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Abstract. The article deals with the problem of determining the
expression for the components of the stress tensor of a rock mass that is
exposed to rock-breaking tools. In solving this problem, the natural tension
of the rocks and the stresses arising ahead, in the plane and on the
boundary of the face of the cylindrical excavation were taken into account.
Formulation presented in the form of a semi-infinite cylinder whose axis
coincides with the axis Z of the coordinate system. The solution is obtained
in a cylindrical coordinate system in the form of analytical expressions,
which is carried out by numerical integration of improper integrals.

Introduction

In determining the effectiveness of mechanical rock-breaking tools, contact strength is
taken as the main indicator of the resistance of rocks to destruction Pg.

A significant part of the recently developed rocks under the influence of rock-cutting
tool has a brittle fracture. It is characterized by the fact that, at a certain amount of contact
stresses, a cone-shaped hole is formed at the boundary of the seal core. Therefore, the
correlation between the contact resistance and tensile strength Py brittle rocks can be used
to calculate the contact tensile strength [1, 2].

During the excavation of the stress-strain state of a rock mass is very difficult and
controversial. Studies [3, 4] have shown that in the vicinity of the face of cylindrical
production in its roof there is a zone of tensile radial stresses, while the area of the massif in
front of the face is under the influence of significant compressive stresses.

As the distance increases z; (zp =~ 20 m) from the mining area, a flat stress state is
realized in the massif. In the theoretical studies carried out to date on the question of
contact strength [5, 6], the authors used well-known analytical dependences for the stress
tensor components from the Boussinesq decision [7] or from the decision of the contact
problem of the theory of elasticity [8].

In these decisions, to the corresponding expressions for the stress tensor components
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were added natural voltage untouched array, and then the stress distribution graphs were
constructed on the basis of which conclusions were made on the contact rock strength in a
near zone of the array.

It is easy to see that the analytical dependencies for stresses used in this way do not take
into account the influence of the perturbed stress field caused by the mine workings.
Therefore, it is rather difficult to judge the reliability of the findings obtained in this way
about the contact strength of rocks.

It is therefore necessary to develop a technique for solving problems in order to obtain
analytical expressions for the stresses taking into account all factors characterizing stress-
strain state of the rock mass in the process of production.

The decision of the external problem of the stress-strain state of the rock mass when
carrying out horizontal cylindrical workings in it was obtained in [3, 4].

As a result of decision this problem, it has been established that on the surface » = &
(h — the radius of development), limiting the rock mass in front of the face, there is a
significant concentration of radial (compressive) o, and tangential o, stresses.

This character of the stress state in the rock mass significantly affect contact strength
rocks and, hence, to working conditions rock cutting tools.

Thus, to determine the contact strength of the rock mass, exposed to the rock-breaking
tool, it is necessary to determine the analytical dependencies for the stress tensor
components, taking into account the natural stress of the rocks and stresses that occur in the
rock mass as a result of technological impact during penetration development.

Problem statement

Consider the stresses P, that occur in front of the face of a cylindrical excavation in the
region representing a semi-infinite cylinder, whose axis coincides with the axis z of the
coordinate system (Fig. 1).
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Fig. 1. Scheme to the decision of the problem of the stressed state of the rock massif ahead of
slaughtering.

Suppose that the rock mass in this area is deformed as a result of:
- the actions of natural stresses caused by the formation of the developed space during
mining [1]:
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- concentrated effort caused by the influence of rock cutting tool:

6 = —zoyH{ \J(z+20)* =22 z+z0+4/(z+20)* =22 |} )
o = (1-2v)H[ rzoy/(z+20)* =22 T,

where in (1) and (2) are indicated: 6,2 and 5,,?, 6. and o..®- are normal stresses,
6,.") - are tangential stresses; H — the depth from the earth surface to the axis of generation;
v - Poisson's ratio; vy - volume weight of the rock mass; Ay- coefficient pressure ratio;
Zp = 10a.

