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Abstract. In modern bridge construction, on the one hand, there are
increasing trends towards increasing bridge spans, which requires reducing
the weight of structures. On the other hand, the use of structural elements
made of various composite materials is expanding, which allows to
significantly reduce the weight of the bridge structures as a whole.
However, the creation of new forms of span structures of bridges requires
more detailed calculations in order to optimize such forms, in particular the
role of calculating the dynamic impact, because with increasing spans and
weight loss, increases design flexibility and sensitivity to dynamic loads. In
the present paper, the problems of solving an incomplete algebraic problem
of eigenvalues and eigenvectors are considered. To increase the accuracy
of the calculation and exclude the use of high-order matrices, a method of
sequential reduction of the stiffness and equivalent mass matrices is
proposed. The method is based on the construction of partial systems using
a static transformation, followed by the solution of its own problem for the
partial system. In the process of solving this problem through the
eigenvectors of the system, the minor unknowns are reduced to the main
ones. Dynamic reduction showed high calculation accuracy..

1 Introduction

Currently, a large number of bridges are built according to individual projects. Moreover,
both unique structures and quite ordinary ones are created [1,2]. Modern technologies allow
us to use an extensive list of materials in bridge construction: aluminum, steels of various
strengths-bimetallic [3], carbon fiber and other composites [4,5,6]. The use of new
materials, in contrast to standard structures, can significantly increase the efficiency of
construction, requires more detailed calculations for strength, stability and, in particular, for
dynamic impacts.

Despite the above-mentioned opportunities in the use of a wide range of materials and
technologies, practice shows that designers in their work use well-established ideas about
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the work of bridge structures, without seeking to find and apply the optimal parameters of
superstructures. This was noted earlier in the works where the spans of girder bridges [3,7]
and arch bridges [8] are considered. Many questions arise, in particular, when analyzing the
stress-strain state of a metal superstructure with an orthotropic plate (Fig. 1). For example,
deflections of the covering sheet cause longitudinal cracks in the asphalt concrete pavement
of the bridge bed. The problem is now most often solved by increasing the thickness of the
coating, which increases the weight of the structure and the stress in the longitudinal edge
of the orthotropic plate adjacent to the main beam of the superstructure. Therefore, such a
design solution is not effective and requires a detailed comprehensive study to find other
solutions.

Fig. 1. Superstructure with orthotropic plate.

The pronounced tendency to increase the length of bridge spans requires a reduction in
the weight of the spans, which leads to an increase in the flexibility of the structure. This
means that the superstructure becomes more sensitive to dynamic loads. In the history of
bridge construction, there are many examples of sensitivity to aerodynamic loads.
Fluctuations of bridge spans were also observed more than once, and cases of their collapse
in a very short time. To avoid the appearance of resonant oscillations or a significant
decrease in their amplitudes, calculations for dynamic effects are necessary, which are
carried out by software complexes based on the finite element method.

2 Justification of the dynamic reduction technique

The design scheme of a metal or bimetallic bridge superstructure with an orthotropic plate
is a complex continuum-rod system. To ensure sufficient accuracy of the dynamic
calculation, a detailed discretization of the structure is necessary — splitting it into finite
elements of the smallest possible size. This leads to the construction of high-order matrices
(N = 10°-10®), which are formed and solved during the calculation process. The large size
of the matrices allows you to significantly increase the accuracy of calculations, but it takes
up a large amount of memory and significantly increases the calculation time. Therefore,
the task is to reduce the order of matrices in RAM.

The solution of the dynamic problem without taking into account damping [9] in the

form of MY"+RY =—MY; reduces to solving the incomplete problem of eigenvalues

and eigenvectors. The system of solving equations in the form of the displacement method

has the form:
[K—-AM]{y}=0 1)

It should be noted that it makes practical sense to find not the entire spectrum of
oscillation frequencies, but only the lower part of the spectrum, because the actual driving
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loads acting on the superstructure cannot have a high-frequency range. Therefore, it is
possible to lower the order of the initial stiffness and mass matrices by developing
reduction techniques. The problem of solving partial algebraic problem of eigenvalues and
eigenvectors are addressed and solved from a different angle and is implemented as in the
deflection method [10], and in the form of mixed-method [11], and using mathematical
modeling [12,13]. A known technique of static reduction, which attracts simplicity, but is
not accurate because it does not take into account the dynamic properties of the system [13,
14, 15, 16].

3 The main stages of solving the problem and their analysis

The proposed method takes into account the dynamic properties of the system and, due to
the vastness of the matrices, is performed not simultaneously, but sequentially in blocks.
The main degrees of freedom of the — » system are chosen in such a way that the array of
secondary degrees of freedom — s is divided into separate blocks that have no connection
with each other. This will allow for reduction without loss of interaction links.

Reduction of the first block of secondary degrees of freedom.

The Gaian transform matrix of order (r +5) X N, has the form
E,..

