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Abstract. Stratified magnetic fluid on a porous basis leads to energy
savings of the human economy associated with the environment, which
goes beyond the usual biospheric transformations.

1 Introduction

The environment is penetrated with magnetic energy due to the Earth, which has a
magnetic field. A device with a two-layer magnetic fluid on a porous basis helps save
energy related to the environment. So, cooling lubricants with a magnetic fluid serve as an
excellent pressure sealer in seals. Like the coil, inside of which there is a magnetic fluid
that converts the energy of the oscillatory motion into electrical.

In mechanical engineering, for example, magnetic fluids are used as a lubricant having
properties controlled by a magnetic field. To study the operation of bearings on magnetic
lubricant, it is necessary to investigate the magnetic waves arising in this case, since they
affect the movement of the liquid in a porous medium. Quite often, a variety of liquids are
used in technology to transfer power or energy. For example, the bucket of a small
excavator is driven by the pressure of the oil entering the hydraulic cylinders. You can also
adjust the flow of liquid in the pipeline pre-installed on a given section of the pipe
electromagnet and entering a small amount of magnetic fluid.

Magnetic fluid based on engine oils or cooling lubricants serves as an excellent sealer in
various seals, bearings and complex assemblies of machines. Also, magnetic fluids are used
in the technology of studying the interaction of Saccharomyces cerevisiae brewing yeast
cells [1]. The problem of propagation of surface waves in a layer of magnetic fluid on a
porous basis is considered in [5].

2 Materials and methods

The propagation of gravitational waves in a non-conductive magnetizing two-layer liquid
located on a solid impermeable base is considered.

The coordinate system is chosen so that the z axis is directed vertically upwards, the
plane z = 0 coincides with the surface of the section of the lower layer of the stratified
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liquid — an impermeable wall. Further, all values relating to the lower and upper layers of
the magnetic fluid with different densities (pl > p2) are denoted by numbers 1, 2,
respectively (Fig. 1). The values relating to the atmosphere are indicated by a low index of
3.

Fig. 1. Gravitational waves in a non-conductive magnetizing two-layer liquid located on a solid
impermeable base.

The equations of motion of the magnetizing liquid at a constant magnetic permeability
in the i-th layer (i=1,2) have the form [7]:

oy

pi? = _vpl + plg) (izlsz)s (1)
divi =0 (i=12)

In the layers of the lower and upper magnetic fluids, velocity potentials @1, @2 (u; =
Vo,(x,v,2,t),u; = V,(x,y, z t)) satisfy the Laplace equations Ap; = 0 (i=1,2). The
magnetic field potential in the i-th region (i=1,2) is found from the equations:

AY; =0 (i=1,2), 2)
so far as rotﬁ; = 0and divﬁ: =0, I-_I: = AY; (i=1,2).
The equation for the scalar potential in region 3 has the form:
AV, =0, 3)

The magnetic permeabilities i, [, p3 in regions 1,2,3 are further assumed to be
constant.
Unperturbed magnetic fields in the absence of waves in the regions 1,2,3 are designated

Tm, H—oz: m, respectively, where HT)[ -const (1 = 1,2,3). When a wave appears, the
magnetic field changes and should be written in the form: Fl = H—)Ol + F{, where HT’ small
perturbations (i = 1,2,3). rotH—O: =0 rotH—('): = 0;rot F{ = 0 - equations for the perturbed
magnetic field (i = 1,2,3). In addition, the equations divH,, = 0;divH] =0 (i = 1,2,3)
must be satisfied.

The potential of the perturbed magnetic field has the form:

W =Wo + ¥ (i=1.2.3), (4)
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Since curl rotH—();: 0 (i=1,2,3), then H—O:ZV'I’OL- @i = 1,2,3). Therefore, ¥,; can be
written in the form:

Yoi = Ho, " 7= Hoix " x + HOiy "y +Hyy, 2 (i=1,2,3), (%)
0¥ Wi 0¥y
where HOiX = _a)fl; HOiy = _a;", HOiZ = azm.

