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Linear best method for recovering the second
derivatives of Hardy class functions

Mikhail Ovchintsev!”

! Moscow State University of Civil Engineering, Yaroslavskoye shosse, 26, Moscow, 129337, Russia

Abstract. The linear best method for approximating the second
derivatives of Hardy class functions defined in the unit circle at zero in
accordance with the information about their values in a finite number of
points forming a regular polygon is found. The paper is divided into three
sections. The first contains the necessary concepts and results from the
work of K.Yu. Osipenko. It also recalls some results obtained by S. Ya.
Havinson and other authors. In the second section, the error of the best
method is calculated, and the corresponding extremal functions are written
out. The third proves that the linear best approximation method is unique,
and its coefficients are calculated.

1 Introduction

Let W be some set lying in a linear complex space X and L,l;, ..., 1, — linear complex
functionals defined on X. If S(ty, ..., t,,) is a complex function of n complex variables, then
the approximation error of the functional L by the values of the functionals L, ..., [,, by the
method S on the set W is the quantity

1,(8) = SIEJM[;IL(x) =S (), o, L.

Complex function S, (¢4, ..., t,,) is called the best approximation method if
1, (Sy) = irslfrn(s).

The existence of the linear best method was proved in [1]

n

So= ) acke(®)

k=1

(under certain conditions on the set W). In addition, it was found that the error of the
best approximation method can be calculated by the following formula

7,(S,) = 95;161“]3 |L(x0)]. €Y)
11 (0)=.=1lp(x)

Let’s denote the unit circle by = {z:|z| < 1} , and the unit circumference by G =
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{z:]z] = 1}. Let

H: =17, f(@) € HP: f FOPdp <1} -
r

Be the unit ball in the Hardy space (1< p <o) (see the definition of Hardy classes in [2],
[3]). We note that the problems of optimal recovery of functions belonging to certain
classes and derivatives of functions with respect to their values in a finite number of points
have been studied in many papers (see, for example, [1], [4-12]). This work is a
continuation of [13].

Let’s consider the following system of points forming a regular polygon

s i(n-1)2%
z, =R, Re'n,..,z, =Re"" W, 2)

where R — set number; 0 < R < 1.

Let’s denote by
L =7"0), L) =), (f) = f(z,)

a system of linear functionals defined in Hardy space H,, where 1 <p < co. Then the
error of the best approximation method (we denote it by 7;,(0,2,...,2,)) can be
calculated by the formula (see (1))

250,21, ..., 2,) = sup If""(0)]. 3)
feHy
f(z1)=.=f(zn)=0

Recall some results from [14] (see also [15]). Let w({) be a complex function bounded

on the circumference G. Then the following duality relation holds

feH}

sup || F@w(@)d| = min vraimalw (@) - @)1, (4
G

where B(K) — the set of all bounded analytic functions in K. Moreover, the functions
f*(z) € H}, ¢*(2) € B(K) are extremal in equality (4) if and only if the following equality
holds almost everywhere on the circumference G
fOlw(@) = @*(D]d = e®Alf*()lde, )
where § € R, and A — the total value in the left and right side of equality (4).
Ifnow p > 1. Andif w({) € Ly(G) (here

% + % = 1), then the following duality relation holds

1

sup || F©w@ds| = min [ 1) = o@ldp | 5 ®
r r

feH}

The extremal function ¢*({) is unique on the right side of equality (4) and on the right
side of equality (6). The extreme function f*(z) on the left side of equality (6) is unique up
to a constant factor e’ (8 € R). In addition, in order for the functions f*(z) € Hy u
¢*(2) € H,, to be extremal in equality (6), it is necessary and sufficient that the following
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relation holds almost everywhere on the boundary G:

@M@ — ¢*(D]dS = e“alf*()IPdy,

(7
where A — the total value in equality (6),& € R. Recall that the extreme function f*(z)
satisfies the condition (for all 1 < p < )

[ir@ra=1 ®)
G
Further, if w({) is the boundary value on the circumference G of the function

w(z) meromorphic in the circle K with poles Sy, ..., B, (each pole is repeated as many
times as its multiplicity is), then the product

R(2) = f(@D)|w(z) — ¢"(2)] ©)]
analytically on the boundary G and has in K
T=m-1

(10)
zeros. It is obtained in [14]-[15]

ey (z-ap) (1-Tz)
R = C —_’
) e (z=Br)(A-Pi2)

(11)
where |a,| <1,k =1,...,m —1;C — constant number.