Since the depth of production H >> 2a, then the change in natural stresses along the
height of production can be neglected. Therefore, in the course of further research, we will
assume that the stresses caused by the workings are set on the lateral surface of the semi-
infinite cylinder, and the end face of the cylindrical body is subject to the technological
impact of the rock-destructive tool.

To meet one of the requirements of a physical model of the physical and mechanical
properties of the rocks will be characterize by relations of linearly elastic deformable body.

In view of the foregoing, the boundary conditions of the problem can be represented in

this form:
atr=1,0,=0.(2); 0.=0_(); 0sz<o©
6, (2)=—yHzo{ \(z+20)’ = 22| z+z0+/(z+20)* =22 | }';
0,.(2)=(1=2vH] nz0\|(z+20)" =z | (3)
at z=0, 6,.=0.(r); 06.=0; Q. =—Rexp| c(r—r,) [+ LyH . )

The defining equations of an elastically deformable body can be represented in this

form [3]:
B \Y% oU, oU, U, |
Coo =Nl T\ o T )T

o o 1 1 5 0
—| —+— U, +(1-2 —+—+B;— [U,=0, 5
82[ or r j aa V)[ o’ r * o2 } : )

where 7 and z - dimensionless coordinates, » = ra”’; z = za™'; a - the radius of the
cylindrical cavity; U,and U, - components of the displacement vector respectively in
directions 7and Z; E - Young's modulus; f3; ; - constants having the form:

5 2(1-v) 5 1-2v
b=ty P S 2(1-v)’

o = v 8Ur+8Uz +U, s = 8Ur+ v Ur+6Uz )
=9 1770 o ez P e TS :
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It should be noted that, in a closed form, the decision of problems similar to those
formulated above was obtained only for a semi-infinite cylinder.

The main difficulty of the tasks of the stress-deformed state of the cylinder of finite
dimensions is that by using known decisions of equilibrium equations into a cylindrical
coordinate system is not possible directly to satisfy the conditions on the side surface and
the ends of the cylinder.

Decision

Known general decisions of the equations of dynamic equilibrium in a cylindrical
coordinate system. In these equations, the components of the vector of elastic
displacements are expressed through functions that meet the equilibrium equations [3, 5].
But they do not provide the necessary functional arbitrariness to meet the boundary
conditions on the lateral surface (3) and the ends of the cylindrical body (4).

In this regard, it is necessary to apply approaches to decision equilibrium equations (4)
in a form that allows one to strictly meet the boundary conditions on the side surface 7 = a
and at the ends z = 0 cylindrical body.

The decision of the system of equations (5) we will be sought in the form:

g =0 bzhedv ;| aze gy b A
or 1-1b oz - -2 | or r

where @(7, z) and y(7, z) - some functions; A, a, b, ¢ — arbitrary constants.
Substituting expressions (4) into equations (5) and making the corresponding
rearrangement of the terms, we obtain the following system of differential equations:

o 0 op o 1
Lll_(p+m1L12_W =0. 2vL, _+w2L22( —+— |v=0
or Oz ’ Oz or r b (8)
where L; (i, j = 1, 2) — second order differential operators.
The equations can be represented in this form:
Ly, =0; L9, =0, )

where marked

op oy op o 1
=—+0,—; 0,=2v—+0®,| —+—
& or oz ¢ o\ or - v

The decision of equations (9) is found using the Fourier method [8] for 4;(a) and B;(a)
(/=1, 2) — arbitrary function argument, where o; iy =v-1; J,(0f;) and Y,(0f;r), (n=0, 1;

j=1, 2) — Bessel functions of n - order of the first and the second kind, respectively.
As a result, we obtain the following system of inhomogeneous differential equations
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J. |: A (), (aBr)+ B ()Y, (afyr) }exp(ioaz)da; (10)
T -

2V5_<P+w2( 0.1 JWZLT { Ay () (0P,r) + By, ()Y, (aByr) }exp(io(xz)doc.
or or r 27

Alternately excluding the functions in (10) ¢ and y and taking into account the
following properties of the Bessel functions, we arrive at two inhomogeneous differential
equations for the desired functions ¢(r, z) and y(r, z):

