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Abstract. The two-stage distributing of material flows in the transport-
logistics system of fuel and energy complex is considered. The structural 
elements of such system are mines (centers of the first stage), extracting 
coal from various mineral deposits in a certain area, and enterprises that 
consume or process coal (centers of the second stage). A presented method 
for solving this problem is based on elements of the theory of continuous 
linear problems of optimal set partitioning, duality theory, and methods for 
solving linear programming problems of transport type. The optimal 
solution of the two-stage location-allocation problem is obtained in an 
analytical form, which contains parameters that are the optimal solution of 
the auxiliary finite-dimensional optimization problem with a 
nondifferentiable objective function. Therefore, the part of numerical 
algorithm is non-differentiable optimization method – modification of 
Shor's r-algorithm. The results of computational experiments solving 
model problems confirm the correctness of the presented method and 
algorithm. It is demonstrated the synergistic effect obtained from 
formulation of continuous problems of optimal partitioning sets with 
additional constraints. It is showed, how important to take into account the 
multi-stage distributing of raw materials when it is necessary to locate new 
transport-logistics system objects in a given territory.  

Introduction 
Sustainable development of the fuel and energy complex (FEC) of the country is the most 
important component of the national energy security and the long-term prospect of 
Ukraine’s economic growth. In the development of the productive forces of the country, the 
fuel and energy complex plays an ever-increasing role, which is caused, on the one hand, 
by global trends, and on the other, by the energy capacity of the national economy and the 
limited energy resources of the region. The development of the fuel and energy sector 
largely determines the dynamics, scope and technical and economic indicators of industry 
and social production in general. Power industry significantly affects not only development, 
but also the territorial organization of the national economy. 

An important role in the fuel and energy complex of Ukraine belongs to the mining 
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industry, since coal reserves are potentially sufficient to almost fully meet the needs of the 
country's national economy. And, as noted in [1], the use of currently explored coal 
reserves in combination with science-based technologies at the stages of mining, 
enrichment, processing and using of fuel and energy, will ensure the country's energy 
security without the involvement of foreign energy resources. And the extraction of 
potential benefits from the development of fuel resources is possible only if there is a long-
term, responsible approach to the development of the mining industry. 

Under the conditions of an underground mining enterprise, material flows are a 
(interconnected in a special way) set of logistic operations, processes, links and items from 
preparing the field for development, mining and processing of material resources and 
ending with consumption (redistribution) of finished products to achieve the overall goals 
of the logistic system. Logistic systems of the mines are inextricably connected with the 
flow processes of enterprises within the system of manufacturing associations. In the fuel 
and energy complex logistics systems, the warehouse is actually an intermediate link 
between a mining enterprise and coal consumers, and it is considered as a production 
element [2]. 

In general, transport and logistics systems of the fuel and energy complex, where the 
processes of circulation of material resources are implemented, are quite capacious and 
complex, as they are characterized by a large number of business entities and intermediaries 
located in different regions and over large territories, with different demand from different 
consumers, many other factors that predetermine the characteristics of the organization of 
the process of movement of material resources. 

The object of the research is a two-stage process of distribution of material flows in the 
transport and logistics system, the structural elements of which are mines (hereinafter − the 
centers of the first stage), producing coal, continuously distributed in a certain area, and 
enterprises that consume or process coal (centers of the second stage). As known, the 
territory (zone) of production is assigned to each mine. The movement of raw materials is 
carried out first in the direction from each point of the zone under consideration directly to 
the place of its accumulation at the corresponding mine, and then the sorted resource is sent 
in certain quantities to the enterprises acting as consumers - combined heat and power 
(CHP), concentrating factories and other entities. 

The subject of the research is mathematical models and algorithms for solving multi-
stage resource distribution problems, where the resource is distributed continuously in a 
given area. The purpose of the work is to ensure reduction of transport costs at the 
enterprises of the fuel and energy complex associated with the extraction of coal in a given 
area and its delivery to the warehouses of the respective mines, and then to the final 
consumers. The relevance of the work is explained by one of the most pronounced trends in 
the mining and processing industries – the creation of geographically distributed multi-level 
companies, including dozens of large enterprises and carrying out a full production cycle 
from the extraction of raw materials with its integrated use and processing to transportation 
to end users. 

1 Statement of the problem 

Consider a certain area with known reserves of raw materials (coal), location of functioning 
mines (centers of the first stage) and zone of their extraction. Coal accumulates in the 
places of shipment in mines and is sent to the processing plants and CHP (enterprises of the 
second stage). Existing mines have limited production capacity (due to the equipment 
deterioration over time or the exhaustion of resources) and cannot fully meet the needs for 
raw materials of a second-stage enterprise. Hence, there is a need to search for areas to 
open new mines (one or more) in a given territory, to determine the areas of their coal 
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mining services (production), as well as the amount of re-sorted raw materials transported 
from all the mines to the second stage enterprises (Fig. 1). 

