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Abstract. The article is devoted to the development of a geometric model 

of surfaces of dependent sections to solve the problems of winding by 

continuous fibers in the direction of the force and its related process of 

automated winding of composite materials. A uniform method for 

specifying the surfaces of dependent sections with a curvilinear generator 

and a method for solid modeling of the shell obtained by winding or 

calculation methods are described. 

1 Introduction 

Methods of automated winding and calculations are one of the main methods for 

obtaining structures from composite materials. In the process of winding, carried out on 

machines with numerical control, the surface of the mandrel is laid with tension continuous 

tape composed of unidirectional fibers, threads, strands or bundles impregnated with a 

binder. After obtaining the required thickness and structure of the shell, polymerization is 

performed, the final curing of the binder. 

2 Problem definition 

In the process of winding, various defects may occur: the tape does not fit to the surface or 

the tape slides from a given curve along which it is laid. You can track these defects in the 

virtual model of the process for which you want to create a geometric model. The 

construction of a generalized geometric model of tape laying on a curved surface was 

described in [1]. In this paper, it is assumed that the simulation of winding ("dry" and 

"wet") is carried out in a single way – by means of a smooth mapping of a rectangle into a 

three-dimensional Euclidean space. Also describes methods of analyzing a circuit, the belt 

laying on the subject of equilibrium filaments Lena and their contact with the surface. All 

builds use the surface of class C2. It should be noted that in the process of laying the tape 

on the surface only its first layers are laid on the surface. The remaining layers are placed 

on the surface formed by the previous layers. Thus, the formed surface is continuously 

changing. These changes naturally affect both the analysis of the packing patterns of the 
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ribbon and the law of motion naturallanguage mechanism of the machine, which was 

described in the article [2]. To take this fact into account, it is necessary to modify the 

surface shape in accordance with the variable thickness of the tape [3]. Note that the 

presented in the paper [4] the method of surface modification is applied to the class of twice 

continuously differentiable surfaces, the dependent variable of the closed cross sections 

with curvilinear generatrix, which is in the process of change is incident to the plane 

parallel to the coordinate plane. We denote this class of surfaces [3] . In this paper [4] we 

propose a uniform method for describing class surfaces . The surface of technological 

mandrels often consist of several parts – constructive (surface of the product) and 

technological (serving for the reversal of the tape). Such surfaces can be specified by 

different parametric representations. Therefore, to work with such a surface in a virtual 

model, there is a problem of smooth connection of different parts, coordination of 

parametrization on the structural and technological parts. With a uniform specification of 

class surfaces, all these problems are automatically eliminated, since the entire surface of 

the technological mandrel (all its parts) will be described by one twice continuously 

differentiable, explicitly given vector function. This greatly simplifies the subsequent 

computer task of the surfaces of the class in question. 

When calculating the parameters of the shell obtained by winding or laying out, there 

are important geometric problems of constructing intermediate surfaces of deformable 

solids [6] of a multilayer structure. The article offers a method of modeling a solid body 

obtained by winding or calculation methods. 

3 On one method of approximation of functions 

Let [a;b] be a grid bxxxa n == ...: 10 . We denote the Sm,() linear space of 

splines of degree m of defect  with nodes on the grid .. The elements of this space are the 

functions sm,(x) satisfying the conditions: 
 baCs m

m ;,




−
 ; on each segment 

  1,...,1,0,; −= nixx ni , the function  is 
( )xsm,  a polynomial of degree m. It is known [7] 

that the dimension of the space Sm,() is m+1+(n-1). Next, we consider the space S3,1(), 

since the surfaces used must be twice continuously differentiable. In the space Sm,1() there 

is a basis consisting of finite functions Nm+1,i(x), called B-splines [8]. Extend grid , adding 

further points 
axx m  −− 1...

 , mnn xxb ++  ...1 . Then the functions Nm,i(x) can be 

defined by the following relation [4]: 
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So, any function ( )xs 1,3
 can be represented as a linear combination of B–splines 

( ) ( )
+

=

+=
2

0

1,41,3

n

i

ii xNxs  . 

Let the values of the function f in the grid nodes be known ( ) nixff ii ,...,1,0, == . 

Then in the space S3,1() we can find a single function ( )xs 1,3
 satisfying the conditions [4]: 

( ) ( ) ( ) ( ).)(;)(;,...,1,0,)( 1,3001,31,3 nnii xfxsxfxsnifxs =


=


==             (1) 
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We introduce ( )
 

( ) ( ) ( )abxfhxff

h
bahxx

−−+=


+

;0,max,
,;,





the notation of the 

continuity module of the function f and ( ) fD   the derivative of the order f function  . 

