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Annotation. The development of the optimal topology of power supply systems for various 

purposes is an intractable problem that cannot be formalized as a single task. This problem can be 
considered as a complex of tasks having a hierarchical structure – the hierarchy is present both at 
the functional and at the territorial levels. The main typical tasks arising in the process of developing 
of the optimal topology of the power supply system in a city microdistrict are highlighted, a formal 
statement of tasks is given, methods for their solution are proposed and demonstrated. Approaches 
to solving typical problems are built on the theory of combinatorial analysis, methods of heuristic 
modeling, genetic programming, methods for solving optimization problems on graphs. 

 

 

1 Introduction 
 

In this article a complex of optimization problems for 

solutions to justify the development of power supply 

systems in cities is considered which is a hierarchical 

model consisting of three stages (functional levels). The 

graphical interpretation of the model is shown in Fig. 1. 

 

The 1st stage (functional level)    The 2nd stage (functional level) The 3d stage (functional level)  

Solving problems of an optimal 

replacement of PS and the choice of  

a rational configuration of a 

distribution electrical network

Specifications of found solutions 

taking into account quality and 

reliability requirements

Analysis of the power supply system 

functioning by calculation in 

different conditions

1.1 Solving problems of 

an optimal replacement 

of substations with / 

without local 

restrictions

1.2 An optimal 

replacement of some 

substations and 

optimal attachment of 

consumers

1.3 An optimal 

connection of n 

substations in 

one loop 

structure set

1.4 Creation of an 

optimal  route of the 

power line with local 

restrictions 

1.5 An optimal 

attachment of 

consumers to the 

PS

Fig.1: Hierarchical model to justify the development of power supply systems of cities 

 

The first stage is the solution of a set of related tasks for 

creating a rational configuration of a distribution electrical 

network, each of the tasks listed at this stage can have 

different mathematical and substantial formulations 

depending on the type of electrical network, the presence 

of various types of restrictions, the number of power 

sources placed (PS), requirements for optimal connection 

of consumers to power supply sources, etc. 

The 2nd stage of the hierarchical model considered in 

this article is the solution of tasks to refine the found 

solutions, taking into account the requirements for quality 

and reliability. The issue of taking into account restrictions 

on permissible voltage losses (deviations) is relevant for 

distribution networks of 20 kV and lower [1]. 

The problem of ensuring a reliable power supply is a 

task of purposeful activity in an artificially created system, 

therefore it can be attributed to a management task [2]. The 

main methodological means of ensuring reliability can be 

a systematic approach, which allows to represent the 

considered problem which is very complex and diverse as 

a system of subtasks, i.e. apply the principle of 

decomposition - breaking down a big problem into simpler 

parts - elements. 

The reliability of the system is determined not only by 

the strength of the structures of the materials from which 

the elements are made, but also by how the elements of the 

system are generally structured [8]. The electrical network 

can be built in a ring-shaped, radial or mixed scheme, etc. 

In all these variants of the network, its reliability is 

different. This follows from the well-known position that 

the structure of an object largely determines its properties. 

Consequently, structuring the system directed in a certain 

way during its creation is also a means of ensuring 

reliability. 
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At the 3d stage, various modes of operation of the 

power supply system are calculated. Determination of 

indicators of various modes of electrical networks is of 

independent importance in order to check the admissibility 

of the equipment operating conditions and to ensure the 

required voltage quality, and is also necessary to solve 

more complex problems (for example, by calculating 

electricity losses, optimizing modes, etc.) [3]. 

Usually, the calculation of the distribution network 

mode consists in determining the powers or currents in the 

sections of the electrical network and the voltages in its 

nodes. The found currents are used to check the 

admissibility of the mode under the conditions of heating 

the conductors. 

The calculation of the network is carried out starting 

from the most distant section, in the direction of the power 

source. 

 

2 A set of tasks for creation the optimal 
configuration of power supply systems 
for cities, depending on territorial 
affiliation 

 

For the electric networks of a city microdistric the 

following territorial, hierarchical structure of the power 

supply system, depending on the voltage levels, described 

in the source [2, 4] is proposed. 