The force in a magnetized medium has the form [3, 10]:

oLyl (22 F g2
=200 fu=p () |Han+ L ©)
Where H :|I7 |, u = u(p, T, H) — is the magnetic permeability of the magnetic field, H -
is the magnetic field strength, p - is the density, and T - is the temperature.
Further it is assumed that p = const, T = const. We shall confine ourselves to the case

.y . o a . . .
of the initial section of the magnetization curve, when a_fz # 0, without giving anything
fundamentally new, only complicates the mathematical calculations. For p = const, the

force in the magnetized medium, calculated by formula (6), is equal to §=o.
The boundary conditions on the interfaces are:

u, =0 (z=0);
¥, =0 (z=0) (7N
8E1 (x,y,
u1z% (z=h +&(xp,1),

where & = &, (x,y,t) - is the deviation of the disturbed surface of the lower layer of the
magnetic fluid from the plane;

D w,=uy,  (z=h +§(xy,0);

2) ¥ =¥ (Fh+&xyt));

3)  mA V¥ =i VY, (z=h +§(xp,0),

where 7 - is the normal vector to the interface of two layers of the magnetic fluid,;

) py— e L HAH — (py — 24 2 [, HAH) = —a, A8, (., )
(z=hy +$1(x, ¥, 1));

95 (xy.t)
5) Uy

(z=hy + hy + &,(x, ¥, 1)),

where &, = &,(x,y,t) - deviation of the perturbed surface of the upper layer of the
stratified magnetic fluid from the plane [6];

6) ¥, =Y; (z=hy + hy + &, (x, 3, 1));
7) Ui V¥, = puaii- V¥ (z=hy + hy +&,(x, y, 1)),

where 7 - is the normal vector to the interface between the upper layer of the magnetic fluid
and the atmosphere;

1 H; 1 rH
8)  pp—2H3, + 1 [y HAH — (ps — 2213, + 2 )" g HAH) = —a,08,(x,3,1)
(z=hy + hy + & (x, 3, 1)),
9) ¥;=0 (z- +o).
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At the interface of two layers of a magnetic fluid z=h, + &, (x, y, t), the normal vector 71 to
the surface f(x,y,z,t) = z—h; —&,(x,y,t) = 0 can be written in the form [2]:

afﬁ d af~ 08 95—

Of —
axt +ay92+a ox €17 ay62+e3 0§ — 05— | —

n= = ~——2e——2e,te;,
|Vf| (g{c)z f)2+(af)2 (‘2?)2+(352)2+1 ax y

where €7, e,, e; — are the basis vectors of the chosen coordinate system. In the following, it
is assumed that h; and h, are constants.

Thus, considering the linear approximation at the interface of two layers of a stratified
magnetic fluid, we have:

_ _ 9%, _ _ 9%, _
Me=—7%05 My =—737 n, = 1.
The seventh boundary condition takes into account:
HZ=(H, +H) =HZ +2H, -H +HZ = HZ,, + H,, + HZ,, + 2H A/
= Moy T 1) = Hoy (URED J 0jx 0jy 0jz 0jx 5y

2H, 2 on Mg g H2(=1,2,3
0jy 5y t2Hoj 75, + Hip + Hjy + Hj7 (=1,2.3).
Further we have:
Hj, =H, -7l =Hj -n, + Hj% ‘n, +H,n, = gHojx + Hj, )n, + (Hojy + Hjy)ny, +
, Y Y , .
(Hogz + Hiz)ne = (Hope +52) e+ (Hogy + 52) my + (Hojo + I, (71.2.3).

In the seventh, eleventh boundary conditions for pressure, it is taken into account that
the definite integral has the form:

H; HiHiz . 625 625
fo uiHdH; = - (=123); ;A8 =ay (ale + ay;); P1=Piot P P2 =Dt
p2-

In the initial boundary conditions, it is necessary to take into account that for the
unperturbed state, the boundary conditions have the form:

Y10 =0 (z=0);
Yo =¥ (z=0);

Wi 9%y o
1 9z - M2 9z (Z h1)3
_H10 a1 — _H2 452 H2 452 BTN
Pro — . Howz + 5 Hor = P20 = Hozz + 5 Hoz (z=hy); )]

Yoo = W30  (z=hithy);

0¥, 0¥39
= =h 1+ .
Uz 9z Uz 9z (Z hl h2)3

© J L #
D20 — ﬁngz + iHoz = P30 — ﬁH§3z + ﬁng, (z=hithy);
Yo=0 (z > +o0).

The solution of the initial equations with boundary conditions is sought in the form of
damped traveling waves:

@;(x,y,z,t) = ®;(Dexpli(—wt + k;x + k,y)|  (=1,2); ©))
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Y (x,y,2,t) =¥, (2expli(—ot + k;x + k,y)]  (k=1,2,3),

where o - is the vibration frequency of the wave, k;, k, are real wave numbers
characterizing wave propagation along the x, y axis, respectively.

k2 =ki+kZ (k=2 L-wavelength).

