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Abstract. The increase in the share of electric transport in mining and 
municipal enterprises in the short term may lead to changes in the structure 
of the transport fleet of enterprises and can affect the technology of work, 
in particular, surface mining operations. Changes in technology relate to 
the need for charging batteries, as well as the appropriate economic and 
technological planning. Having implemented the combinatorial 
representation and using the chain diagrams, a new method has been 
developed for determining the optimal plan of the vehicles flow 
distribution at the charging station of industrial enterprises, which provides 
the greatest enterprise profit. The developed mathematical model of 
vehicle flow at the charging station is compiled taking into account the 
objective constraints related to the cyclicality of the station loading 
capacity. The optimal plan for the vehicles flow distribution at the charging 
station is, based on geometric representations, as the greatest distance from 
the beginning of the reference to the plane (hyperplane), which passes 
through the vertex of the polyhedron of the area of admissible solutions 
and is oriented by the gradient of the target function (enterprise profit). The 
task becomes urgent in the light of the electrification of industrial transport 
and the improvement of batteries for them. 

1 Introduction  
The share of mineral deposits open mining reaches 85%, and therefore this method 
facilitates the use of powerful and high-performance equipment, which provides low cost 
production. However, with the mine depth increase there are numbers of technological 
difficulties in providing the required level of extraction, preparation of open stocks and 
rock mass transportation to the surface, as well as providing the rolling stock with the 
necessary fuel reserves. This is conditioned by the transport kind, that used for hauling at 
open pits. Up to this moment only automobile transport is the major transport system, 
satisfies the technological needs [1]. 
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Tendency to the use dump trucks with greater payload and increased mine depth 
exacerbates the problem of supply and fuel consumption. As the parameters of transport 
communications are determined by the size of vehicles, and the development of deep 
horizons is characterized by compressed conditions. In parallel with this, the increase in the 
cost of liquid fuels leads to an increase in the cost of transporting the rock mass. 

The perspective increase of vehicles energy efficiency is carried out by an evolutionary 
transition from mechanical systems, using an internal combustion engine to electric-
mechanical systems basing on electric motor. Over the past five years, car makers have 
improved storage systems, and, therefore, it is likely that electric car dumps can appear in 
the next ten years. Therefore, improvement of the technological situation can be initiated by 
new kind of vehicles. 

There definitely will be transition period and its duration can be predicted. Its 
characteristics flown from the presence and needs in maintenance both conventional and 
electric, including hybrid ones. In the cyclic maintenance process of the three types 
(conventional, hybrid, electric) at the charging station, there is a series of new tasks that 
require a comprehensive solution, based on fundamental results. 

Proceeding from the development prospects and hypothetical presence in the park of 
mining enterprises different types of transport at the transition period, authors will try to 
create a mathematical apparatus for determining the optimal plan for the vehicles 
distribution with structural transformations of the production capacity at the charging 
station, including labor resources, consumables, equipment and corresponding adjustment 
of its mathematical model.  

These trends and prospects for rechargeable electric vehicles can reduce greenhouse gas 
emissions if they are powered by renewable energy [2]. The barrier to widespread use on 
the market is a limited range per one charge. Although it is possible to find users who meet 
their needs by those technological developments that are currently available in the market 
[3]. However, the wider introduction of electric vehicles requires improved technology for 
energy storage or a significant expansion of the infrastructure of charging stations. It is also 
claimed by potential buyers of vehicles [4]. On the other hand, fast charging stations 
involve large investments [5], which require solving issues from the quantity, location of 
charging stations, and energy efficiency issues in the electric transport. 

Therefore, in order to facilitate the electric transport dissemination, both industrial 
(including mining enterprises [10]) and utility, this paper proposes a new method for 
establishing the optimal location of charging stations based on a distribution plan for 
vehicles at a charging station. 

2 Probabilistic approach and description of transport flow 
Conventional vehicle is a mechanical system [11, 12], which includes an internal combustion 
engine and other units and aggregates that require diagnostics, recovery and consumable 
materials refuel. An electric vehicle is an electromechanical system that includes a motor-
wheel, batteries, and associated equipment that requires diagnostics, recovery and recharging 
[13, 14, 15]. Hybrid vehicles, being a combination of the first two – conventional and electric, 
require refueling and charging. The process of vehicles flow maintenance considered to be 
cyclical and random [16]. The appearance of a vehicle at a charging station of an enterprise is 
considered to be random event that has a discrete distribution law. 