In this case, a hierarchical system is a system with a 

multilevel structure, the elements of which are arranged by 

levels in order from the highest to the lowest level, i.e. in 

the order of subordination. 

We give a description of the tasks of the 1st stage of the 

hierarchical approach considered above to substantiate the 

development of power supply systems in cities depending 

on the territorial levels (table 1). 
 

Table 1. Formalization of tasks to be solved depending on 

the territorial levels of the city power supply system 
 

Territorial levels The tasks to be solved 
 

The 1st territorial 
level. 

Power sources: 
electric power 
systems (EPS); 

Consumers: step-
down substations 
at the of voltage 
35 - 220 kV and 

higher; 
Networks: at the 
voltage of 35 - 

220 kV and 
higher 

1. optimization of connection of 
consumers to several PS 
2. optimization of the laying of the 
power transmission line connecting 
the consumer with the PS, taking into 
account the local restrictions, 
3. optimization of the connection of 
the elements of the power supply 
system into a circuit of a certain 
structure. 
 

 
The 2nd territorial 
level. 
Power sources: 
step-down 
substations at the 
voltage of 35 - 
220 kV and 
higher; 
Consumers: 
distribution points 
for the voltage of 
6 - 10 kV; 
Networks: at the 
voltage of 6-10 
kV. 
 

1. optimization of the location of one 
PS with and without regard to local 
restrictions, 
2. optimization of connection of 
consumers to several PS 
3. optimization the placement of 
several PS and attaching consumers to 
them, 
4. optimization of the laying of the 
power transmission line connecting the 
consumer with the PS, taking into 
account the local restrictions, 
5. optimization of the connection of 
the elements of the power supply 
system into a circuit of a certain 
structure. 

 
The 3d territorial 
level. 
Power sources: 
distribution points 
at voltage of  6 - 
10 kV; 
Consumers: 
transformer 
substations at 
voltage of 6 - 10 / 
0.4 kV; 
Networks: at a 
voltage of 6-10 
kV. 

 

1. optimization of the location of one 
PS with and without taking into 
account local restrictions, 
2. optimization of connection of 
consumers to several PS, 
3. optimization the placement of 
several PS and attaching consumers to 
them, 
4. optimization of laying a power 
transmission line at the voltage of 6-10 
kV, connecting the consumer with the 
PS taking into account local 
restrictions, 
5. optimization of the connection of 
the elements of the power supply 
system into a circuit of a certain 
structure. 
 
 
 
 
 
 

 
The 4th  territorial 
level. 
Power supplies: 
6-10 / 0.4 kV 
transformer 
substations; 
Consumers: 
consumers 
themselves; 
Networks: at the 
voltage of 0.4 kV. 

 

1. optimization of the location of one 
transformer substations; with and 
without taking into account the local 
restrictions, 
2. optimization of connection of 
consumers to several PS 
3. optimization of the placement of 
several PS and attaching consumers to 
them, 
4. optimization of the laying of a 
power transmission line at the voltage 
of 0.4 kV, connecting the consumer 
with the PS, taking into account the 
local restrictions 
5. optimization of the connection of 
the elements of the power supply 
system into a circuit of a certain 
structure. 

 

After analyzing the composition and functional 

assignment of individual elements of each level of the 

power supply system the following conclusions can be 

drawn: 

1. At each territorial level it is possible to distinguish 

elements that play the role of power sources, as well as 

elements that play the role of consumers, and at the next 

territorial levels consumers from the previous level can 

play the role of power sources; 

2. One can define two ways for connection of the power 

source to the consumer of electrical power ( ),( ух  are 

the coordinates of the PS, ),( 11 ух
 
are the coordinates 

of the consumer,
 

1l  is the distance from the PS to the 

consumer), the first method - on the territory of the 

projected object there are no restrictions in the form of a 

rectangular grid of transits, the second method is a line 

connecting the consumer with the PS runs parallel to the 

coordinate axes. 