Substituting the expressions (9) in the initial equations (1) - (3), we obtain
homogeneous ordinary differential equations of the second order with respect to z:

&' (z) — k*®;(2) = 0; (1=1,2); ’Pj”(z) - kzll’j(z) =0 G=1,2,3), (10)
Here the prime denotes differentiation with respect to z.
Solutions of the system of differential equations (10) are functions of the form:
®,(z) = C, exp(—k,) + C,exp(k,); ®,(z) = C5exp(—k,) + C,exp(k,);
¥1(2) = Csexp(—k,) + Coexp(k,); ¥, (2) = C;exp(—k,) + Cgexp(k,);
¥5(z) = Co exp(—k,) + Cyp exp(k,),

where C1—Cjo — are integration constants.
We substitute the expression for the amplitudes ®;(z); ¥; to the boundary conditions
(7), we obtain a linear system of ten equations with ten unknowns C;—Cio:

C,+C,=0;
Cs +Cs = 0;
—C; + Cye?kM + C; — C e = 0;
—k(Hy1y — Hyz7)C1 + k(Hgy, — Hypp)e?kMC, — iwCs — iwe? ™ Cy + iwC, + iwe? MGy

111 Cs + py e Cg + p, C; — ppe?™Cg = 0; (1)
k? 2 K
(Pl(___l)"‘f’z_a; )C1+(P1(_:_k+ 1) pr+ = ) 2C, + py kcz

) u o —
pz g_kC4_eZkh1 + iw 47_[;]( (lk * HO]_ + kHOlZ)CS + lw E(lk * H01 - kHOlZ)C662kh1 -
; m o ) u o —
lwﬁ{lk - HOZ + kHOZZ}C7 —lw ﬁ{lk * HOZ - kHOZZ}CBeZRhl = 0;

—k(Hoy, — Hoz,)Cs + k(Hoz, — Hoz,)eKmtha) ¢, — iwC; — iwe?*(M+h2) Gy + iwC,
+ iwe2kath2)c, - = 0;

—ly C7 + /J2€2k(h1+h2)C8 + #3C9 _ ,u362k(h1+h2)C10 =0;

_ %ak? _w? 2k p2k(hy+hy) M2
g>C3+(p3( gk+1) g) 12/ C, +Lw {Lk H02

— kHoy, Je?*(hth2) Cg — i E{lk “Hos + kH03Z}Cg -
fw 4:;;1( {ik “Hoz — kH03z}92k(h1+h2)C10 =0;

(59

kHoz,}C;

€0 = 0.

Equating the determinant of the resulting system of equations to zero, we write the
dispersion equation in the form:

a?+bN+c=0,
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where the following notation is introduced: 2 = w?,

{02y — ) [~y a9 + ppage] — (uy + p3)(Wya; + ppag)) + pr{(uy —
1) (=1 Q15 + pp014) — (U + p3) (U1 Ay + 1p016))

a= (gk)z

b= {Z;ZS (Hozz — H03z)2[,02(li1a2 + upaz) + py (Uyay + ppa,)] + :1{:; (Hp1, —

kZ
H02z)2P2[(ﬂ2 + uz)ars — (Uy — p3)ay,] +22 (,01 p2 + alT) {(=Quz + )y a,6 +
Ha@y3) + (Uy — pz)(—pyas, + ppay5)} + 2,02 Mnlf;z#z‘ (Ho1z — Hoz,)(Hop, — Hyzz) a9 +

K
(,02 + ) {p2[(uy — pu3) (—pyagq + ppay5) — (Uy + u3) (U age + Ppaq3)] +

P12 — uz) (=t ay7 + ppa49) — (U + p3) (Uyagg + #2“17)”}?

c= ’Eﬁ;l;j kZ(Hou - H02z)2(H02z - H03z)2a1 + IZTM; k(Hyp, — 1'1032)2 (.01 —pyt+

k k?
a; ) (U ae + upas) + £akz k(Hou Hou)2 (,02 + aZT) {Quy + p3)a; — (U — p3lag} +

( b ) ( —p2t T) (('“2 = t3) (= a9 + ppa10) — (o + p3) (W a; + #zag)).