We give some formulas that we will use later (see [13]). Let’s denote by

n
Z—Z
B(Z)zl_h— -
k=1

Z1Z

the final Blaschke product, in which the points z,, ..., z, are of the form (2). Then the
following equalities hold

B(0) = —R™, (12)
BYW(0) =0, (13)
where 1 <j <n— 1. In addition, it was established in [13] (see [13], formula (42))
that
B = VT (14
where k=1, ...,n.

2 Best recovery methods

2.1. Finding the best method error

Lemma 1. The following relation holds:

d = suplg”(0)| =

1
9gEHp

) N
DIk Q=

(15)

Moreover, if p > 1, then the extremal function g*(z) of problem (15) is unique up to a
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constant factor e’¥ (& € R) and has the form

1
T z%. (16)
2n)r

In the case when p = 1, the extremal function of problem (15) is not unique. Any of the
extremal functions of problem (15) with p = 1 has the form

(z—a)(1—az)(z—b)(1 —bz)

g'(2) =e?

g'(2) =e® — (17)
2 ((1 +lal?)(1 + |b]?) + ab + ab)
where § € R; a, b — any complex numbers satisfying the conditions:
lal < 1,1b] < 1.
Proof. Since g*(z) = L 7% € Hzl,, then
(2m)P
1
d=> T (18)
it

For all 1 <p < oo. After this, we consider separately two cases: the case when p > 1
and when p = 1.

First, p > 1 and g(z) — any function belonging to the unit ball H;. Then

wle 29240 <2 l9@ldp <31 l9)P o) (I; do)' < 3@myi=

lg"(0)] = 73

(19)

%I»—nl RIS

This (see (18)) implies equality (15). The extremal function of problem (15) is unique
for p > 1 (up to a factor equal to unity in modulo) and has the form (16) (see (19) and the
introduction).

Let’s assume now that p = 1. In this case (see (15)), d = % Let g*(z) be any

extreme function of problem (15) for p = 1 (if there are several) and let ¢*(z) be the
extremal function on the right side of duality relation (4) for the corresponding function

equal to (see (19))
11
(@)= ey
then (see (5)) these extremal functions satisfy the relation
21 .
* T — i5 *
9@ gm0 @] & = e¥2lg" Oldp. (20)

Since d{ = i{d, it’s easy to verify that the functions
1 1 .
* = — 2 * = 0 A = — is = 1
9'(@)=-2%¢"(2)=0,1=—,e

satisfy relation (20). Hence, ¢*(z) = 0 (z € K). It follows that any of the extremal
functions g*(z) of problem (15) for p = 1 satisfies the equation (see (9), (11))
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11 (z—a)(1—az)(z—b)(1 —bz)
9@ ——=0 :

23
where C; — some constant number; |a| < 1,|b| < 1. Therefore,
9" (2) = C(z—a)(1 — az)(z — b)(1 - bz). (21)

Let’s find constant number C (C = miC;). To do this, it is necessary to calculate the
following integral (see (8))

[ 1= alit - aiig - b1 - 5lao,
G
Let the point { € G, i.e. let [{| = 1. Then
g _ 1 _ -
d<p=E,€=E,IZ—aI=|1—a<'|,|<'—b|=|1—b(|-

From here we obtain
f|c—a||1—a¢||c—b||1 — B¢ldp = frz—aw—blzw
G G
Y N e (- %
—in@ IELIEDIEE:

=%f<f—a>(§—&)<z—b)(§_-)g%af (db+<1+|a|2>(2+lb|2>+a5>dz

= 27?((1 + lal®)(1 + |b|?) + ab + ab).
Therefore (see (8))
1

Il = —
21 ((1 + lal?2)(1 + |b|?2) +ab + ab)

Therefore, the extremal function of problem (15) in the case when p = 1 has the form
(17) (see (21)). Conversely, it is easy to verify that a function of the form (17) is an
extremal function of problem (15) for p = 1. The lemma is proved.