Table 1. Distribution law. 

Vehicles Probability 
D G E 

P P1 P2 P3 
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In Table 1 variable P1 is the probability of a conventional vehicle with an internal 
combustion engine (accidental event D); P2 is the probability of a hybrid vehicle (random 
event G); P3 is probability of electric transport (accidental event E); 

The production capacity of the charging station is limited by the daily stock of 
consumables, available equipment and labor resources [17]. 

Distribution of different consumables, types of performed operations by vehicle types 
are presented in the following matrix form: 

 
Table 2. Distribution of different consumables. 

Vehicles Consumables D G E Daily supply 

1. 
2. 
3. 
. 
. 
. 
m 

a11 
a21 
a31 

 
. 
 

am1 

a12 
a22 
a32 

 
. 
 

am1 

a13 
a23 
a33 

 
. 
 

am1 

b1 
b2 
b3 
 
. 
 

bm 
 

Here the rectangular matrix is (m × 3) distribution of consumables according to the 
types of service at the vehicle charging station will look like: 

11 12 13

21 22 23

31 32 33

1 2 3

...

m m m

a a a
a a a

A a a a

a a a

= .     (1) 

Here the rectangular matrix is (m × 3) distribution of consumables according to the 
types of service at the vehicle charging station will look like: 

1

2

3

.

m

b
b

B b

b

= .             (2) 

 
Table 3. The matrix of the labor resources distribution. 

Vehicles Service 
operations D G E 

Daily stock of labor 
resources 

1. 
2. 
3. 
. 
. 
. 
n 

t11 
t21 
t31 
 
. 
 

tn1 

t12 
t22 
t32 
 
. 
 

tn1 

t13 
t23 
t33 
 
. 
 

tn1 

f1 
f2 
f3 
 
. 
 

fn 
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Here is a rectangular matrix is (n × 3) distribution of labor resources by performing 
operations on available equipment: 

11 12 13

21 22 23

31 32 33

1 2 3

...

n n n

t t t
t t t

T t t t

t t t

= .    (3) 

Matrix-column of the limited capacity of the charging station for the operations 
performed: 

1

2

3

.

n

f
f

F f

f

= .           (4) 

The vehicles service cost at the filling station is considered to be set and presented by 
the matrix-line: 
 

Table 4. Cost of vehicles maintenance at the charging station. 

Vehicles Cost 
D G E 

С С1 С2 С3 
 
or 

1 2 3
tC C C C= .     (5) 

There are many flow plans for vehicle maintenance at the charging station that meet 
objective restrictions: 
 

Table 5. Transport service plan at the charging station. 

Vehicles Plan (vehicles 
amount) D G E 

Х х1 х2 х3 
 
or matrix-column: 

1

2

3

x
X x

x
= .        (6) 

Obviously, the variables x1, x2, x3 are integers on the physical content and satisfy the 
trivial conditions: 

1 0,x ≥ 2 0,x ≥  3 0.x ≥ х3≥0.          (7) 
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It is also obvious that 

1 2 3x x x x+ + ≤ ,         (8) 

where x is the daily capacity of the vehicles at the charging station or the daily average 
quantity of vehicles serviced at the charging station. 

The objective function is the profit of a vehicle charging station, which is determined in 
a matrix form: 

tL C X= ×         (9) 

or in expanded form: 

1

1 2 3 2

3

x
L C C C x

x
= .    (10) 

Thus, the task is to find among the plenty of plans that, which meets the constraint 
conditions, the optimal distribution of the flow of vehicles, and provides the largest profit 
of the charging station. 