The mathematical model of the described situation is a two-stage problem of optimal 
partitioning of sets with additional constraints (OPSAC) [3, 4]. For its formulation, we 
introduce the following notation:   − an certain area on which the resource is distributed, 
and where the first-stage centers can be located, m2; )(x  − resource reserves in each point 

x of   area, t/m2; N  − number of first-stage centers; M  − number of second-stage 

centers; S  − total quantity of resource in a given area, t; r
i  − coordinates of r- stage i-

center; r
ib − cardinality of r-stage i-center, IIIr , , t; ),( I

i
I
i xc   − resource unit delivery 

cost from point x  tо center I
i , UAH/t; ),( II

j
I
i

II
ijc  −  unit delivery cost from center I

i  

tо center II
j , UAH/t; ia − resource sorting and shipment cost in the center I

i , UAH/t; ij  

− resource amount delivered from the center I
i  tо center II

j , t. 

 

Fig. 1. Scheme of material flows distribution in the two-stage continuous optimal location - allocation 
problem. 
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where N
  − the class of all possible partitions of the set   into N disjoint subsets; 

 N ,...,, 21  − element of class N
 ; 

NMR − NM- dimensional space of nonnegative 

real numbers. 

If the centers I
N

I  ,...,1  are known in advance, we formulate a continuous problem of 

optimal partitioning of the set for fixed centers of subsets. 

2 Review of scientific publications 

Many domestic scientific papers, in particular [1, 2, 5 - 7, etc.], and works of foreign 
scientists, for example, [8 - 24], were dedicated to optimizing supply volumes and to 
developing of mechanisms for reducing the total costs of stockpiling at mining enterprises. 

The mechanisms of supply chain management in systems of the fuel and energy 
complex of Ukraine were studied in [1, 5]. 

In [2], the authors solve the problem of determining the current value of the coal stock 
in the warehouse, considering financial losses, caused by the fact that during long-term 
storage of coal in the warehouse, it loses its consumer qualities, in addition, there is a need 
to increase the cost on coal moving to prevent its blocking property. 

In [6], on the basis of mathematical modeling of the operation of conveyor transport of 
coal mines, an algorithm for determining the average energy intensity of transportation of 
the rock mass was developed. It reveals that the most significant parameters affecting the 
efficiency of the underground conveyor transport of coal mines are the values of cargo 
flows from lavas, the performance of feeders, the volume of bunkers and the cost of 
electricity. 

The methodological foundations of the logistic intellectual management of industrial 
complexes and projects on their creation are presented in [7]. 

The paper [8] is dedicated to the analysis of the optimal locations and scale of fossil 
fuel-fired power plants to reduce the consumption of fossil carbon in the Japanese energy 
sector under several scenarios of electricity demand. It is shown that, from the intra-
regional point of view, fossil fuel power plants can be built in areas with high demand for 
electricity. In addition, with the exception of the areas mentioned above, output from fossil-
fueled power plants will vary depending on the availability of renewable energy sources 
and the demand for electricity. It was noted that the future climate policy, regional demand 
for electricity and the availability of regional renewable energy sources should be 
considered when planning the development of industrial complexes. 

In [9], a method for creating schedules of extraction, processing and transportation, that 
take into account changes in working conditions at the current stage of processing or during 
transportation, was developed. In this method, the solution found using conventional 
optimizers is enhanced by disturbances associated with three different levels of decision 
making: disturbances based on the size of the mined blocks, disturbances based on 
alternative processing options (fine or coarse grinding) and disturbances based on the 
transport system. 

A broad review of research papers studying logistical problems at mining enterprises is 
presented in [10]. The mining complex is interpreted as a supply chain system in which 
material is transformed from one activity to another. The main activities (or stages) include: 
extraction of materials from one or several sources (deposits); mixing material with the 
accumulation in mind; processing of the material along various processing paths taking into 
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account several operational alternatives; and transportation of products to the port or to end 
consumers using one or more transport systems. 

Recent developments in the field of modeling and optimization of approaches to the 
extraction of mineral and energy resources have led to the emergence of new systems of 
simultaneous stochastic optimization and the corresponding digital technologies. The 
mining complex is a type of value chain, according to which raw materials (minerals) 
extracted from various mineral deposits are converted into a set of products to sell using 
available processing flows. The supply of materials mined from a group of mines is a major 
source of uncertainty in the mining industry and the minerals value chains. The 
simultaneous stochastic optimization of mining complexes presented in this paper aims to 
eliminate the main restrictions of past approaches by modeling and optimizing several 
interrelated aspects of the minerals value chain in one model. This unified optimization 
model combines the extraction of material from a set of sources along with their 
uncertainty, associated with this risk management, mixing, accumulation, non-linear 
transformations that occur in the available processing flows, using processing flows and, 
finally, transporting products to customers. 

