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Sufficient conditions for the uniqueness of the
maxima of the optimization problem in the
framework of a stochastic model with priorities
depending on one random variable
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Abstract. An objective function arising in the optimization problem of a
quasilinear complex system with dependent priorities is considered. In the
case of three priorities based on the results of one experiment, sufficient
conditions are obtained for all stationary points of the objective function
under consideration to be local maximum points.

1 Introduction

In papers [1-3] the problem of optimization of interaction within the framework of a
unified system of a number of institutions and an “optimizer” interested in the successful
functioning of the system and acting on the basis of expert assessments was considered.
Expert assessments should be implemented in the choice of priorities (generally random and
taking values between zero and one) with different distributions. Under certain natural
conditions, a theorem on the existence and uniqueness of the local (and global) maximum of
the objective function of a certain complex system consisting of functions of a quasilinear
type and independent random priorities was proved. These maxima are functions of a finite
number of the positive parameters. In the present work, the problem of minimizing these
maxima in the domain of the parameters’ definition is solved. In particular, an exact solution
of the minimax problem for constant priorities is given. The theorem was proved that if the
function of maximum arising in the optimization problem of a quasilinear complex system
with independent priorities has a stationary point with respect to natural parameters, then this
point is a local minimum point. This point is unique. It implements minimax of the objective
function of the arbiter, whose task is to optimize the relationship of a number of the
institutions with help of the expert assessments. In practice, expert judgments should enable
a design of the priority’s distribution functions. And the arbiter sets up the mathematical
model of the described complex system using the components of the obtained minimax point
[4-10]. In this work, we began to investigate the described model, when the priorities are
dependent random variables. This task turned out to be much more difficult. In the case of
three priorities based on the results of one experiment, sufficient conditions are obtained for

* Corresponding author: neunata@yandex.ru

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).



E3S Web of Conferences 224, 01014 (2020) https://doi.org/10.1051/e3sconf/202022401014
TPACEE-2020

all stationary points of the objective function under consideration to be local maximum
points..

2 Formulation of the problem

Let (Q,F ,P) be a probability space. The mentioned problem of optimizing the

relationship between the three institutions and the "arbiter” is based on the investigation of
the maximum points of the objective function

F(u;,U,,u5) = E (uf*uzeus® ), u > 0,u, >0, >0, )

i
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Fig. 1. All possible points of the local maximum of function (1) lie in the interior of the closed

triangle.

where o, 0t,, 0L, are random variables (priorities) taking values on the interval (0,1); E
is the expectation with respect to the probability P; U, =-CU, —C,U, +C,, where

C,,C,,C; are strictly positive parameters. Thus, all possible points of the local maximum of

function (1) lie in the interior of the closed triangle shown in Figure 1.
It is clear that

u =0
D:qu, >0
CU, +C,U, >C,
and
u, >0
D°:qu,>0

C,U, +C,u, > C,.
It is obvious that the function
F(uy U2) = F(u11u2’_clu1 —Cu, +C3) )

is continuous on D, continuously differentiable and strictly positive on D° , and is equal to

zero on the frontier 0D of this domain. It follows from the well-known theorem of analysis
that this function has at least one local maximum point, which is simultaneously a global
maximum point. This work is devoted to the study of stationary points of function (2),



E3S Web of Conferences 224, 01014 (2020) https://doi.org/10.1051/e3sconf/202022401014
TPACEE-2020

provided that the priorities ., Ql,, 0L, are determined by one experiment associated with
some uniformly distributed random variable o.. So, we suppose that o, = f,(ar),
a, = f,(a), a, = f,(a), where f,, f,, f, are Borel functions (0,1), taking values on

the same interval (0,1). By the change of variable theorem under the Lebesgue integral, we
obtain:

1
F(u,u,) = IO U, 2% (—cu, —c,u, +¢,) "Mdx. ©)

In this paper, a number of conditions on functions f,, f,, f, are obtained under which all
stationary points of function (3) are points of local maximum.