[K‘”} K®
AV = —[K;?TKS)

sr

()
and is used to obtain the matrices of the first partial system-the block of the main and the
first block of the subordinate degrees of freedom of the order (r + s)

K =[40] k- 4®

A3)
[ A(l)]T M- AD
When solving their own task, may to find the own vectors
[K*=AM1{y} =0 @)

Then the first subordinate block is dynamically reduced to the main block. The relation
between the main and subordinate unknowns for each own vectors and for the first vectors
of the system is expressed by the equality

[Ysr] = Asr ! [Yrr] , (5)

where Y, - matrix of the main components of the first » eigenvectors; Y, - matrix of
subordinate components of the same vectors. Then the matrix converter will have the form:

ag, =[r, I, I

and the expression for the own vector is written as follows:

o o

The matrices of stiffness and equivalent masses of the main degrees of freedom, taking
into account the influence of the first subordinate block, have the form

) _ pT p*
KV =B'K'B e
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MY =B"M'B
Similarly, the reduction of all subordinate blocks to the block of main variables is
performed by repeating the transformations (2) - (7). The stiffness and mass matrices of a
completely reduced system are obtained by summing all reduced partial systems minus the
matrices of the main block K,,, M,, , the influence of which was taken into account at each
stage of reduction.

R, =§Kﬁ:’> (DK, o

]
M, =3 M) -@-DM,
i=1

This dynamic reduction algorithm shows a good result of solving its own problem in the
lower part of the oscillation frequency spectrum, but it has a technical drawback.
Expressions (2) - (3)use high-order matrices that occupy a large amount of RAM. We
propose a different way of forming the stiffness and mass matrices of partial systems
without using the original high-order matrices entirely.

First, we obtain the reduced stiffness and mass matrices of the main block using
successive static transformations [18, 19, 20].

¥ — Et (i) 4()
Krr - Krr - Krs Asr
©)

l ! T ! T
M, =M, = M4 =Y [A0 ] v+ Y ] a0 4y
i=l i=1 i=1
4D = [K“)]TK“) . . . .
here “ ss 1 % gtatic Guyane transformation for the i-th subordinate block.
The stiffness and mass matrices of the first partial system in this case will have the form

* |:I%rrK}v:|
K = :
K'K!
* M rrM :Y
M = 1 1‘
M M
N s (10)
1 1 2 ™
where K, M, stiffness and mass matrices of the first subordinate block; K, M
matrices of the block of main unknowns after static reduction to them of all subordinate

blocks, except the first, which can be obtained in accordance with expressions (8) using the
inverse transformation:

rr -

> 1 41
Krr - Krr +KrsAsr (1 1)

Mrr = Mrr + M:’SA_Sl‘)" + [M:SA;V]T - [A.SI'V]T M;SA;V

Next, dynamic reduction is performed in accordance with the algorithm of expressions
(4) — (7). According to the same scheme, the matrices of the following partial systems are
constructed and their reduction to the main block of variables is performed. The final
matrices are obtained according to the expressions (8)

We illustrate the proposed reduction method by the example of a beam that is pinched at
the ends and has 142 dynamic degrees of freedom. For simplicity, the length of the finite
element is assumed to be unit / = 1. The bending stiffness is also E/ = 1.The reduction is
carried out to 22 degrees of freedom. We will choose the main degrees of freedom so that
the subordinate ones are divided into six independent blocks with the number of unknowns
of twenty in each. Thus, the initial data of the example has the form: N=142, r=22,¢t=6, s
= 20. To analyze the effectiveness of the proposed method, three calculations were
performed: the complete problem of eigenvalues and eigenvectors was solved, the partial
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problem of own values and own vectors with static matrix reduction was solved, and the
partial problem of eigenvalues and eigenvectors with sequential dynamic reduction was

solved.
The results of calculations of the own values of the main variables are presented in
Table 1.
Table 1. Results of calculations of the own values of the main variables.
The own values obtained of the solution
Number complete | static reduction of the dypamic reduction of the system. The
of the main block has 22 degrees of freedom,
own pro_blem system to 22 degrees the subordinate blocks have 6 blocks of
N=142 of freedom
value 20 degrees of freedom
A A A% A A%
1 2 3 4 5 6
1 0.0000186 | 0.0000186 0 0.0000186 0
2 0.000141 0.000141 0.03 0.000141 0
3 0.000543 | 0.000543 0.1 0.000543 0
4 0.00148 0.00149 0.26 0.00148 0
5 0.00331 0.00333 0.55 0.00331 0
6 0.00647 0.00653 1.04 0.00647 0
7 0.0114 0.0116 1.75 0.0114 0
8 0.0189 0.0194 2.68 0.0189 0
9 0.0295 0.0306 3.77 0.0295 0
10 0.044 0.0462 4.67 0.044 0
11 0.0634 0.0655 3.26 0.0634 0
12 0.0885 0.107 17.68 0.0885 0
13 0.12 0.145 17.23 0.12 0
14 0.16 0.199 19.49 0.16 0
15 0.209 0.27 22.68 0.209 0
16 0.268 0.366 26.58 0.268 0.01
17 0.34 0.493 31.07 0.34 0.03
18 0.424 0.662 35.97 0.426 0.05
19 0.524 0.883 40.67 0.528 0.44
20 0.64 1.159 44.73 0.65 0.84
21 0.775 1.468 47.20 0.847 8.56
22 0.93 1.751 46.91 1.083 14.16

4 Conclusions

Based on the above, the following main conclusions can be drawn:

1. The proposed new design and planning solutions for bridge structures need detailed

calculations in order to identify the most effective forms.

2. The proposed method for determining the frequencies of free vibrations of bridges
does not use high-order matrices, spends less machine time and allows you to get only the

necessary data for analyzing the dynamic behavior of the structure.

3. The proposed method of sequential dynamic reduction showed high calculation
accuracy for 90% of the calculated values, compared to 36% calculated according to the

known method.
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