Despite the large number of scientific works on the optimization and development of 
fuel and energy complexes and their industries, the issues of balancing raw material flow at 
the current stage of development of the FEC remain open. 

In contrast to [10], where a two-stage stochastic mixed nonlinear integer programming 
problem is used to model and optimize a mining complex, in [9, 11, 12], when formulating 
multi-stage allocation-distribution problems, it is assumed that the initial resource occupies 
some territory (densely). In this case, mathematical models become continuous and 
represent problems of infinite-dimensional programming. The continuity of the problem 
formulated in the paper is also caused by the possibility of locating the centers of the first 
stage at any point of a given continual set.  

This paper demonstrates the possibility of using mathematical software developed for 
solving continuous multi-stage problems of optimal partitioning of sets with additional 
links in the organization of logistics systems in the mining industry. 

3 Methods 

We assume that for the problem (1) − (5) the condition 




dxxb
M

j

II
j )(

1
      (6) 

are fulfilled. Under (6) the set of all possible partitions (that satisfying the conditions (2), 
(3)) is no empty.  

We shall take a quick look at the idea of solving method. In accordance with the theory 
of linear continuous problems of optimal partitioning of sets [11], the initial problem (1) – 
(5) is written in an equivalent form as the infinite-dimensional mathematical programming 
problem with Boolean variables.  

Let vector-function  )(),...,()( 1  N  consists of the characteristic functions of the 

subsets that form a partition of the set  : 
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Further it is carried out a problem reduction considering the function values )(xi  on 
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Since the set of optimal solutions of Problem С contains optimal solutions of Problem 
В, the solving of Problem В is reduced to solving Problem С and selecting from all its 
optimal solutions those that are also solutions of Problem В. 

It’s proved [12], if in Problem А function 0)(  x  a.e. for x , and parameters 
II
M

IIII bbb ,...,, 21  satisfy conditions (6), then in order to an optimality of a possible partition 

  N
N  *2*1* ,...,,  of the set   for Problem A, it is necessary and sufficient existence 

real constants N ,...,, 21  such that 

k
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I
ki
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I
i xcxc  ),(),( , Nkixki i ,...,1,,fora.e., *  .  (7) 

At points х, belonging to the optimal boundary of subsets i*  and k* , the equality 

sign is attained in inequality (7).  
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An optimal solution of the Problem С, subject to 0)(  x  a.e. for x  and (6), is 

written like this: for Ni ,...,1  and x   
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Dual variables i  and j , as in classical problems of transport type, are called 

potentials of center I
i  and  II

j  respectively. 

In [12], an iterative algorithm was proposed for solving Problem A with fixed centers. 
This algorithm, developed on formulas (9) and (10) under the assumption 0)(  x  for all 

x , has been modified to locate the first stage centers. 
The numerical solving of the formulated OPSAC problem based on the above necessary 

and sufficient optimality conditions involves recording the problem (8) in the following 
form: 
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Given arbitrary fixed values NI   the value )( IQ   is an optimum of the dual 

functional, which constructed for a continuous OPSAC with fixed centers and formulated in 
terms of the characteristic functions of subsets. The key role is assigned to the method of 
generalized gradient ascent with space dilatation in the direction of the difference of two 
sequential gradients, i.e., the − r- algorithm of Shor, with the help of which the search local 
unconditional minima of non-smooth functions is carried out.  

The constraints NI   may be accounted by the operator of projection NP


, if set   

− convex, closed, and has a rather simple structure that does not call solving the auxiliary 
problem of conditional optimization for finding the projection of a point on the set. If 
structure of   is rather complicated, then its form should be described by inequality 
constraints. For keeping track of such constraints, in turn, non-smooth penalty functions can 
be used. 

4 Results of computational experiments 

The algorithm for solving a two-stage continuous OPSAC with the placement of the first 
stage centers is implemented. Under numerically implementation a given region is 
discretized. To calculate multiple integrals in the developed program, the cubature formula 
of trapezium is used; problem (11) – (14) is solved using the method of potentials. 

Testing the validity of the theory and algorithm was carried out by solving many model 
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At first we have experimented with such initial data: N = M = 2; region discretization 

grid − 101×101 = 10201; IIb =(0.5;0.5); II
1 =(0.25;0.5), II

2 =(0.75;0.5); approximation of 

first stage centers )0(
1
I =(0.1;0.3), )0(

2
I =(0.8;0.6). The optimal solution was obtained at the 

58th r-algorithm iteration. It corresponds to the following values of the desired values: 
*

1
I = (0.263;0.498), *

2
I = (0.752;0.502); *

11 0.5, *
12 0.0168, *

22 0.4832; I = 0.3039. 