Theorem 1. The error of the best method for approximating the values of " (0) from
functions belonging to the unit ball H; by their values at points z;, ..., 2z, (of the form (2);

n = 3) can be calculated by the formula
1
24
155(0,2y,...,2,) = R"—. (22)
P
In addition, if p > 1 extremal function f*(z) of problem (3) is unique up to a factor
e’ where § — constant real number and has the form
1
24
f*(z) = e® = z%B(2). (23)
P
If p =1, then there are infinitely many extremal functions of problem (3) and any of
them has the form
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(z—a)(1 —az)(z—b)(1-bz)
2m ((1 +|al?)(1 + |b|?) + ab + ab

fr(2)= ) B(2), (24)

where a, b — any complex numbers satisfying the conditions|a| < 1,|b| < 1; § € R.
Proof. Let’s denote by
E={f@):f(2) € H},f(z) =.= f(z,) = 0} (25)

the family of analytic functions in the circle K. First, we factorize the family of
functions E. Let f(z) € E. Denote (see (25))

_f(2)
g9(2) = B2)
It is obvious that
f(2) = B(2)g(2), (26)

where g(z) € H,. Conversely, any of the functions f(z) having the form (26) belongs
to the family E. Since (see (12), (13))

f"(0) = B(0)g"(0) = —R"g"(0),
then it follows that (see (15))
1

n 2q
150,24, ...,2,) = R" supllg o = R"—.
geHp P

It is clear that the extremal function of problem (3) for p > 1 has the form (23), and for
p = 1, any of the extremal functions of problem (3) has the form (24).

2.2. Finding the coefficients of the linear best approximation method

Let Y7-; ¢ f(z,) — linear best method of recovering the value of f"(0) by the values of
f(z)), ..., f(z,), where f(z) € H}, and points zj, ...,z, has the form (2), and f*(z) is an
extremal function of problem (3). Then, it is easy to verify that f*(z) is an extremal
function of the problem

sup
feH}

=13,(0,2y, ..., Z). 27)

£70) - }}J@a

Theorem 2. Let points z;, ..., z, have the form (2) (n = 3). Then the linear best method
Yr_icf(z) of recovering f"(0) by values of functions at points 2, ..., 2, is unique
(f(2) € Hy; 1 < p < ), and its coefficients are found by the formulas

2 i(e—1)2T
Cr =W(1—R2")e -5 (28)

for all values of k = 1, ...,n

Proof. Let f(z) be any function belonging to the unit ball Hj (1 < p < ). Let’s
consider the following integral

B(0)
] = fmo&ﬂo{ 29)
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Let’s estimate the integral J in modulo (see (12), (22))

ZLIR

= =1,002,..,2,). (30)

1 B(0)
U=k |B<<>z3

IFOlde = [, IF@lde < (I, If(OI”dfp) (% d<p)

Let p = 1. Then (see (22))

Rn
<= f BOIIf@)ldg < —=110,2, ., 2,) 31)

G
Now we calculate the integral J. Denote

B(0)
B(z)z3"

Function D(z) has singular points (poles) at points 0, z;, ..., Z,. Then the function D(z)
can be represented as

D(z) = (32)

c_ c_ Cc_ a
D(Z) =_33+_22+_1__1 .....
VA VA

a"Z +v(2), 33)

zZ Z—Z zZ— 2z,

Where v(z) — analytic function in the circle K; c_3,c_5,¢_q,0a4,...,a, — constant
numbers. Let’s find these numbers. It is obvious that (see (32), (13))

c_3= Lian3D(z) = lm(}BES; 1, (34)
_(BOY -B'(2)
¢, =lim (%) B(0)lim o) =0, (35)
2\ "B 0-28)((8'@))
= r () = —ro ™I o

