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Wear of elastic tube with nonuniform coating by rigid bush
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Abstract. This article is devoted to the statement and construction of analytical solution of the wear-
contact problem for a rigid bush and elastic pipe with a coating in the case when the coating is nonuniform.
The presence of nonuniformity leads us to the necessity of constructing a solution in a special form over
special functions, since standard methods does not allow us to effectively take into account the complex
properties of the coating. Analytical representation for contact stresses under the bush is presented in series
with separate factor, which connect with complex properties of coating. This allows provide effective
calculation even if these properties are described by rapidly changing or discontinuous functions. It is also
shown that contact stresses will be negligible over time.

1 Introduction

Analytical solutions of model contact and wear-contact
problems is extremely important for testing numerical
algorithms for solving more complex problems. Such
problems are test for numerical algorithms. One of the
problems whose solution can be constructed analytically
is considered in this article.

Earlier, wear-contact problems for bodies with
complex coatings in plane and axisymmetric
formulations were considered [1-3]. In these works,
contact and wear-contact problems for bodies with
similar coatings were investigated, but problems for
cylindrical bodies were not considered. This work is
devoted to the formulation and solution of the cylindrical
wear-contact problem. For solution constructing we use
approaches similar to [1-3]. They allow you to construct
effective solutions even when the properties are
described by complex functions.

2 Statement of wear-contact problem

Elastic pipe of the thickness h;, and inner radius ry,
covered by thin nonuniform elastic layer of the thickness
houe @nd inner radius ry,. Rigid cylindrical bush put on
this coated tube with tension & (see Figure 1). It is
assumed that thickness hg,; of the coating is much
smaller than bush length 2a and inner radius r;,.
Nonuniformity of coating means that elastic properties
(Young's modulus Eq(z) and Poisson's ratio v,(z)) are
functions of the coordinate z. It is also assumed that
there is a smooth contact between layers and between
bush outer layer along z axis.
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At time g, bush start to rotate around an axis z with
angular velocity @ Due to the presence of friction
between the coating and the bush in the direction
perpendicular to the axis z (if @ is angular velocity
vector with modulus @ and r is radius-vector of contact
point than the friction direction is determined by the
cross product wxr), coating begins to wear out.

2.1 Displacements due to load

To derive the mathematical model of the problem, we
replace bush by some distributed load q(z,t) acting on
region z € [-a,a] (under the bush), and equal to zero
outside this region.

It can be shown that expressions for displacements of
outer layer of tube with nonuniform coating due to load
q(z,t) almost coincide with expressions for the case of
uniform layers (see, for example, [4, 5]):
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Here E;, and v, are constant Young's modulus and
Poisson's ratio of inner pipe, k(s) is known kernel of
the cylindrical contact problem
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Fig. 1. Wear-contact cylindrical problem.
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and lo(u), 13(u), Ko(u), Ky(u) are Bessel functions.

2.2 Accounting of wear

A lot of experiments shown that the wear velocity of
body surface points is proportional to the normal load
and relative speed of surfaces and inversely proportional
to the material hardness [6-10]:
ko Va(z,t) ' @
H(z)
where V = a(roy + hoy) IS speed of bush base points
relative to the outer coating of points, H(z) is hardness of
coating, q(z,t) is normal contact pressure, k,, is known
constant.
Using (1) we can obtain that radial displacement of
the outer face of coating due to wear has the form
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2.3 Final integral equation

According to equations (1) and (5) radial displacement
of outer surface due to wear and applied load of coated
tube has a form (we assume that wear u,(z,t) is small
compared to coating thickness hqy)
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But displacement of the outer face of the tube under the
bush equal to tension & (we also assume that wear is
small compare to tension) minus wear (because tension
depend on time due to wear). Therefore the mixed
integral equation for determining contact pressure q(z,t)
will have the following form

1-ve (2) L
L@ houA(z:t " )ICI(Z ,7)dr

2(1-v;,
+(,,E—:)J ( rﬂq(c Hd¢

K,V
CH@);,

There exist several cases when the hardness of the
materials is proportional to their contact rigidity (see, for
example, [11, 12]), i.e.

