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Abstract. In this work, the diffusion equation for the gas-solid system is revised to describe the non-
uniform distribution of hydrogen in steels. The first attempt to build a theoretical and general model and to 
describe the diffusion process as driven by a chemical potential gradient is made. A linear elastic solid body 
and ideal gas, diffusing into it, are considered. At this stage, we neglect any traps and non-linear effects. 
The coupled diffusion-elastic boundary problem is solved for the case of the cylinder under the tensile 
loads. The obtained results correspond to the experimental ones. Based on them, the assumptions about the 
correctness of the model and its further improvement are suggested. 

1 Introduction 
The problem of hydrogen embrittlement is a well-known 
one [1]: the adsorption and transport of the hydrogen 
from the external environment lead to the degradation of 
the mechanical properties of the steel. To describe the 
process of hydrogen diffusion from the external 
environment into the steel, one cannot be satisfied with 
only Fick’s laws of diffusion, as many side effects begin 
to play a significant role ([2-4]). Various approaches, 
taking such effects into account, exist. These are models 
of diffusion with trapping ([5-7]), various models of 
stress-assist diffusion ([8, 9]), models with development 
of local plasticity ([10, 11]) and models of multichannel 
diffusion ([5-6, 12]). The already existing models 
describe particular experiments, usually are 
phenomenological and do not take into account all the 
factors affecting the hydrogen absorption. Moreover, 
these models are verified on small concentration 
gradients and cannot be used to describe recent 
experimental results. 

In this work, the linear non-equilibrium 
thermodynamic approach is used. Considering the 
gradients of chemical potentials as thermodynamic 
forces, the diffusion equation for the system of gas and 
solid is written. As we aim to build a general and 
theoretical model, we start with the simplest case and 
neglect plasticity, multichannel diffusion and trapping, 
which in case of non-equilibrium thermodynamics 
approach can be simply added as terms in chemical 
potential. For now, the linear-elastic body is considered, 
without any plastic stresses or strains (which 
corresponds to the situation when stresses in steel, 
induced by the hydrogen diffusion, do not exceed flow 
stress). The absence of trapping and multichannel 
diffusion corresponds to low temperatures of diffusion. 

The boundary problem for the case of the cylinder 
under tensile stress and diffusing hydrogen is solved to 
investigate if one can obtain an experimentally observed 
“boundary layer” – a large hydrogen concentration 
gradient near the outer boundary of the body ([13]) in 
this simplest case of such a diffusion. 

2 Diffusion problem 

2.1. Chemical potential theory  

Following the non-equilibrium linear thermodynamics, 
we define the diffusion flux as 

           𝒋𝒋 =  𝐷𝐷𝐷𝐷
𝑅𝑅𝑅𝑅
∇𝜇𝜇   (1) 

where D is a diffusion constant, R is a gas constant, T 
is temperature, c is a concentration and 𝜇𝜇 is chemical 
potential. The chemical potential for the ideal gas is 
equal to 

   𝜇𝜇𝑔𝑔 = 𝜇𝜇0(𝑇𝑇) + 𝑅𝑅𝑇𝑇𝑅𝑅𝑅𝑅 𝑐𝑐
𝑐𝑐∗

  (2) 

where 𝑐𝑐∗ - some reference concentration. As the 
diffusion of hydrogen is affected by the stress-strain state 
of the solid body, the chemical potential of solid will 
also appear as a term in chemical potential of the system. 
In the case of the linear elastic body, the chemical 
potential of the solid is equal to: 

            𝜇𝜇𝑠𝑠 = 𝑀𝑀
𝜌𝜌
�𝜂𝜂(𝑇𝑇) + 1

2(𝜺𝜺 − 𝜺𝜺∗) ∙∙ 𝑪𝑪 ∙∙ (𝜺𝜺 − 𝜺𝜺∗)� (3) 

where M is a molar mass of the solid, 𝜌𝜌 is its density, 
𝜂𝜂(𝑇𝑇) is chemical energy, 𝜺𝜺 is a strain tensor, 𝑪𝑪 is a 
stiffness tensor and 𝜺𝜺∗ is a tensor of deformations, 
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caused by the diffusion of gas into the solid body. For 
simplicity, it is considered that these strains depend on 
gas concentration linearly and they are isotropic: 

                                       𝜺𝜺∗ =  𝛼𝛼𝑐𝑐𝑬𝑬                  (4) 

α is a constant, determined experimentally. 
Thus, finally, the diffusion flux is equal to 

                                  𝒋𝒋 =  𝐷𝐷𝐷𝐷
𝑅𝑅𝑅𝑅
∇�𝜇𝜇𝑔𝑔 + 𝜇𝜇𝑠𝑠�    (5) 

The diffusion equation is equal to 

                                        𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

=  ∇ ∙ 𝒋𝒋     (6) 

After substituting and opening brackets the diffusion 
equation is finally obtained: 