Then, if  baCf k ; , 2,1=k  and 
ii

i
xxh −= +1max , then the estimates are valid [4]: 

( ) ( )

 

( ) ( )( ) khfDhMfDsD kkk

baC
− − 

 0,,
;

1,3
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where ( ) ( ) ( ) ( ) ( ) 4;3/2;96/19;4;8/9 2

2
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1

1

0 ===== MMMMM .   

As shown in [5], if the grid  is uniform, ( ) nabhnihiaxi /,,...,1,0, −==+= , the 

function ( )xs 1,3
 can be written explicitly: 
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( ) ( )nnn xfhxfh +=−= + 2,2 2020  , 

 

where  

( ) ( ) ( )( ) ( )( ) kjijikjiji
ji

k ,...,1,,,max1,min1, =−−−=
+

, 

( ) ( ) ( )212 −−−= kkk , 3k , 

( )
( ) ( ) ( ) ( )
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It should be noted that the vector ( )Tn 11... +=  is the solution of the equation 

( ) ( )( )Tnnnn xfhfffxfhfA −+= −+ 3,6,...,6,3 11001  , 

where the matrix 
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it has a strict diagonal predominance, moreover 1min
11

=





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
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ij

ijii
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aa . 

Let the function f  be defined on a segment   0,; +−  ba  and a uniform grid 
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( ) nabhniihax

xxxbxxaxxxx

i
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;...: 32110123
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Chosen so, that   +−+− baxx n ;, 11
 and ( ) 1,...,1, +−== nixff ii

. Consider a 

cubic spline ( ) ( )
+

=

+=
2

0

1,41,3

n

i

ii xNxs   that satisfies interpolation ( ) nifxs i ,...,1,0,1,3 ==  

and boundary conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )hffxshffxs nnn 2/;2/ 111,31101,3 −+− −=


−=


. 

Lemma 1. If a function   2,1,0,; =+− kbaCf k  , it is a fair assessment:  

( ) ( )
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1 =Q ; ( ) 102

2 =Q . 

Evidence. If   +− baCf ; . Enter the symbol ( )Tjiji  ..., = . Vector 

( )Tnn 111,1 ... ++ =  is the solution of the equation 

( ) ( )( )Tnnnnn ffffffffA 11111101 5,03,6,...,6,5,03 −+−−+ −−−+=  .. 

We introduce the following notations 

( )T
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Since the matrix of the system has a strict diagonal predominance [6], the estimates are 

valid ( )hfn ,2
~

1,1 − ++ f11 n,  (here and in the future for the vector ( )Tnee ,...,1=e its 

norm 
i

i
emax=e ).  

From equality 
1121120 , −++− −+=+−= nnnn ffff  , follows 

( )hfn ,4
~

2,0 − ++ f20 n, . Since cubic B-splines are non-negative and form a partition 

 ba;  of one on the segment,  
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If   +− baCf ;1 . Consider the spline ( ) ( )
+

=
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2

0
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n
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interpolation conditions ( ) nifx ii ,...,1,0,1,3 ==  and the boundary conditions 

( ) ( )001,3 xfx = , ( ) ( )nn xfx =
1,3 . Then for it to be a fair assessment (2). 
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By virtue of Lagrange's theorem 
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Similarly, we obtain an inequality ( ) ( )hfh
h
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2

11 
−

− −+  . 

So, ( )hfhnn ,32,02,0
− ++  . Then, using expressions for derivatives of the B-

spline [4], 
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based on the estimates (2), we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ).,10

;,
8

33

1,31,31,31,3

1,31,31,31,3

hfxsxxxfxsxf

hfhxsxxxfxsxf

−+−−

−+−−




 

If   +− baCf ;2 .   Then Taylor's formula 
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From here we obtain the estimates presented in the Lemma. The Lemma is proved. 

Lemma 2. If nizy ii ,...,1,0, =−  .   Then, if ( ) ( )xxs 1,31,3 ,  - cubic splines, satisfying 

the interpolation conditions  

( ) ( ) ,,,, 1,31,3
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Then   
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Therefore, there is an assessment  ++− ++ HHnn 36362,02,0 z-y . Hence, 

given that B-splines are nonnegative and form a partition of one on the segment, we obtain 
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The Lemma is proved. 

