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Abstract. A horizontal bar of limited length is considered. The radius of the bar changes linearly 
along its length. The cross-sectional area of the left end is larger than the right. The lateral surface of 
the investigated rod is completely insulated. The heat flux is applied to the cross-sectional area of 
the left end. Heat exchange with the environment takes place through the cross-sectional area of the 
right end of the rod. The work determines the field of temperature distribution, displacement, three 
components of deformation and stress, provided that both ends of the rod are rigidly fixed. The 
amount of bar elongation is also determined when one end of the bar is fixed and the other is free. In 
case when the two ends of the bar are fixed, the value of the resulting axial compressive force is 
calculated. In this study the fundamental laws of conservation of energy were used. Key words: 
Elongation, axial force, section, temperature, displacement, deformation, stress. 

Introduction 

Many load-bearing elements of gas generating, nuclear 

and thermal power plants, jet engines and the 

processing industry are rods of variable cross section. 

To provide the reliable operation of equipment of those 

fields, it is necessary to ensure the thermal strength of 

the load-bearing elements in the form of bars of 

variable cross-section, which operate under the 

simultaneous action of different types of heat sources. 

Due to the variability of the cross section nonlinear 

thermomechanical processes arise in such rods. To 

study the nature of such processes a horizontal bar of 

limited length with variable cross section is considered. 

In this case, the cross section radius changes linearly 

along the length of the investigated rod, i.e. baxr  ,

 lx 0 , where l is the rod length and 

constba , . The cross-sectional area of the bar 

changes nonlinearly along the length of the bar as 

follows 
2)()( baxxF    [cm

2
]. The lateral surface of 

the investigated rod along the entire length is heat 

insulated. A constant-intensity heat flux ][
2cm

watt
q is 

supplied to the cross-sectional area of the left end of 

the rod 2)0( bxF  . Heat exchange with the 

environment occurs through the cross-sectional area of 

the right end of the rod 
2)()( ballxF   . At the 

same time, the heat transfer coefficient ][
02 Ccm

watt
h , the 

ambient temperature Ta [
0
C], the physical and 

mechanical properties of the rod material are 

characterized by the coefficient of thermal expansion 

]
1

[
0K

 , thermal conductivity ][
0Kcm

watt
K xx


 and 
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modulus of elasticity ][
2cm

kg
E . The diagram of the 

investigated rod is shown in Figure 1. 

 

 

Figure 1: Diagram of the investigated rod. 

Overview and Analysis 

In the presence of heat flux, thermal insulation and 

heat transfer, the functional of the total thermal energy 

for the investigated rod has the following form [1]:  

dsTT
h

dv
x

TK
qTdsJ a

lxFV

xx

xF

2

)(

2

)0(

)(
2

)(
2





 



      (1) 

where )(xTT   the temperature distribution field 

along the length of the rod, which is approximated by a 

full fourth-order polynomial: 
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where )(x are spline functions: 
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lx 0  where the nodal temperature values:  

);0(  xTTi );
4

(
l

xTT j  );
2

(
l

xTTk   

);
4

3
(

l
xTTm   );( lxTTn   (4) 

Considering (2) - (4), minimizing (1) with respect 

to iT , 
jT , kT , mT  and nT , then resolving system of 

algebraic equations is obtained taking into account the 

existing natural boundary conditions. By solving the 

system, the nodal temperature values (4) are 

determined, and using (2), the temperature distribution 

field along the length of the rod is constructed. If one 

end of the rod is rigidly fixed and the other is free, then 

the elongation of the rod 
Tl  [cm] is determined 

according to the general law of thermophysics [1]: 

.)(

0



l

T dxxTl               (5) 

If both ends of the bar are rigidly fixed, then an 

axial compressive force R (kg) arises in the bar, which 

is determined from the deformation compatibility 

condition [1]: 

.

