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Abstract. The scientific and technical task for determining the stress-strain 
state of mine workings is complicated by the presence of a layered massif. 
This task assumes particular importance in the case of circular tunneling. 
During its operation, it is important to predict the change of the stress-
strain state for the massif or to carry out the prompt determination in the 
change of stresses and displacements for the unsupported working. The 
solution of this geomechanical task allows performing geometrical 
matching of the working, ensuring its strength and stability in the layered 
massif. A numerical finite element method based on StructureCAD 
(SCAD) software package was used to solve it. Four geomechanical 
systems were calculated: "unsupported working – layered massif". Owing 
to the obtained results, graphs of stresses and displacements were 
constructed, which allow to determine these parameters for workings with 
different geometric parameters and χ-parameter characterizing the ratio of 
the elasticity modulus of the matrix and the layer. Obtained regularities of 
change of stresses and displacements for the unsupported working when 
zooming made it possible to introduce scaling-parameters, which are a 
dimensionless ratio of the radii for a real system and a system with a unit 
diameter. 

1 Introduction 
The usage of shield tunneling while constructing the metro running tunnels or the opening 
of large-diameter workings in parts requires a clear knowledge of the stress-strain state for 
the massif surrounding the working [1]. This task is related to the second, no less important 
geomechanical task, which is to define the strength and stability of the unsupported 
working. For shield tunneling, this second task is not the main one, which is explained by 
the peculiarities of the rock development process, during which the shield shell supports the 
rock massif. But for the case of the opening of large-diameter workings in parts, for 
example, a side tunnel of a pylon or columnar type station, a normal construction process 
can be ensured only by solving this linked task, in which the determination of both stress 
and strain states is not subject to hierarchy, since ensuring the strength and stability of the 
working until the installation of temporary or permanent fastening can not be divided. 
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However, the problem of stability while ensuring the strength of the surrounding massif 
when shield tunneling does not disappear. It is transformed into a problem of ensuring the 
geometric position of the rim rings according to the project. The construction experience of 
the Kyiv metro in weak layered soils indicates that installation of the ring into the specified 
position is a rather difficult task, which was noted in papers [1, 2]. While fully ensuring the 
global stability of the working, supported by the cylindrical design of the shield, its local 
impact on the weak rocks of the surrounding massif results in a permanent change of the 
tunnel axis in the profile. Therefore, the research of stability, in this case, is important and 
relevant. 

The solution of this linked geomechanical task in determining the stress-strain state is 
complicated by the presence of one or more layers that have different strength and 
deformation characteristics. Analytical solutions to this problem are few in number and 
most often can be used only in some specific cases [3-7]. Other solutions based on the 
application of numerical methods are specific [8, 9] and do not have any generalization  
[10, 11]. 

In addition to the analyzed features in ensuring the strength and stability of shield 
tunneling while constructing the metro running tunnels or the opening of the large-diameter 
workings in parts, one more important fact should be noted. An urgent issue of these 
methods in the construction of underground objects is a prediction of the change of the 
stress-strain state in case of a change in the characteristics of the layer: its thickness, change 
of position in the surrounding massif, deformation characteristics, etc. [12]. This issue has 
hardly been addressed on the basis of an analytical approach, it is explained by an objective 
reason, namely the significant complexity of taking into account the above characteristics 
[3, 5, 6]. The numerical analysis of such situations in changing the characteristics of the 
layer is also not simple, since it requires, besides the basic ones, a significant range of 
additional calculations. 

Thus, there is an actual geomechanical task, the solution of which will allow, first of all, 
to perform the selection of geometric parameters of the working, ensuring its strength and 
stability in the layered massif, and, secondly, to perform express analysis [12] of changes in 
the stress-strain state of the unsupported working in the layered massif that changes its own 
geometric and deformation characteristics. 

2 Methods 
The solution of this urgent task is possible only with the help of numerical methods, for 
example, the finite element method, and with its implementation in powerful professional 
computational complexes [10-13]. However, even the presence of such a complex does not 
exclude the need for multiple calculations of each individual case in a change of the stress-
strain state of the unsupported working in the layered massif. Therefore, the authors of this 
research propose a methodological technique, which has already been widely tested by 
representatives of the so-called Tula School. But the main difference is that this analytical 
approach was applied in the course of numerical analysis, that is, it was rethought in the 
framework of mathematical simulation based on the finite element method. 

In papers [5, 6] for workings of various configurations, the equation for the contour 
which is written in a complex form, is presented: 

 1 2
n m

C Cz x iy R 
= + = ξ + + ξ ξ 

,  (1) 

where R  – a scale parameter that determines sizes of the contour; 1C , 2C , n , m  – 
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parameters that determine the configuration and shape of the contour; Θ  – polar angle; 
ie Θξ = ρ , 1ρ = ; 1i = − . 