Consider another type of conditions imposed on the spline s3,1(x), which arise in the 

interpolation of periodic functions (
nff =0
). These are conditions of the form 

( )( ) ( )( )
2,1,0),()(;,...,1,0,)( 1,301,31,3 ==== qxsxsnifxs n
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ii
                (3) 
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As it is known [12], there is a single function ( )xs 1,3
from S3,1() satisfying the 

conditions (3). In addition, if   2,1,0,; = kbaCf k  , then the estimates (2) are valid, and 

for 0=k  the constant ( ) 4/70

0 =M . 

If the grid  is uniform, the spline ( )xs 1,3
 can be written explicitly [4]: 
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Note 1. Since b-splines [7] form a partition  ba; of one on the segment, it follows from 

the condition that Due to the uniqueness of the interpolation spline
110 ... −=== nfff it 

follows that,  

10201 ...... −+− ====== nn ff . 

Let    ( ) 20,0,;; +− mdcbaCf m   it satisfy the condition: 

( ) ( ) ( ) ( ) msvbfDvafD ss −=+ 0,,0,0 0,0,  

for any value  dcv ;  (here
( ) vuffD  = + /,

). We choose a uniform mesh [14] 

( ) ;/,3,...,3,,...: 33 nabhnihiauuu uuinu −=+−=+= +−
 

( ) ;/,3,...,3,,...: 33 −=+−=+= +− kcdhkjhjcvvv vvjkv
 

and, put ( ) ( )Tjnjjjjiji fffkjnivuff ,110 ,...,,;1,...,0,1;...,1,0,; −=+−=== F . 

Define the functions 

( ) ( )  baukjuNug
n

i

ijij ;,1,...,1,0,1,
1

1

2,4 +−==
+

−=

+  

where 
jjnjnjjjn ,1,1,1,1,0, ,,  === +−−
, 

( )
( )

=

−+


=
n

s

jsnji fsi
n 1

,1,1
6

 . 

Consider the function  
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( ) ( ) ( ) ( )    dcbavuvNuvug
k

j

jj ;;,,,
2

0

1,4 =
+

=

+  

( )
( )

( )
( )

( )
( )
( )

( ) ( ) ( )( )
( )

( )
( ) ( ) ( )( )


















−−



−+










+

+

+



+


=

−+

−

−

+++

ugugug
ug

ug
ugugug

k

kj

k

j

k

j
u

kkk

k

kkk
j

11

1

1

110

111

5.03
6
...
6

5.03

1

1,
...

1

2,

1

1,


 

Theorem 1. The following assessments take place 

( ) ( )

   ( )

( ) ( )( ) ( ) ( )( )u

m

v

m

um

v

mm

v

m

dcbaC
hfD

h

h
MhfDhQgDfD ,29, 0,

0

,0

;;

,0,0 





 +− −



, 

( ) ( )

   ( )

( ) ( )( ) ( ) ( )( )u

mm

u

m

v

mm

v

m

dcbaC
hfDhMhfDhQgDfD ,9, 0,0,

0
;;

0,0,  


 −−−−


+− ; 

m 0 . 

For m=2 inequality holds: 

( ) ( )

   ( )

( ) ( )( ) ( ) ( )( )u

v

u
v

dcbaC
hfD

h

h
MhfDQgDfD ,18, 0,22

1

1,11

1
;;

1,11,1  +−


. 

Evidence. For each fixed value [15]  bau ; , we denote 
( )( )vwu


 a cubic 

interpolation spline that satisfies the interpolation conditions a and the boundary conditions 

( )( ) ( )
( ) ( )

( )( ) ( )
( ) ( )

v

kk
ku

v

u
h

vufDvufD
vw

h

vufDvufD
vw

2

),(),(
,

2

),(),( 1

0,

1

0,

1

0,

1

0,

0
−+− −

=
−

=
 




  

Have  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )vwDvugDvwDvufDvugDvufD uu

0,00,0,0,0 ,,,,  −+−−  

By virtue of Lemma 1, the estimate is fair  

( ) ( ) ( ) ( )( ) ( ) ( )( )v

mm

v

m

u hfDhQvwDvufD ,, ,00,0 
 −− , m 0 . 

Note that for a fixed value  bau ; , function ( )vug ,  it is a cubic [16] spline that 

satisfies the interpolation conditions ( ) ( ) kjugvug jj ,...,0,, ==  and boundary condition 

( ) ( )
( ) ( )

vh

ugug
vugD

2
, 11

0

1,0 −−
= ; ( ) ( )

( ) ( )

v

kk
k

h

ugug
vugD

2
, 111,0 −+ −

= .  