{ CLle e 0 }p=iT { o, 4, (00 (0Br) + 0B, B, (), (0B +

or’ ror ®, Oz

.o .
+loaw_]|: Ay, () (aP,r) + By ()Y, (afi,r) :| }exp(zoaz)doc
2
6_2+1 o 1 2v o) 62 3

or* ror az M

=74 I { OLBZ |: Ay (a)J,(aB,r) + By, ()Y (af,r) }_ (11)

27 Zw ,

— g0y — 2v [ Ay, (o), (aB,r) + By ()Y (af,yr) :| }exp(iootz)doc.
()]

2

The decision of equations is the sum of

P=Q+e; Y=y+y, (12)

where indicated ¢ and y - general decisions of homogeneous ones, but ¢ and y -
particular decisions of the corresponding inhomogeneous equations (11).

We find homogeneous decisions by the method of separation of variables, and we write
non-homogeneous solutions in the form:

_ Lt o _
¢= 27_5.[0{ Bg—Bf{ Ay (o) Jy(ap,r) + By ()Y, (o, r) j|

— i, L[ Ay, (o) (af,r) + By, ()Y, (aB,r) } }exp(ioocz)doc;
o, (B3 —B3)

(12)

\T’ = _L T { %{ Ay () (aB,7) + By, ()Y (afi,r) :|_
2o { A (0), (0B )+ B (@)Y, (ayr) } }exp(%az)da-

o, (B2-PBY)

As a result of analysis according to the functions ¢ and y described by equations (11)
they take the form:
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0= J{ %{ 4,(@)J(oByr) + B,y ()Y, (apyr) }

{ Ay () (af,r) + By, (a) Yy () } (13)

-
NV 0N

T
0, (35 —B3)

+ A, (a)Jy(0f;7) + By, (o) Y, (af57) }exp(ioocz)doc;

Y= - L T { &22[ Ay, (o) (0f,r) + By, ()Y, (afi,r) :|_

21— (0, (l3§ -B3)
_0)22(1;;%_1\[;12){ A11(G)J1(aﬁ1r)+Bll((x)Yl(aﬁlr) :|_

=[4y (), (af;r) + By ()Y, (af;r)] }eXP(ian)dOﬁ

By =+2ve, /o, .

Taking into account the peculiarities of the behavior of the Bessel functions of the first
and second kind, the final expressions for the desired functions of displacements U, and U,
write them on the basis of formulas (5), (7) and present in this form:

r
—0

U :_ZLRG [ |: 34, (o) (af,r) +iyw, 4y, (), (0 ,r) +

A (@), (0B~ A (@), (o) }exp(%az)da;

b—\c o _
©; |: Blw2+2V b :| (B3 B )
b—)c ~1,n2 281,
o, —Bz|: LRy }032 B;-B2) (14)

U, = %Re OJ? |: i@ A, (o) (afyr) — g Ay, ()T (aByr) +
T

—o0

+af;0;,4,, ()] (aBsr) +ijod,, (a)J, (af;r) :|exp(_ioaz)da;

0, =o,(1- 2v)h W5 = Bl( 2vo, + o, JC‘); (Bi - B12 )

b—\c 2 2\1-1
ms—[ ;= 1— kaz 2 j[wz(Bs_Bz)]

Finally, by separation the real and imaginary parts in formulas (2), the final expressions
for the components of the displacement vector are:
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©

1
=—] { { AU + 4, (a)UP + 4,(a)UD - 4, (o)UY }cos oz —

To

(15)
—[ B,()U"" - B,(a)U? + By(a)UY + B, (o) U™ }sinocz }doc;

U --17 { { A (@)UY - 4, ()U2 + A()US — 4, (o)UY }sin az+
o
+ { B, (U +B,(a)U? + By(a)UY + B, () U }cos oz }da;
where 4,(a) and B,(a), (n = 1,2,3,4) — arbitrary argument functions a.
Ufl) =0,J,(ap,r); U£2) =0,J,(af,r); U:S) = af;J, (apsr);
U£4) =a(b—he)(1-Ab)" Jy(afsr); US) =05/, (afr);
UEZ) = ¢/ (aB,r); Uis) = oy (afsr);

U = aB,0,J,(aB;r); o, =w,(1-2v)".