H(z) = k,R(2), ®)
where ky is known constant and R(z) is contact rigidity
of coating equal to

Eou (2)

Aoy

Earlier we used such assumptions in papers [2, 3]
According to equations (7) and (8) we obtain new
mixed integral equation in following form
Do _\yq(z t)+MFq(z =5, (10)
R(z) ' e, ’ '
where introduced indentity operator I, Volterra integral
operator with constant kernel
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and Fredholm integral operator with symmetric positive
difference kernels on finite interval:

Ft(2)= | k( r_ é"]f@)dg 12)

Note that function R(z) describes elastic properties of
coating. It can be rapidly changing or discontinuous.

The problem is to find the contact stresses q(z,t)
under the bush for its subsequent analysis.

3 Mathematical model in dimensionless
form

Constructing a solution and studying the result is
conveniently done in dimensionless variables. Therefore,
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we introduce the following dimensionless variables and

functions
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Then mathematical model for the problem in
dimensionless form is mixed integral equation
m'(Z)(1-V)a (2 t)+Fq(z,t)=5". (14)
We should find function gq*(z*,t*) (and hence the contact
stresses q(z,t)) from this equation.

4 Solution of the problem

It is required to find function g*(z*,t*) from equation
(14). Note that this equation contain integral operators of
different types and function m*(z*) connected with
coating nonuniformity, i.e. it can be rapidly changing or
even discontinuous.

If we will use usual representations for the function
g*(z*,t*) like

NORSED WAGIACH} (15)

where {pi(z*)} is standard basis (p;(z*) are polynomials,
trigonometric functions, for example), than it will lead us
to computational errors because such a solution
representation and system of basis functions does not use
information about complex function m*(z*).

But if we will use this information we will obtain
effective solution. The construction of the solution of a
similar equation taking into account a complex function
was carried out in [13]. So we can write out final
solution of this equation in following form
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coefficients ) and y can be find from the solution of
spectral problem

Z Ril'//l(k)
1=0

Ri; can be calculated from the formula
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and Ry(t*, 7*) are resolvents of the kernels
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Since the kernel K*(t*,7*) is constantly then kernels
Ki(t*,7*) are also constantly. Then their resolvents can
be calculated by the formula [14]
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According to formula (21) representation (17) for

functions f,(t) will take a form
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These functions decreases over time. According to (16),
(17), and (22) (here z*e[-1,1], t* > 1)
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The expression for the contact pressure in the
dimensional formis (ze[-a,a], t > n)
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Consequently, contact stresses will be negligible over
time. This is because the material under the bush wears
out. Over time, the tension should disappear.

But we can use this solution only for case when wear
is significantly less than coating thickness hy.

q(z,t) =

Otherwise, the integral equation would become
nonlinear
l_vozut(z)

) [h “TH @) j acz, T)deq(z t)
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The process of finding solution of (26) would be much
more complicated. Our solution can be first step in
numerical or analytical algorithm for finding solution of
this nonlinear problem. Moreover, sometimes it is
important to use information about the coating
production process. In this case, one can use the theory
developed, for example, in [15].

Note that it is possible to find solution if tension &'is
unknown. It is possible if we know some additional
information, compression force, for example. In this case
we obtain mixed integral equation with partially
unknown right side and system of additional equations
and should use special projection method [16] for
finding solution of such a problem.

%o

5 Conclusions

Cylindrical contact-wear problem for rigid bush and
elastic tube with complex coating is posed and solved.
Analytical representation for contact stresses under the
bush is presented in series over special system of basis
functions. This system depends on initial data in main
integral equation. It is shown that contact stresses will be
negligible over time.

Contact stiffness R(z) of the coating is represented by
separate factor in final expression for contact stresses.
Due to this fact, the solution obtained allows using a
small number of members of the series to obtain a
reliable result. It allows one to perform effective
numerical computations for any types of coating
nonuniformities  (even  discontinuous).  Another
approaches does not provide this possibility because they
use expansions on standard basis functions (Legendre
polynomials, trigonometric functions, etc.).

It is noted that the solution obtained is valid for small
wear compared coating thickness. Otherwise we should
use nonlinear mathematical model (25). It is complicated
problem, but obtained solution can be first step in
numerical or analytical algorithm for finding its solution.

The work was partially supported by the Russian Foundation
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