Since the ( )ug j
 interpolation spline satisfying the interpolation conditions 

( ) ( ) nivufug jiij ,...,1,0,, ==  and boundary conditions of the form (3), then, by virtue 

of the estimates (2), we have 

( ) ( ) ( )
 

( ) ( )( ) mhfDhMvfDgD u

mm

u

m

baC
jj − − 

 0,,, 0,

;

0,               (4) 

Therefore,  

( ) ( )( ) ( ) ( )( ) kjhfDhMvwvug u

mm

u

m

juj ,...,0,,, 0,

0

0 =−  .  

In addition, we have the inequality 
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 ( )( ) ( ) ( ) ( ) ( ) ( )( ) kihfD
h

h
MvugDvw u

m

v

m

um

iiu ,0,,, 0,

0

1,00 =−


 . 

From here, on the basis of Lemma 2, we can conclude that 

( ) ( ) ( ) ( )( ) ( ) ( )( )u

m

v

m

um

u hfD
h

h
MvwDvugD ,29, 0,

0

0,0 


 − , m 0 . 

So, we come to the following assessment 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )u

m

v

m

um

v

mm

v

m hfD
h

h
MhfDhQvugDvufD ,29,,, 0,

0

,0,0,0 





 +− −  

Note that ( ) ( ) ( )vugDvu ,0, =  for a fixed value  bau ; , it is a cubic spline that [17] 

satisfies the interpolation ( ) ( ) ( ) kjugDv jju ,...,0, ==   and boundary conditions. 

( ) ( )
( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

v

kk
ku

v

u
h

ugDugD
v

h

ugDugD
v

2
;

2

1111
0

−+− −
=

−
=




 . 

Due to inequality (4) we have 

 ( ) ( )( ) ( ) ( )( ) kjhfDhMvwv u

mm

u

m

juju ,...,0,,0, =− −  


 .  

Besides,  

( ) ( ) ( )( ) ( ) ( ) ( )( ) kihfD
h

h
Mvwv u

m

v

m

um

iuiu ,0,,0, =


−


−





 . 

Based on Lemma 2, we conclude that 

( ) ( )( ) ( ) ( )( )u

mm

u

m

uu hfDhMvwv ,9 0, 


 −− .  

By virtue of Lemma 1, there is inequality 

( ) ( ) ( )( ) ( ) ( )( )v

mm

v

m

u hfDhQvwvufD ,, 0,

0

0,   −−−− . 

So, get  

( ) ( )

   ( )

( ) ( )( ) ( ) ( )( )u

mm

u

m

v

mm

v

m

dcbaC
hfDhMhfDhQgDfD ,9, 0,0,

0
;;

0,0,  


 −−−−


+−  

We consider separately the case. By virtue of Lemma 1, inequality holds true 

( ) ( ) ( ) ( )( ) ( ) ( )( )vu hfDQvwDvufD ,, 1,11

1

111,1 −  

By virtue of the second inequality of Lemma 2, we have 

( ) ( ) ( ) ( )( ) ( ) ( )( )u

v

u
u hfD

h

h
MvwDvugD ,18, 0,22

1

111,1 − . 

Thus, 
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( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )u

v

u
v hfD

h

h
MhfDQvugDvufD ,18,,, 0,22

1

1,11

1

1,11,1  +−  

The theorem is proved. 

Consequence. Subject to certain relationships between vu hh , grid steps, for example, 

vu hh   you can select a grid sequence and get a sequence of functions ( )vug p , , 

,...2,1=p  such that 
   ( )

0lim
;;

=−
→ dcbaCp

p
m

fg . 

 
4 The application of the results obtained 

The theorem proved in section 1 allows to define in a uniform way surfaces of dependent 

sections with the curvilinear generatrix (class 20,
1

 mСm ) which at the movement and 

change remains incident plane of the parallel set coordinate plane 1 .  

Let ( ) ( )     0,;;,,, +−  dcbavuvur


 be a parametric representation of such 

a surface [18] . Each u-line of such a surface is a curvilinear generatrix of the surface, 

incident plane, parallel to the coordinate plane. Choose vu   a uniform grid on the 

rectangle    dcba ;;  :  

303 .........: +− == nnu ubuauu ; 

n

ab
hniihau uui

−
=+−=+= ;3,...,3, ; 

303 .........: +− == kkv vbvavv ; 

),min(;3,...,3, uvvi h
k

cd
hkjjhcv 

−
=+−=+= . 

