for solving the 

problem of optimal loading prosumer’s HS is presented in the aggregate form.  

3 Case study 

The scheme of DHS under consideration is presented in Fig. 2 and consists of one district 

HS1 with an output of 232 GJ/h, 12 consumers and a circuit HN consisting of 17 sections 

(branches). The summary load of consumers is 218 GJ/h and total length of the HN is 1150 

m. It is assumed that consumer 10 is a prosumer (P10) with the load 34 GJ/h and has its 

own HS with capacity 16 GJ/h and running on fossil fuel. We specify the quadratic cost 

function (3) for HS P10 with the following values of the approximation coefficients: jα = 

0.51 rub/GJ2; jβ = 820 rub/GJ; jγ = 3864 rub. The production costs of HS1 (2) are also 

described by a quadratic function with the following values of the approximation 

coefficients: jα = 0.47 rub/GJ2; jβ = 750 rub/GJ; jγ = 24047 rub. The duration of the 

calculated heating period is assumed to be 5000 h. 

Fig. 3 presents the results of multivariate calculations for each time interval (1 h) during 

the heating period, integrated into annual schedules of loading sources and the cost of 

heating the consumer P10. 
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Fig. 1. Interrelation stage scheme for solving the 

problem of optimal loading prosumer’s HS  

Fig. 2. Case study: considered aggregate scheme 

of DHS with prosumer (P10) 
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Fig. 3. Indices of the prosumer’s HS operation in the DHS: a) optimal loading of the district HS1 and 

prosumer’s HS for heating prosumer; b) plot of total costs of heat supply to prosumer (the area of a 

figure constrained by upper and bottom curves corresponds to economic benefit) 

From the graph in fig. 3-a, it can be seen that the relation of loading of distributed HS 

P10 and district HS1 for heating prosumer P10 is distributed irregularity during the heating 

period. With a maximum prosumer consumption (load peak), its own source has a high load 

factor (73%). Also during the load interval with a duration of 3000 to 4000 h HS of P10 is 

intense used; during this period the load factor prosumer’s HS is about 47%. As can be seen 

from the graph in fig. 3-a, in the load range with a duration from 1400 to 2000 h (area 

between points A–B), the prosumer is supplied with heat energy from district HS1 

completely, and its own source does not operate. This indicates that when the prosumer’s 

heat load is in this time interval, the operating costs for its heating by its own HS and HS1 

are equal or the costs of HS P10 exceeds the system costs for heating of prosumer. This is 

shown in the graph in Fig. 3-b, which presents the relation of the cost on heating the 

prosumer P10 during the calculated heating period, taking into account the participation of 

HS P10 in the heating, and without it. The area between the upper and lower curves 

represents the economic benefit achieved from the use of distributed HS of prosumer 

integrated into the DHS.   

4 Conclusions 

In this paper, the problem of optimal operated of the loading of own HS of prosumer in 

consist of DHS is formulated, which is solved in the framework of general research 

direction on the designing and functioning of integrated intelligent energy systems. The 

statement of considered problem is the search of the optimal loading relation between the 

own distributed HS of prosumer and the district HS of DHS, based on the criterion of 

minimal cost on heating to prosumer for each calculated time interval during the heating 

period. To solve this problem, a mathematical formalization is developed, which includes a 

number of mathematical models that allow taking into account different specific conditions 

and constrains for the systems under study. The formulated problem is solved taking into 

account the requirements of the thermal and hydraulic modes in HN and operating costs 

both sources and networks, which is a benefit of developed methods in comparison with 

existing approaches. Such a comprehensive consideration of all stages of the production 

and distribution of heat energy in DHS allows us to obtain the most reliable results 

corresponding to real conditions. Further research directions are mainly related to carrying 

out practical calculations on existing DHS schemes of cities, and solving the problem of 

optimization the load of distributed prosumer’s HS taking into account the possibility of 

transferring of heat energy to a district network for heating other consumers.      
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