3 Main results and their proofs
Introduce the notation:
(D(UP U, X) = ulfl(X)usz(X) ('Clul -CU, - Cs) B0,

Then formula (3) takes the form:

1
F(u,u,) :IO o(uy,u,, X)dX.

Introduce also the following notations:

P ) = [ £, 00U, U ), 1=1,2,3,

1 .. ..
@; (U, Uy) :IO ;00 f,(X)e(uy, u,, X)dx, i, j=1,2,3 i< j.

Lemma 1. A point (U;,U,) € D% isa stationary point of a function F if and only if the
following equalities hold:

(4)

2

Proof. The assertion of Lemma 1 follows immediately from the equalities:

oF_1 G
u, u P u, P
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o _1 ¢
ou, U, ®, U, 23

Let us calculate the partial derivatives of the second order of the function F . We have:

°F 1 2C c?
a_ulz = E(% —¢)— Tuls(Pla + u_l;((/’as —@y),
’F 1 2C c2
auzz =u_22(¢22_(/72)_?;3?723"'_22((033_(?3)’ )
O°F 1 C c, c.C,
- - -2 g +22(p. — ).
oudu,  uu, (ZP) uu, D3 u, D3 u; (33— ;)

Let (u,,u,) € D° be astationary point of function F . Then equalities (4) hold. Substituting

them in (5), we obtain:

o°F 1 2005 1o
(aufj U12 (o, — 1) ulz 0 U12 %2 (03 — @),

0

0°F 1 2 1
( j _2( —0,)) DPoPo3 P,

2 =
ou, o 5

O°F _ P 1 9@, _ 1 9,05 . 1 oo, _
= (05 — @)
ou,0U, o WU, Ul @ uu, @, uu, @,

Let us calculate at the stationary point the determinant

(aZFJ [ o°F j

ou? ou,ou

A = ululp? i ° 12 !
0°F o°F
auou, ) ou; ),

After a series of transformations, we get:
A= (0= 01) (9, = 02) 05 + (91— 1) (93— P3) 93 + (0, = 0) (93— P35 P
+2 ((01 - (011) P P3Py +2 ((pz — Py ) PP3Py5 + 2 ((03 — Qg3 ) D1 PPy ©)
F2010,0,3023 + 20,030,015 + 20,001, P
~ 0L D3 — D08 — PiPry-
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Lemma 2. A stationary point (U,,U,) € D° of function F isa point of local maximum if

in expression (6) A > 0. Proof. Since for any i and | ¢, > @; , it follows from (5) that

2 2

atany point (u,,U,) € D° the partial derivatives F and F are strictly negative. This
ul u2

implies the assertion of the lemma.
In all further statements, the fulfillment of the inequality A > O will be verified, from

which it follows that any stationary point of the function F is a local maximum point. In
this case, it will be taken into account that in formula (6) all terms in the first three rows are
strictly positive, and in the fourth row are strictly negative.

Proposition 1. Let us consider numbers & (0<a <1,i=12,3) and let
£<0,05ming,.Ifa,—e< f, <a +¢,then A > Q-
Proof. We will ensure the inequality
2(a, —¢)(a, —&)(a; —¢) 2 (a, +&)(a, +£)(a, + &) (7)
It is clear that for this it is sufficient to provide the inequalities
a—¢

T 509 e< B 103
a+e 19

Obviously, this is true if we take & <0,05mina, . From (7) and the inequalities for f; it
follows that the system of inequalities
PPy + Q013 2 PP,
D013+ P3P, 2 PPy (8)
PPy + P3P1, = QP15

is satisfied and hence the system

03015 (PLPo; + Prp15) = (p§ (/7122
0P (PP + P300,,) 2 (plz (0223 9)
0,0:5(P10o; + P300,,) 2 (022 (0123-

is satisfied too. It follows from (9) that

200,050 + 20,000,013 + 20 PP, Py = PL Py + P3Pl + P30

Hence the expression (6) is strictly positive and Proposition 3 is proved.
Corollary 1. Ifany f.,1 =1,2,3 are constant, then A > 0.