Consider a surface 
kn,  with a parametric representation 

( ) ( ) ( ) ( )    dcbavuvNuBvuR
k

j

jjkn ;;,,,
2

0

1,4, =
+

=

+


,                    (5) 

( )
( )

( )
( )

( )
( )
( )

( ) ( ) ( )( )
( )

( )
( ) ( ) ( )( )


















−−



−+










+

+

+



+


=

−+

−

−

+++

uGuGuG
uG

uG
uGuGuG

k

kj

k

j

k

j
uB

kkk

k

kkk
j

11

1

1

110

111

5.03
6
...
6

5.03

1

1,
...

1

2,

1

1,







  

( ) ( )  baukjuNMuG
n

i

ijij ;,1,...,1,0,1,
1

1

2,4, +−==
+

−=

+


, 

Where:  

jjnjnjjjn MMMMMM ,1,1,1,1,0, ,,


=== +−−
, 

( )
( ) ( )

=

−+


=
n

s

jsnji vursi
n

M
1

1,,1
6 

. 

Theorem 2. The surface
kn,  belongs to the class 

2

1С . 
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Evidence. As noted, each u-line surface   is a curvilinear generatrix of the surface 

incident plane parallel to the coordinate plane. Therefore, one of the coordinates of the 

vector ( ) ( ) ( ) ( )kvuzjvuyivuxvur jjjj


,,,, ++=  does not depend on the variable. Let 

for definiteness, this coordinate will be applicate. Then ( ) nszvuz jjs ,...,2,1,,1 ==−
. By 

virtue of observation 1, ( ) jji zkM =


,  for everyone i . As a result ( )( ) jj zkuG =


, . 

Therefore ( )( ) constkuB j =


, . Ah, so, ( )( )kvuR kn


,,,

 does not depend on u. Thus, any u-

line surface 
kn,  incident on a plane parallel to the Oxy coordinate plane. 

The theorem is proved. 

By theorem 1 for a sequence of vector functions ( )vuR kn ,,


 defining surfaces of 

dependent sections of the class 2

1С  will be executed 
   ( )

0lim
;;,

0
=−

→ dcbaCkn
h

m

u

rR


. Thus, 

the geometric part of the determinant [7] of the class surface 
2

1С  it consists of a point 

frame of sections of such a surface [19], and the algorithmic part of the determinant is given 

by the vector function (5). 

The results of section 1 can be applied to the construction of a vector function that 

determines the winding body for some of its intermediate layers. Moreover, such a vector 

function can be written out explicitly. 

If ( ) ( )     sjbabavujvur ,...,1,0,;;,,,, 2211 =


 the intermediate layers of the 

body (the surface of the class Cm). Choosing a uniform grid 

( ) sabhbwaw s /,... 33330 −=== , the body itself will set the vector function: 

( ) ( ) ( )      332211

2

0

1,4 ;;;,,,,),,( bababawvuwNvuBwvuR
n

i

ii =
+

=

+


, 

 ( )
( )

( )
( )

( )
( )
( )

( )
( )

( )
( )

1,...,1,

),,(,,3
1,,6

...
1,,6

),,(0,,3

1

1,
...

1

2,

1

1,
,

0

111 +=



















−
−


+










+

+

+



+


= +++ sj

wvuRhsvur
svur

vur
wvuRhvur

s

sj

s

j

s

j
vuB

sww

ww

sss
j







 , 

( ) ( ) ( ) ( ) ),,(2,,),,,(2,, 2020 swwssww wvuRhvuBvuBwvuRhvuBvuB +=−= +


. 

Here siwvuR iw ,0),,,( =


are arbitrary twice continuously differentiable vector 

functions satisfying the condition 

( ) ( ) simwvbRDwvaRD iwiw ,0,0),,,0(),,0( 1

0,0,

1

0,0, =−=+ 


 

Figure 1 shows the simulation of the winding surface of a rectangular profile and the 

surface of rotation. Figure 2 shows the results of solid modeling [20]. 
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а)     b)  

Fig. 1. Simulation of the winding, where: a) the surface of a rectangular profile, b) the surface of 

rotation. 

  
a) body b) the layers of the body 

 
 

c) body d) the layers of the body 

Fig. 2. Results of modeling a solid body. 

5 Conclusion 

The article presents the method of approximation of functions of two arguments, the 

approximation error is found. The main advantage of the developed method is that the 

approximating function is written explicitly. The proposed method is applied to the 

construction of the determinant of the surface of dependent sections with variable 

generatrix. Also, the method of layer-by-layer modeling of a solid body is presented, the 

distinctive feature of which is the ability to specify only the points of sections of layers 

using an explicitly given vector function. The application of the developed methods for 

geometric modeling of bodies obtained by winding and laying out of composite materials is 

shown. 
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