Analytical dependences for the stress tensor components in the cylindrical coordinate
system in ratios of Hooke's law [10]:

o =
s

"

o3

] At oot st oot -t @ [sosas-
—{ B,(a)s — B, (a)c? + aB;(a)s + aB, (o) }sin oz }doc;

o) =2 = 2VJ(aB1r) (B0, ~ 1 0.)J, (0B

o, 1-2v v
ol = r41 Jy(0B,r) — B0, + - sz)Jo(Othr);

1-2v
o) =B 220 o) - ap - apr
11-2vb-Ac b—-\c
GS) :7ﬁ -2 Ji(aB;7r) +aps (o, - Y ——Jy(aByr);

oy = _q_;j { { A ()0l + 4, (0)62) + oy (a)ol) + ad, (a)c' }cos oz —
0

(16)
[ B, (ol — B,(a)oly) —aBy(a)cly +aB,(a)ck }sin oz }doc;
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o ‘71_" (@Byr) + a(Bio; - )1_V Jo(0Byr);

® 1
O = i (aPr) + o(Br00y + 00) T o(eBor:
1 oV
o =B Ly (B +- 2 (B2~ 1), (apyr):
rl—v 1-v
1b—Aic 1 v b—A\c
O-g(;) rl—Kbl_J](aBSF)_aBSH(Q% l_ka(aBﬂ’)

Sy { { 4@ + 4002 + Ay (@)o + 4, (@0 }a
T o

—{ B (a)o? ~ By(a)o + By(a)ol’ + B, (a)o }im }doc;

v 1
G(zlz) :[ :B](’oS — s }]o(aﬁ]”); 6(;) :( :Bzwzt + 0 }]o(aﬁz”);

vbkc

1
o ol Lot e ol -an 0t

jjo (aBs7);

o, =L { { A(o)oy) + 4, () — 4, (a)o }Sin(XZJF
T o
+{ B,(a)c) - B, ()5 + B, (o) }cos oz }doc;

(1) = (0, —B,05)J, (aB,7); 0(2) (0, +B,06)J, (aB,r);

b—-\c
o = 0{ m—ﬁimv :|J1((X'B3r)'

Analysis of the results

Thus, the obtained dependences for the components of the displacement vector (14) and the
stress tensor have sufficient functional arbitrariness to meet the boundary conditions (3)
and (4).

It should be noted that the presence of arbitrary constants A and B in formulas (15)
and (16) provides sufficient functional arbitrariness to meet the boundary conditions (5) and
(3). The values of the constants A and b are determined numerically on a computer.

In order to establish the influence of natural and possible stresses arising during mine
excavation, on the indicators of the resistance of rocks to mechanical destruction, one
should determine from the boundary conditions (3) and (4) the functions 4,(a) and B,(a).

Using the found form of the defining equalities (15) and (16), we satisfy the boundary
conditions on the lateral surface and the end of the cylindrical body. Substituting the
appropriate expressions of the stress tensor components in the conditions (3) and (4), we

https://doi.org/10.1051/e3sconf/201910900104
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obtain the following two systems of integral equations the relatively sought functions A4,(o)
and B, (o), (n=1, 2, 3, 4), where:

4, (o) = £, (a)V,; —ads () V1, / V|V

Ay (o) = F5(0)V 5 —ads () V,, /V,, V5

A0 =BV, ¥(@V ;) | 2(E)cos(op 2
Ay(a) = —0d; () V5, / V| Vs

b
B/(a) =—F(a)A,, +aB;(a)A;
1

b
B,(a) =—F(0)A + 0B (a)A,,;
1

B,(0) = (azrfz.”Azs)*i 1 ©)sin(ap E)de;

B,(a) = aBy (o)A .

The calculation of the stress tensor parameters is carried out by numerical integration

improper integrals in formuls (16), based on the program for the computer.
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