The optimal partitioning and placement of centers are presented in Figure 2,a. 
As can be seen from the figure, the first stage centers were placed almost at the same 

points as the specified centers of the second stage, and the classical Dirichlet – Voronoi 
diagram for these points turned out to be the optimal partitioning of the unit square. By a 
simple industrial management rule, any production unit should be located closest to the 
source of raw materials or the market, or to both, if possible. 

  
           a)                 b) 

Fig. 2. Optimal partition of set   and communication scheme in OPSAC with the placement of N 
first stage centers: a) − N = 2; b) − N = 4. 

Such principle can be traced in Figure 2,b and Figure 3. Here are the results of the 
optimal locating of 4 and 6 first stage centers and the corresponding partitioning of a given 
set, considering the additional connections of these centers with two (Fig. 2,b and Fig. 3,a) 
and nine (Fig. 3,b) second stage centers. 

  
              a)           b) 

Fig. 3. Optimal partition of set   and communication scheme in OPSAC problem: а) – N = 6, 

M = 2, IIb = (0.5;0.5);  b) – N = 4, M = 9, IIb = (0.1;0.12;0.1;0.12;0.09;0.1;0.1;0.1;0.16). 

In [11], it is noted that in the conditions of the model problem 1 points I
i , obtained as a 

solution of OPSAC problem, as well as a pair of points (0.5; 0.25) and (0.5; 0.75), together 
with their Dirichlet-Voronoi diagrams are global optima of the continuous problem of 
optimal partitioning of sets (SPP) with the placement of subset centers. The objective 
functional calculated by solving model problem 1 differs from the global minimum of the 
functional in the problem of partitioning a unit square by  = 0.3039 − 0.2966 = 0.0073. 
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Consequently, it may be deduced that algorithm works correctly and obtained solution is 
global optima (with acceptable precision). 

The expediency of setting and solving OPSAC problems in the formation of two-stage 
transportation systems with material (raw) resources, continuously occupied a certain 
territory, is confirmed by solving of the following model problem. 

Let the resource be uniformly distributed on the same unit square. It is necessary to 
divide the square into 10 zones, locate the corresponding first stage centers and determine 
their possible connections with the two second stage centers, which consumption volumes 

are IIb = (0.5;0.5), so as to minimize the total costs of delivering the resource to the first 
stage centers, as well as the of resource transporting cost to the second stage centers. Figure 
4,a shows the location of the second stage centers. It also presents the optimal location of 
the first stage centers, the corresponding service areas, and indicates additional 
communications between the enterprises of the first and second stages. The value of the 
target functional in this location-distribution problem is I = 0.33069.  

Figure 4,b illustrates the optimal placement of the first stage centers and the 
corresponding zones obtained during the implementation of the next approach. First, we 
solved the SPP problem with the placement of centers and the partition quality criterion 
equal to the first term of the functional (1), and then with the obtained coordinates of the 
first stage centers, we solved the transport type problem with the criterion equal to the 
second term in (1). 

  
      a)         b) 

Fig. 4. Optimal partition of set   and optimal location of centers in the problem: а) – SPP with 
additional constraints; b) – SPP with locating of subsets centers. 

The sum of the target functionals is equivalent to 

I1+I2 = 0.1222 + 0.300964 = 0.423164. 

It is significantly more than the optimal value of the quality criterion of the OPSAC 
problem. And, thus, the given example shows how important for obtaining a synergistic 
effect to formulate optimization problems for two-stage logistic processes with a 
continuously distributed resource in the form of problem (1) – (5). 

Conclusion 

The research addresses an urgent problem related to the optimal organization of two-stage 
processes for the distribution of material flows in the transport and logistics system, the 
structural elements of which are mines that produce coal in a certain area and enterprises 
that consume or recycle this resource. 
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The study of the organization of two-stage tasks for distribution of raw material flows at 
the enterprises of the fuel and energy complex was carried out in accordance with such 
general methodological principles as the system approach, the principle of total costs, the 
principle of global optimization. 

All elements of a two-stage logistics system are considered as interconnected and 
interacting to achieve the common goal of the functioning of the system. Functioning 
optimization was performed not for individual elements, but for the logistic system in 
general. At the same time, the total amount of costs associated with the management of 
material and connected service and financial flows throughout the logistics chain, starting 
from the moment of inception of the flow until it arrives at the final consumer, was 
considered. And, thus, the local interests and goals of functioning of individual elements of 
the system were coordinated with the main objective function of the whole system – the 
achievement of optimal transport and associated costs of the entire two-stage logistics 
system. The use of the approach described in the paper allows to purposefully form the 
mechanism for managing the system for promoting flows of produced and raw materials of 
the mining system (open pit, underground mine, concentration plant). 

Prospects for further research are development of software for solving multi-stage 
allocation-distribution problems arising at enterprises of the fuel and energy complex with 
the involvement of GIS technologies. 
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