3 Mathematical model of transport and flow distribution  
Mathematical model of given task is made up with: 

– target function 
tL C X= × ;        (11) 

– boundary conditions, which describe random flow distribution  

X xP≤ ,    (12) 

where 

1

2

3

P
P P

P
= .    (13) 

Or in explicit view: 

1 1 2 2 2 3, ,x xP x xP x xP≤ ≤ ≤ ;   (14) 

– the flow of vehicles is limited to the daily throughput capacity of the charging station: 

1 2 3 1 2 3x x x xP xP xP+ + ≤ + + ,     (15) 

or 

1 2 3 1 2 3( ),x x x x P P P+ + ≤ + +      (16) 

And thus 1 2 3 1P P P+ + =  will be obtained the following 1 2 3x x x x+ + ≤ : 
– conditions-restrictions due to the daily stock of consumables at the charging station: 

;AX B≤     (17) 

 , 0 (2019)E3S Web of Conferences https://doi.org/10.1051/e3sconf /201912301029123
Ukrainian School of Mining Engineering - 2019

1029 

5



– conditions-restrictions due to the daily labor resources and the availability of 
equipment for works at the maintenance station: 

.TX F≤     (18) 

Thus, the mathematical model of this problem includes N inequalities, where: 

3 3 1N m n= + + + + ,     (19) 

which determines the area of permissible plans for the distribution of vehicle traffic at the 
charging station. 

Mathematical modeling of traffic flow distribution. The area of admissible plans for 
the distribution of traffic flows is established on the set of points in the three-dimensional 
space obtained as the intersection of three boundary planes taken from N constraints in 
different combinations of combinations: 

3 ( 1)( 2)
1 2 3N

N N NC − −=
⋅ ⋅

.     (20) 

The boundary planes form the following n is equations, m is equations: 

TX A=      (21) 

;AX B=      (22) 

three equations: 

0;X =     (23) 

three equations: 

;X xP=     (24) 

and one equation: 
1 2 3x x x x+ + ≤ .         (25) 

A set of different systems of three linear algebraic equations determined by the number 
of combinations 3

NC , is constructed using chain diagrams. Methods for solving systems of 
linear algebraic equations are thoroughly developed and include the Gauss method, Jordan-
Gauss, the matrix method, the Cramer formula, integration methods, and others. 

Solutions for each of them 3
NC  are permanent systems of algebraic equations. 

The set of these points, which satisfies the conditions of a mathematical model, 
determines the vertices of the polyhedron area of the admissible flux distribution plans. 

Among many admissible traffic flow distribution plans there is the optimal plan that 
provides the major revenue for the charging station. 

Optimal plan for distributing vehicle flow at the charging station. Using geometric 
representations when searching for the optimal solution, the gradient of the target function 
is introduced: 

1 1 2 2 3 3gradL c e c e c e= + + ,   (26) 

which would correspond to a single vector: 

0 gradn
gradL

=             (27) 
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or in expanded form 

0

1 1 2 2 3 32 2 3
1 2 3

1 ( )n c e c e c e
c c c

= + +
+ +

,           (28) 

where ie  (i = 1,2,3) is Orta of the considered basis. Each j-th vertex of the polyhedron of 
the admissible plan area corresponds to the radius of the vector: 

1 1 2 2 3 3
j j j

jr x e x e x e= + + .     (29) 

In a normal vector form, a set of planes passing through each vertex of a polyhedron is 
constructed and guided by a gradient of the objective function: 

0 ( ) 0jn r r− = ,        (30) 

where r  is radius vector of a plane arbitrary point.  
0 (0 )j jd n r= −         (31) 

or 
0

j jd n r= × .       (32) 

The vertex of the polygon corresponding to the largest distance dmax is selected. This 
vertex determines the optimal plan for distributing vehicle flow at the charging station i.e. 

1 1 2 2 3 3
оpt оpt оpt

optr x e x e x e= + + .     (33) 

Indeed 

max 1 1 2 2 3 3 1 1 2 2 3 32 2 3
1 2 3

1 ( ) оpt оpt оptd c e c e c e x e x e x e
c c c

= + + × + +
+ +

 (34) 

or 

max 1 1 2 2 3 32 2 3
1 2 3

1 ( )оpt оpt оptd c x c x c x
c c c

= + +
+ +

,     (35) 

where  

1 1 2 2 3 3
оpt оpt оpt

оptL c x c x c x= + +       (36) 

Thus, 

max .оптL gradL d=     (37) 

That is, the target function is L and distances is d, which are equivalent quantities that 
are different in task and constant multiplier gradL . 