This formula at 1ρ ≥  is an analytical function ( )z = ω ξ , that conformally displays the 
view of a unit circle with radius 1ρ =  to the view of the specified geometric contours. 

The initial stress state of the rock mass is hydrostatic (pressure ratio 1λ = ), in this case, 
the initial stresses are determined by analytical functions 

 ( ) 1
2

R Hφ ξ = γ ξ , ( ) 0ψ ξ = ,  (2) 

and additional and total stresses – by functions in the form: 

 ( ) 11
2 n

CR Hφ ξ = − γ
ξ

, ( )
( )2

1
1

1

1n

n

nC
R H

nC +

ξ +
ψ ξ = γ

− ξ
. (3) 

The stress components Θσ , ρσ  and Θρτ  in the curvilinear orthogonal coordinate system  
ρ−Θ , which is provided by conformal mapping (1), are found by the Kolosov – 
Muskhelishvili formulas: 

 ( )4Rρ Θσ + σ = Φ ξ , (4) 

 
( ) ( ) ( ) ( )
2

2
22iΘ ρ ρΘ
ξ ′ ′σ −σ + τ = ω ξ Φ ξ +ψ ξ  ρ ω ξ

,  (5) 

 ( ) ( )
( )
′φ ξ

Φ ξ =
′ψ ξ

.  (6) 

Having substituted values (2) and (3) in (4), and then summed them up and accepted 
1ρ = , 0ρσ = , we obtain a formula for the distribution of total stresses Θσ  on the contour 

along the sites, normal to the working: 

 
( )

2 2
1

2 2
1 1

12
1 2 cos 1

n CH
n C nC nΘ

−
σ = γ

+ − + Θ
. (7) 

Obviously, these functions are used to research the stress-strain state of a homogeneous 
isotropic massif around horizontal workings. Their application in the case of layered 
massifs is problematic because of the complex mathematical apparatus. However, the 
methodological technique itself is very fruitful. It is possible to obtain a solution for the 
stress-strain state at the working with a unit radius without using complex direct and 
inverse conformal mappings by applying scaling, that is, scaling the stress-strain state when 
changing the radius of the working [14]. 

The important point when we apply scaling is that it is completely correct when it is 
applied to layered massifs. To predict changes in stress-strain state, two finite-element 
models of the unsupported working occurring in the layered massif were developed, and the 
power of the layer in each of them is changed according to the radius of the working 
(Fig 1). 

In the finite element models in order to reproduce the spectrum of deformation 
characteristics of the matrix (surrounding massif) and the layer, χ-parameter is used, which 
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characterizes the ratio of the elasticity modulus of the matrix and the layer [11]: 

 
s

m

E
E

=χ , (8) 

where mE  – elasticity modulus of the matrix; sE  – elasticity modulus of the layer. 

 

1)                                                                       2) 

Fig. 1. Finite element models of the unsupported working with radius R, occurring in the layered 
massif: 1) layer thickness is of 0.5R; 2) layer thickness is of 4R. 

A rock massif is simulated in the finite element model, discretized to finite elements by 
automatic triangulation (with the merger of triangular elements into rectangular ones), the 
type of elements of a flat stress problem is applied, which allows simulating the work of the 
surrounding layered massif. The basic equation of the finite element method in SCAD 
(license number F755B84 (KMBKB RA 4810)) is solved based on the elastic solution. 

3 Results and discussion 
After the model had been created, its full calculation with the matrix expansion by the 
multifrontal method was performed. Figure 2 shows the characteristic isolines and isofields 
of the analyzed stresses for the contour of unsupported working occurring in a layered 
massif with the same χ-parameter values and different layer thicknesses that were analyzed. 
Since a lot of illustrative material has been obtained, only the most characteristic data are 
presented that undoubtedly prove the provisions of this paper. 