We consider the case when D > 0, since there is no fluid for the equation D < 0.
Thus, the frequency value is found from the dispersion equation by the formula:
2 _ —bxVD
w* =——.

2a

3 Results of the study

The results of the calculations are shown in the graphs of the dependence of the frequency
of the wave oscillations on the wave number k, the dimensionless quantities ®¥=h,/h; and
o=h,/A, where A is the wavelength (A=21/k).

Figure 2 shows the curves calculated for the following values of the thickness of the
lower layer of the magnetic fluid: h; = 20; 150; 300; 600; 1000 cm, respectively. The
thickness of the upper layer of the magnetic fluid is fixed h, = 100 cm. At the same time,
the values characterizing the magnetic field have the following values: magnetic
permeability in the corresponding liquid layer p; = 1.25; w» = 1.5; The value of the
unperturbed magnetic field in the atmosphere is Hoz, = 300 Oe.
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k, em

Fig. 2. Dependence of the frequency of the wave oscillations on the wave number k.

Figure 3 shows the dependence of the frequency of the wave oscillations on the
dimensionless quantity 6=h/A for a constant value of h2 = 200 cm and h1 = 100; 250; 500;
750; 1000 cm.
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Fig. 3. The dependence of the frequency of the wave oscillations on the dimensionless quantity
o=h/A for a constant value of h= 200 cm and h; = 100; 250; 500; 750; 1000 cm.

Figure 4 depicts the dependence of the frequency of the wave oscillations on the
dimensionless quantity x=hy/h; at k=1-103; 1,5-107%; 2:10° cm'. In this case, the values
characterizing the magnetic field have the following values: the magnetic permeability in
the corresponding liquid layer is p; = 1.25; p» = 1.5 and p3 = 1. The value of the
unperturbed magnetic field in the atmosphere is Hos, = 300 Oe. In Figure 4, the thickness of
the lower layer of the magnetic fluid is 50 cm - fixed, and h,=xh;.
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Fig. 4. The dependence of the frequency of the wave oscillations on the dimensionless quantity
w=ho/hi at k=1-103; 1,5-1073; 2:10 cm.

Figure 5 shows the frequency dependence of the wave number k for different values of
wi = 1; 1.2; 1.4. Calculations were carried out for a fixed thickness of the upper layer of the
magnetic fluid h, = 100 cm, h; = 10 cm, Hosz, = 100 Oe, p> = 1.4.

Figure 6 shows the dependence of the oscillation frequency of the wave on Hos,, for
different values of h, = 100; 150; 200 cm. In this case, h; = 100cm; = 1,2; uo = 1.5 and

ws=1; k=0.002 cm™ - are fixed.

Figure 6 Captions should be typed in 9-point Times. They should be centred above the
tables and flush left beneath the figures.
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Fig. 5. Dependence of the wave number k for different values of w1 =1; 1.2; 1.4.
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Fig. 6. Dependence of the oscillation frequency of the wave on Hos, for different values of h. = 100;
150; 200 cm.

4 Discussion and conclusions

From the graphs shown in Figure 2 it follows that when the wave number increases, if the
thickness of the lower layer of the magnetic fluid is fixed, the oscillation frequency
increases. For a fixed value of the wave number and an increase in the thickness of the
lower layer of the magnetic fluid, the frequency also increases, i.e. shorter waves decay
faster than the longer ones.

From the graphs presented in Figure 3 it follows that for a fixed value of h; and an
increase in o, the frequency o increases. If we fix ¢ and increase the thickness of the lower
liquid layer, then the frequency of the wave oscillations also increases. Thus, for fixed
parameters characterizing a magnetic fluid, the dependence of the frequency ® on the
dimensionless quantity 6 remains qualitatively the same as for the case when the magnetic
field is absent [7].

Figure 4 shows that as the dimensionless quantity » and the fixed wave number
increase, the frequency increases. Conversely, for a fixed value of % and an increase in the
wave number k, the slower the frequency decrease, the greater k.

A decrease in the frequency for fixed values of the wave number k and an increase in pl
are shown in Figure 5. And also from this graph it follows that for a fixed value of pl and
increasing the wave number k, the frequency increases.

It can be seen in Figure 6 that the frequency depends weakly on HO3z for a fixed value
of the thickness of the upper layer of the magnetic fluid. If we fix HO3z, then the frequency
o decreases with increasing h,.

Thus, technological devices that use stratified magnetic fluid on a porous basis help
supply energy to various devices, which help to save the energy of the environment.
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