Proposition 2. 1) If two functions of f.,i1 =1,2,3 are constant, then A > 0.
2) If one function of fi ,1=1,2,3, is arbitrary and the other two coincide and do not
exceed 0,5, then A > 0.
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Proof. Both points are proved by checking the fulfillment of inequalities (8) and further
reasoning, as in Proposition 1.

Proposition 3. Let f, > %, f,> 1, f,> l .Then A>0.

2 2
Proof. We have:

1

f25 22052 0: = 20,0 2 000, = 2000001 2 P05
1

f,22= 20,20, = 20002 000 = 200000 2 PLOs.

1
122220520, = 2000 2 0P = 200,010 2 P30

The required result follows from (6).
Proposition 4. Let one of the functions f;,i1 =1,2,3, be constant (for example, f, =C
C C
) and either f, > ———— or f, > ——— . Then A>0.
2(1+c) 2(1+c¢)

Proof. It is easy to see that under the condition f3 = C the inequality
2(0: = 0) PP + 200,002+ 20,09 Prs + 200D P~ PP~ P3P~ P3P 2 0

C
is equivalent to the inequality ¢,¢, > ——— ¢,,F. The conclusion of this proposition

2(1+¢)
follows from the last inequality and formula (6).
Corollary 2. Let one of the functions f.,1 =1,2,3 be constant (for example, f,=C)

and either f; Z% or f, 2% . Then A>0.

1
Proof. The assertion follows from the inequality — , which is valid for any
4 2(1+¢)
O<c<l1.
. 1 1 1
Proposition 5. Let f, < > f, < > f, < > Then A>0.

Proof. Applying the inequalities in the formulation, we obtain

1 1
0P, :(P1§§02 +¢’2§

By the Bunyakovsky-Schwartz inequality, we have

DL 2 PPy + PP = PP, — P10y, — P, 20, (10)

P11 Py 2 ¢fz- (11)
Adding (10) and (11), we obtain:
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PP, — P2, — PoPry + Pris, 2 Pl = (01— 1) (@0, — ) 2 0, =
= ((Pl - (011)((02 - ¢22)(p§ 2 (0122(0;'

The inequalities (2, = 2 )P — P3) P = P05 and
(0, — 2,)(@; — 03)P7 > P37, are proved similarly. From (6) it follows that A > 0.

Proposition 6. Let one of the functions f;,i =1,2,3, be constant (for example, f, =C
) and let there be a number 0 < 8 <1 suchthat f, </ and f, <1— . Then A>0.
Proof. Since for f,=C we have 2(;)1(/)2(p13(/723—(p12(p223 —(p22¢7f3 =0, then (as it

follows from (6)) it suffices to prove the inequality (¢, — @,,)(@, — @,,) —@%, > 0. We
have:

f12 <pf N {?’11 < Bo, N {(02(011 < o,
f22 <@1-p)f, 0, < (1= B)o, 0.0, < (1= 8o,

= Q.01 + PPy, S QP = OO, — 0,0, — PPy 2 0=
= Q0 — Q)P — PPy T PPy — (/7122 >0=

= (= 9@, — ) — 90122 2 0.

Proposition 7. Let the inequalities f, > f,,2f, > f,; f,>f,2f >f,; f,>0,5 be

satisfied. Then A > 0.
Proof.

1) f,2 1,21, > f,= 20,0, 2 0,0, = 20,0:0,,0,, > ¢32¢7122-
2) f,2 1,21, > f,= 20,0, > 0,0;= 20,0,0,0,; > @12 (/7223-
3) f,20,5= 20, > 0, = 20,05 2 0,01, = 20,0,015P0 > P Prs-

Applying formula (6) we obtain the required inequality.

4 Conclusion

The authors are confident that the inequality A >0 can be proved for arbitrary
fi ,1=1,2,3, but so far this has not been possible. The next step in the investigation should
be the solution of the minimax problem, as it was done in [2-3] with independent priorities.
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