Methodological example. A hypothetical charging station for the maintenance of 
conventional (D), hybrid (G), electric (E) vehicles is considered.  

Conventional vehicles. Schemes based on internal combustion engines require 
diagnostics, recovery and refueling. EV that include motor-wheel, batteries, and other 
related equipment also require diagnostics, recovery and recharging. Hybrid cars, being a 
combination of conventional and electric, are serviced in full and require refueling and 
charging. The maintenance process of the vehicles flow considered at the charging station 
as a cyclic. The production capacity of the charging station is objectively limited by the 
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daily stock of supplies, available equipment and labor resources. Let the distribution of the 
production capacity of the hypothetical maintenance station of conventional, hybrid and 
electric vehicles be represented by a rectangular matrix of the form: 

2 4 5
1 8 6

.
7 4 5
4 6 7

A =      (38) 

Daily production capacity of the station is characterized by a column matrix: 

120
280
240
360

B = .            (39) 

The maintenance cost of conventional, hybrid and electric vehicles at a charging station 
is represented by a matrix line: 

10 14 12tC = .              (40) 

Mathematical model. A lot of plans for maintaining the vehicle flow at the charging 
station in the form of a matrix-column introduced below: 

1

2

3

x
X x

x
= .        (41) 

Variables х1, х2, х3 are integers on the physical content of the problem and satisfy the 
trivial conditions: 

1 0,x ≥  2 0,x ≥  3 0.x ≥     (42) 

The target function is the profit of the charging station: 
tL C X= ×       (43) 

or 
1

2

3

10 14 12
x

L x
x

= .    (44) 

The limited daily production capacity of the charging station is described by the 
condition: 

AX B≤      (45) 

or 

1

2

3

2 4 5 120
1 8 6 280
7 4 5 240
4 6 7 360

x
x
x

≤ .    (46) 
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Thus, the mathematical model of this problem includes seven inequalities, which 
determine the area of permissible plans for distributing the flow at the charging station. 

Among the plenty of plans that meet the constraints, there is an optimal distribution of 
traffic flow that provides the major revenue of the charging station. 

The solution method. The given problem is solved by known methods of mathematical 
programming (simplex method, Gomoros method). Here is a new algorithm for solving a 
given problem (combinatorial method), based on the multiple use of known methods for 
solving systems of linear algebraic equations (Gauss method, Gauss-Jordan method, matrix 
method, Cramer formula, iteration method, Seidel method, etc.). 

The area of admissible plans for the arrangement of the flow is established on the set of 
points in the three-dimensional space x1, x2, x3, obtained as the intersection of three 
boundary planes taken from seven boundary conditions in various combinations. The 
boundary planes are the following seven algebraic equations: 

I. 1 2 32 4 5 120;x x x+ + =   

II. 1 2 31 8 6 280;x x x+ + =  

III. 1 2 37 4 5 360;x x x+ + =  

IV. 1 2 34 6 7 360;x x x+ + =  

V. 1 0;x =  

VI. 2 0;x =  

VII. 3 0.x =  

With the help of chain diagrams (Fig. 1), the entire set of different systems (35) of 
algebraic equations is constructed, i.e. 

Solutions of the algebraic equations systems determine the set of 35 points in a three-
dimensional space, each makes the necessary conditional affiliation of them to the vertices 
of the admissible plans polyhedron. Sufficient conditions are checked for the 
correspondence of these points with the remaining inequalities remaining from the original 
mathematical model [11]. The set of points that meet the necessary and sufficient 
conditions, determines the vertices of the polyhedron of the area of acceptable distribution 
plans and means of transport. The optimal distribution plan that provides the most revenue 
for the charging station is in one of the obtained vertices of the polyhedron, the choice of 
which is trivial. 

The results of the calculations for the complex 35 variants are summarized in the 
Table 6. 
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Fig. 1. Chain diagrams of different algebraic equations systems. 
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Table 6. Results of performed calculations. 