After that, we calculate the deductions at simple poles z;, ..., z,. We have (see (14))

_RM(1-R2™ )27 2
—aj = res D(z) = lim (z — z,) BO _ _BO _ RM1-R*™) nel(k DT = _%(1 —R)e i(k=1)7 (37)
zZ=Z Z-2Z) nR

B(2)z3 B’(zk)zg R,,_lnRgeiz(k—l)z7

Therefore,

2 1 1 n n
= (— R - =t v(z))f(z)dz = O = ) 2a,f(z).
n k=1

27'[1
G

It follows that if f(z) — any function belonging to the unit ball H} , then (see (30),
(€19)

< 135(0,2y, ..., Zy).

F1O0) =) 20,f()
k=1

Thus, the method X.}_; 2a,f(z;,) is the linear best approximation method. From here,
¢, = 2a; (k=1,...,n) are the coefficients of the linear best approximation method and are
found by formulas (28).

We note that (see (28))
e # 0 (38)
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for all k =1,...,n. Let’s consider the linear best approximation method Y.%_; ¢, f(z),
in which the coefficients ¢, are calculated by the formulas (28) (k=1,...,n). Then

sup f w(()f(()d( = rz,p(o' 21, ---;Zn);

€eH}
feHy (@

@ =75 (@ neE zk>

and, therefore, for all values 1 < p < oo the following relation holds (see (5), (7), (27))
(@) = ¢*(©))dS = e12f*(DIPdg, (40)

where f*({) — extremal function of problem (3), ¢*({) — extremal function on the
right side of the dual extremal problem (see (4), (6)), 6; — real constant, A =
735(0, 24, ..., Z,). Note that function R(z) = f*(2)[w(z) — ¢*(2)] does not have zeros in
the circle K (see (23), (24), (10); when applying formula (24), we must assume a = b = 0).

where

Let’s suppose there is another linear best approximation method Y.}, ¢ f(2).

Then the following relation holds

@ 2nl((3 .7~ )—wi‘(() dg = e22|f*(Q)|Pde, (41)

where @] — the extremal function on the right side in equality (6) (or in equality (4))
for the corresponding function w({); &, — real number. Let’s consider the following
function:

1 /2 c“ :
7 (75~ Ty 25) — 0@

W(z) =
1 /2 Cy
2—(—3 }llz_z) o)
Since (see. (38))
imW(z) =1, lim W(z) =% (k=1,....n), (42)
z—0 Z-Zy Ck

then W(z) — function analytical in K . Since relations (40) and (41) hold, then
W) =e® ((€G;6=205,—06,). Since W(0)=1, then W (z) =1 for all values of z €
K. It follows from this (see (42)) ¢ = ¢, for all values of k = 1,...,n. Thus, for all
values 1 < p < oo the linear best approximation method is unique. The theorem is proved.

3 Results

The error of the best method for approximating the values of f"/(0) from functions of the
class H, 1 < p < oo by their values ff(z,),..., f(z,), where points z,,...,z, have the
form (2) are obtained in this study. The corresponding extreme functions are written out. It
is established that if 1 < p < oo, these extreme functions are unique up to a constant factor
e (5 € R). If p = 1, then the extremal functions are not unique. The type of all such
functions is written out. It is proved that the linear best approximation method is unique
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(for all 1 < p < 00), and all its coefficients are calculated.

4 Conclusion

Thus, the problem of the optimal recovery of the second derivatives of the functions of
Hardy class at zero by their values in a finite number of points forming a regular polygon
centered at zero is solved. It would be interesting to solve the problem of optimal recovery
of derivatives f ™ (0), where N — any natural number by values f(z,), ..., f(2,)

(f (2) € Hy ), and points 2y, ..., 2, form a regular polygon.
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