                𝜕𝜕𝐷𝐷
𝜕𝜕𝜕𝜕

=  ∇ ∙ �𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒∇𝑐𝑐 + 𝑣𝑣𝑐𝑐�    (7) 

where 

                  𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐷𝐷 �1 − 3𝑘𝑘𝑘𝑘𝐷𝐷𝑀𝑀
𝑅𝑅𝑅𝑅𝜌𝜌

(𝑡𝑡𝑡𝑡𝜺𝜺 − 3𝛼𝛼𝑐𝑐)�   (8) 

   𝑣𝑣 = 𝐷𝐷𝑀𝑀
𝑅𝑅𝑅𝑅𝜌𝜌

(𝜆𝜆𝑡𝑡𝑡𝑡𝜺𝜺∇(𝑡𝑡𝑡𝑡𝜺𝜺) − 3𝑘𝑘𝛼𝛼𝑐𝑐∇(𝑡𝑡𝑡𝑡𝜺𝜺) + 𝜇𝜇∇(𝜺𝜺 ∙∙ 𝜺𝜺))   (9) 

Here 𝜆𝜆 - Lamé's first parameter, 𝜇𝜇 is shear modulus 
and 𝑘𝑘 = 𝜆𝜆 + 2

3𝜇𝜇 is the bulk modulus of solid. 

2.2. Boundary problem 

A cylindrical body 𝑧𝑧 ∈ [−ℎ, ℎ]; 𝑡𝑡 ∈ [0, 𝑡𝑡0]  is considered 
(see Fig. 1). 

 

Fig. 1. The cylindrical sample under axial loads. 

We prescribe axial loads (𝜎𝜎𝑧𝑧|𝑧𝑧=±ℎ = 𝜎𝜎0). We say that 
the side surface is free of any load (𝜎𝜎𝑟𝑟|𝑟𝑟=𝑟𝑟0 = 0). The 
diffusion flux propagates only in r-direction, thus, 𝑐𝑐 =
𝑐𝑐(𝑡𝑡). As a boundary for the concentration, we prescribe 
diffusion flux at the outer surface of the body, 𝜕𝜕𝐷𝐷

𝜕𝜕𝑟𝑟
|𝑟𝑟=𝑟𝑟0 =

𝑞𝑞0. As absorption of hydrogen causes inner strains and 
stresses in the bulk affect the propagation of gas, the 
coupled problem of mutual influence of hydrogen 
concentration and stress-strain state of the steel is solved. 
To define linear stresses and strains, the Hooke’s law is 
used: 

       𝝈𝝈 = 𝜆𝜆𝑡𝑡𝑡𝑡(𝜺𝜺 − 𝜺𝜺∗)𝑬𝑬 + 2𝜇𝜇(𝜺𝜺 − 𝜺𝜺∗)  (10) 

We do not have any dynamics in our system, thus, 
the elasticity problem is quasistatic: 

          ∇ ∙ 𝝈𝝈 = 0   (11) 

This problem is solved numerically. 

3 Results 
To solve the coupled boundary problem we used 
parameters, corresponding to the real hydrogen and steel. 
There was no need to use exact parameters because our 
main goal is to see how the model takes into account 
stress-strain state and if it is appropriate to describe high 
hydrogen concentration gradients and the so-called 
boundary layer. 

At first, the dependence of concentration on time at 
various points through the bulk is presented (Fig. 2). The 
bigger the ratio 𝑡𝑡 𝑡𝑡0⁄  is, the closer the point is to the 𝑡𝑡0. 
One can see that with increasing time, the concentration 
propagation retards even far from the outer boundary. It 
is also noticeable that moving away from the outer 
boundary, the gas propagation slows down non-linearly. 

Fig. 2. The dependence of concentration on time at various 
𝑡𝑡 𝑡𝑡0⁄ . 

The dependence of concentration on radius at various 
times (Fig. 3) is also presented. One can see that the 
concentration growth slows down with time. While 
moving from the boundary to the centre of the sample, 
the concentration decreases non-linearly. 

Fig. 3. The dependence of concentration on radius at various 𝑡𝑡. 

4 Conclusions 

Within the framework of linear nonequilibrium 
thermodynamics, a modified local equation for the 
balance of the diffusion component was obtained. This 
diffusion equation takes into account the mutual 
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influence of diffusion and the stress-strain state, as well 
as the dependence of the diffusion process on 
temperature, gas concentration and other 
thermomechanical loads. The derivation of the diffusion 
equation allows considering all these thermomechanical 
effects in general. The coupled boundary value problem 
of determining the stress-strain state of a cylindrical 
specimen under axial tension and distribution of gas 
concentration was solved numerically. It was shown that, 
within the framework of the proposed model, the 
diffusion process passes rather quickly to a stationary 
regime, and the profile of the distribution of the 
hydrogen concentration has a pronounced nonlinear 
character, demonstrating a significant decrease in the 
hydrogen concentration with distance from the boundary 
to the centre of the sample. The uneven distribution of 
hydrogen concentration over the sample is a 
consequence of internal stresses arising in the material 
during diffusion. The results show that the model can be 
used to describe high gradient hydrogen concentrations. 
The next step could be modelling of traps, multichannel 
diffusion or taking into account the effects of plasticity. 

The reported study was funded by RFBR, projects number 
20-08-01100 А, 18-08-00201 А, project 19-38-90298. 
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