Required condition Case 
No. 

Х1 Х2 Х3 

Enforcement of 
sufficient conditions 

The value of the 
target function 

1 24 53 -28 no – 
2 127 98 -105 no – 
3 0 42,5 -10 no – 
4 -97 0 63 no – 
5 -13.3 36.8 0 no – 
6 24 408 -312 no – 
7  no  - – 
8 24 0 14.4 yes 412.8 
9 24 18 0 yes 492 

10 0 480 -360 no – 
11 160 0 -40 no – 
12 180 -60 0 no – 
13 0 0 24 yes 288 
14 0 30 0 yes 420 
15 60 0 0 no – 
16 -5.1 -14.4 66.6 no – 
17 0 -0.4 50 no – 
18 1.12 0 48.3 no – 
19 15.4 33 0 no – 
20 0 -10 60 no – 
21 11.8 0 44.6 no – 
22 46.2 29.2 0 no – 
23 0 0 46.6 no – 
24 0 35 0 no – 
25 280 0 0 no – 
26 0 60 0 no – 
27 -4.1 0 53.8 no – 
28 0 60 0 no – 
29 0 0 48 no – 
30 0 60 0 no – 
31 34.4 0 0 yes 343 
32 0 0 51.5 no – 
33 0 60 0 no – 
34 90 0 0 no – 
35 0 0 0 yes 0 

 
Thus, the vertices of polyhedron admissible plans area for the distribution of the 

transport flow at the charging station are the algebraic equations systems solution, 
corresponding to options No. 8, No. 9, No. 13, No. 14, No. 31, No. 35, where the target 
function is the profit of the enterprise. The results are the following values: 

69 492, 13 288, 14 420, 31 342 , 35 0.
7

L L L L L= = = = =   (47) 

 , 0 (2019)E3S Web of Conferences https://doi.org/10.1051/e3sconf /201912301029123
Ukrainian School of Mining Engineering - 2019

1029 

11



Here the greatest profit is L9 = 492 and corresponds to the optimal plan for the 
distribution of transport flows: 

х1 = 24, х2 = 18, х3 = 0,     (48) 

i.e. 24 is conventional vehicles with internal combustion engine; 18-hybrid vehicles;  
0-electric cars. 

4 Conclusions 
The increase of electric transport in mining and municipal enterprises in the short term may 
lead to changes in the structure of the transport fleet of enterprises and can affect the 
technology of work, in particular open mines. Changes in technology require charging 
batteries and appropriate planning of economic and technological process. The tendency to 
electrify the industrial transport of mining enterprises creates conditions for the 
development of a mathematical apparatus to determine the changes in the optimal plan for 
the traffic flows distribution and profits associated with structural transformations of 
production capacity, including labor resources, consumables, equipment. 

Using combinatorial representation and chain diagrams, a new method was developed 
for determining the optimal vehicle flow distribution at the industrial power plant charging 
station, which provides the highest profit. This mathematical apparatus can be transferred to 
the conditions of the mining enterprise for the use of electrified industrial transport, which 
inevitably will be involved into technological process. 

The dimension of the considered three-dimensional, cyclic, random flow consisting of 
conventional, hybrid and electric vehicles is not a limitation for the proposed combinatorial 
method. We trivially allow flow generalization of any dimension. The mathematical model 
of vehicle flow at the charging station is compiled taking into account objective constraints 
related to the cyclicality of the station capacity. The optimal plan for distributing the flow at 
the charging station is based on geometric representations as the greatest distance from the 
beginning of the reference to the plane (hyperplane) passing through the vertex of the 
polyhedron of the admissible solutions area and guided by the gradient of the target 
function (profit of the enterprise). The area of admissible plans is established using chain 
diagrams, and its search is reduced to the solution of the finite linear algebraic systems 
according to well-known algorithms. The developed algorithms can be implemented in the 
software environment for further implementation at the enterprises of the mining industry. 

This work was conducted within the projects “Development a technical state forecast methodology 
for electrical-mechanical systems of electric and hybrid vehicles” (State registration 
No. 0118U003189). Special appreciation to professor Pivnyak G.G. for his support and guide.  
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