)(

2

0

l

dxxFEl

R

l

T 

            (6) 

In this case a field of distribution of the 

thermoelastic component of stress ])[(
2cm

kg
x  appears 

in the rod:  

,
)(

)(
xF

R
x      lx 0 .        (7) 

Then according to Hooke's law it is possible to 

determine the distribution field of the thermoelastic 

component of deformations Ɛ (x) [dimensionless]:  

.
)(

)(
E

x
x


                             (8) 

The temperature component of deformations ƐT (x) 

is a dimensionless quantity, and is determined 

according to the general law of thermal physics [1]: 

ƐT(x) = -α T(x).                           (9) 
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Then according to Hooke's law the distribution field 

of the temperature component of the voltage is 

determined )(xT :][
2cm

kg
 

).()()( xTExEx TT          (10) 

According to the theory of thermoelasticity, the 

laws of distribution of elastic components of 

deformations Ɛx (x) [dimensionless] and stresses 

)(xT ][
2cm

kg
 are determined by: 

),()()( xxx Tx                     (11) 

)(xx  )(xE x )(x ).(xT         (12) 

To determine the displacement field the potential 

energy of elastic deformations is used [4]: 

.)()()(
2

)(
dvxxTEdvx

x
PE

V

xx

V

x

  


(13) 

According to the Cauchy relation [4], it follows: 

,)(
x

U
xx




                           (14) 
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
     (15) 

where U is displacement field. 

By minimizing P by the nodal values of the 

displacement, a system of linear algebraic equations is 

constructed. To solve this system it is necessary to set 

the conditions for fixing the two ends of the bar, i.e. 

:0)0(  xUU i  and .0)(  lxUUn
 

Further, defining 
nmkji UUUUU ,,,,  and 

substituting them in (15) the displacement field is 

constructed. For practical application of the above 

method and algorithm the following initial data is 

taken: l = 20cm ; ;
10

1
a  ;4сmb   

;
1

0000125,0
0К

  ;102
2

6

сm

kg
Е   

;100
0Kсm

watt
К xx


  ;10

02 Kсm

watt
h


  ;400СTa   

2
500

сm

watt
q  , where the transition from one 

temperature unit to another is calculated by the formula 

°К = °С + 273.15 

With these initial data the obtained solution is 

shown in Figure 2-5.  

 

Figure 2: Temperature dependencies along the length of 

the rod. 

 

Figure 3: Stress dependencies along the length of the rod. 

 

Figure 4: Deformation dependencies along the length of 

the rod. 
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Figure 5: Displacement dependencies along the length of 

the rod. 

Results and discussion 

It can be seen from the Fig. 2 that the temperature 

value is higher near the left end of the rod, where the 

heat flux is supplied. Due to the thermal insulation of 

the lateral surface, heat is lost minimally, as a result of 

which the temperature at the right end of the rod 

remains at 240
0
C. 

The stress dependencies along the length of the rod 

are shown in Fig. 3 (  )(1 x thermoelastic, 

 )(2 xТ temperature,  )(3 xх elastic stress 

component). Fig. 3 shows that the thermoelastic 

)(x  and temperature )(xТ  components of the 

stress along the entire length of the rod have a 

compressive character, while the elastic component of 

the stress )(xх  in the region 
2

0
l

х   is tensile, 

and in the region lх
l


2

 it is compressive. 

Dependences of deformations along the length of 

the bar are shown in Fig. 4 (  )(1 x thermoelastic, 

 )(2 xТ temperature,  )(3 xх elastic component 

of deformation). The field of distribution of strain 

components is proportional to the corresponding 

stresses. 

Fig. 5 represents the distribution field of the 

displacements of the rod fixed at both ends. From this 

it can be seen that all sections predominantly move in 

the direction of the x axis. The greatest amplitude of 

displacement corresponds to the coordinate .
5

3l
х   

Conclusion 

A numerical model of nonlinear thermomechanical 

processes in a bar of variable cross-section based on 

the fundamental law of conservation of energy has 

been developed. This allows obtaining reliable 

numerical results considering all-natural boundary 

conditions. The results obtained are consistent with the 

corresponding laws of physics. This method can be 

used to numerically solve a class of problems to 

determine the steady-state thermomechanical state of 

load-bearing structural elements operating under the 

influence of dissimilar types of heat sources, in 

particular, to study the process of heat transfer and 

surface insulation in gas turbine systems of thermal 

power plants.  
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