The analysis of the results array allows us to state that in order to obtain stresses and 
displacements of unsupported workings with a real radius is sufficient while scaling to 
increase the stress by factor of n , and displacement by factor of 2n  for the system with a 
unit geometric parameter. Scaling-parameter n  is the dimensionless ratio of the radii of a 
real system and a system with a unit geometric parameter. Thus, it is sufficient to calculate 
only one case of layering with a defined layer thickness and χ-parameter, so that, by using 
scaling-parameters, one can determine the stress-strain state of workings of other geometric 
parameters. Accordingly, based on the obtained results, it is possible to predict the stress-
strain state of circular workings in the layered massif. 
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                                        1)                                                                   2) 

 

                                        3)                                                                    4) 

Fig. 2. Characteristic isolines and isopoles of vertical displacements Z, for the contour of the 
unsupported working R = 1 occurring in a layered massif (χ = 2, mE  = 30 MPa,  sE = 15 MPa):  
1) layer thickness is of 0.5R (working diameter is of 1 m); 2) layer thickness is of 0.5R (working 
diameter is of 2 m); 3) layer thickness is of 4R (working diameter is of 1 m); 4) layer thickness is of 
4R (working diameter is of 1 m). 
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                                       1)                                                                           2) 

 

                                 3)                                                                            4) 

Fig. 3. Characteristic isolines and isofields of normal stresses Nx along the horizontal axis of the 
contour of the unsupported working R = 1, occurring in a layered massif (χ = 2, mE =30 MPa,  

sE =15 MPa): 1) layer thickness is of 0.5R (working diameter is of 1 m); 2) layer thickness is of 0.5R 
(working diameter is of 2 m); 3) layer thickness is of 4R (working diameter is of 1 m); 4) layer 
thickness is of 4R (working diameter is of 1 m). 
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In order to make the prediction process more detailed, the results array was analyzed in 
the course of the numerical analysis, and to further define the regularities of the stress state 
there were selected five characteristic points of the working contour, in which the values of 
the stress components were determined (Fig. 4). 

 
Fig. 4. Scheme of characteristic points on the contour of the unsupported working occurring in the 
layered massif, in which three components of stresses are defined. 

On the basis of the obtained results for the characteristic points, authors constructed 
graphs of the regularities of displacements and stresses for the contour of the unsupported 
working occurring in the layered massif from χ-parameter (Fig. 5-12) [11]. 

 
Fig. 5. Horizontal displacements at characteristic points of the working with the unit diameter at 
different values of χ-parameter and layer thickness of 0.5R. 
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Fig. 6. Vertical displacements (mm) at characteristic points of the working with the unit diameter at 
different values of χ-parameter and layer thickness of 0.5R. 

 
Fig. 7. Normal stresses on the horizontal axis at characteristic points of the working with the unit 
diameter at different values of χ-parameter and layer thickness of 0.5R. 
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Fig. 8. Normal stresses on the vertical axis at characteristic points of the working with the unit 
diameter at different values of χ-parameter and layer thickness of 0.5R. 

 
Fig. 9. Horizontal displacements at characteristic points of the working with the unit diameter at 
different values of χ-parameter and layer thickness of 4R. 
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Fig. 10. Vertical displacements at characteristic points of the working with the unit diameter at 
different values of χ-parameter and layer thickness of 4R. 

 
Fig. 11. Normal stresses on the horizontal axis at characteristic points of the working with the unit 
diameter at different values of χ-parameter and layer thickness of 4R. 
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Fig. 12. Normal stresses on the vertical axis at characteristic points of the working with the unit 
diameter at different values of χ-parameter with the layer thickness of 4R. 

The presented figures do not show the parameters of the stress-strain state at the 
thickness of the layer within 0.5R…4R. However, it is enough to calculate one specific 
option of the working, while applying scaling-parameters, to determine the stress-strain 
state for workings of the second diameter. Practically, this consists in the fact that values in 
the presented graphs can be multiplied by the scaling-parameters (to increase stress by 
factor of n , and displacements by factor of 2n ), since the calculated working has a unit 
diameter. 

4 Conclusions 
Obtained regularities of displacements and stresses for the contour of the unsupported 
working, occurring in the layered massif, at different values of the χ-parameter make it 
possible to predict the change in the stress-strain state of workings of all diameters different 
from the unit. This allows in practical calculations at different values of χ-parameter and 
radius R, using scaling-parameters (to increase stress by factor of n , and displacements by 
factor of 2n ) without additional actions to calculate displacements and stresses at five 
characteristic points of the working, only having defined the ratio between the deformation 
properties of the matrix and the layer and the ratio between parameters. 

The defined regularities allow to predict the stress-strain state of circular workings in 
the layered massif by means of scaling. In practical terms, this opens the possibility to 
analyze the situation with the variation of parameters, which is on the front burner for 
tunneling of mine workings in a layered massif. Prompt analysis of displacements and 
stresses can allow even at the stage of design and analysis of the engineering-geological 
situation to draw up a rational plan and rout profile, which are characterized by the most 
favorable stress-strain state. Such prediction makes it possible to maximally use the initial 
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information and solve the task of the strength and stability of workings that occurring in the 
layered massif. 
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