3. There are various ways of connecting elements in a 

circuit of a certain structure. 

a) a circuit of the radial structure, 

b) a circuit of the main structure, 

c) a loop circuit, 

d) a ring circuit, etc. 

The tasks of creating a rational configuration of the 

power supply system of the city microdistrict must be 

solved at all territorial levels of the above structure. 

We consider the main formulations of problems and the 

proposed methods for their solution. 
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2.1 The problem of the optimal attaching of 
consumers to PS  

 

This problem is a classical combinatorial problem – it is 

determining the number of ways to place some objects in a 

certain number of boxes so that the specified constraints 

are met [5]. Formally, this problem can be formulated as 

follows: sets  YX ,
 
are given, and mX   , nY  here 

X is the cardinality of the set X , i.e. the number of its 

elements. How many functions are there that satisfy the 

given constraints? The elements of the set X  correspond 

to the objects, the elements of the set Y correspond to the 

boxes, and each function YXf :  defines some 

placement, indicating for each object Xx the box 

Yxf )( in which our object is located. 

From this set of functions, one needs to choose one that 

provides the minimum of an objective function of the form 
 

𝑚𝑖𝑛 ∑ ∑ 𝐶𝑖.𝑗

𝑗𝜖𝐵

𝑘

𝑖=1

 

 

Here 𝐶𝑖.𝑗are the costs for transmission of electricity 

from the the i  PS to the the j
-
consumer located in the 

that block of a particular partition. It is assumed that this 

cost function is proportional to the transmitted power and 

the distance from the consumer to the power supply. 

This problem belongs to the class of intractable 

problems. To solve this problem, it is proposed to use the 

following heuristic algorithm: 

1. we arrange the powers of consumers in 

descending order nSSS  ...21 . We will also 

arrange the cardinalities of the PS used for this variant of 

the problem in descending order 𝑆𝑃𝑆
1 ≥ 𝑆𝑃𝑆

2 … . 𝑆𝑃𝑆
6     

2. 1L . 

3. We fix the L  consumer for the PS  while 

simultaneously fulfilling two conditions: a) the shortest 

distance from the consumer to the PS; b) the total capacity 

of consumers attached to PS does not exceed its power. If 

there are several PS for which both of these conditions will 

be met, then we choose the PS with the lowest power. Here, 

speaking about the power of the PS, we consider this value 

not constant, but changing dynamically during the working 

of the algorithm; we assume that the power of the PS at the 

moment of time t  is the power of the PS minus the total 

power of the consumers attached to this PS at this stage of 

the algorithm execution. 

4. We take 1 LL  . If  nL   then stop in 

program execution, otherwise go to step 3 . Heuristics used 

in the construction of this algorithm. 

 By streamlining the weights of consumers, the effect of 

"first attachment of the largest consumers" is achieved, 

while the restrictions on free capacities of PS are not so 

strong. 

 By attaching other things being equal, the consumer for 

the PS with the lowest capacity, the effect of “the fastest 

attachment of consumers for the PS of lower capacity” is 

achieved, since it is more difficult for these PS to select 

combinations of consumer capacities to cover the PS 

capacity. 

 

2.2 The problem of optimal placement of several 
PS and attaching consumers to them in the power 
supply system 

 

The problem of the optimal placement of several power 

sources in the power supply system (the excess number of 

places for possible placement of PS is indicated) and the 

rational attachment of electric power consumers to them. 

In this formulation, it becomes necessary to solve 

repeatedly the problem of optimal attachment of 

consumers to fixed power supplies. This is necessary to 

calculate the objective function for each possible solution 

to the problem. In terms of content, this formulation of the 

problem also indirectly takes into account the limitations 

of the general plan on the choice of the PS location: an 

excess number of places for the PS location is indicated 

(these points are searched on the general plan of the 

designed object, taking into account the area allocated for 

the PS installation), the number of such places can be quite 

large as a rule, these points should cover the entire area of 

the designed object. 

This, more general task consists of the following series 

of subtasks: 

 selection of standard sizes of power supplies from the 

proposed standard range; 

 selection of the location of individual power supplies; 

 rational attachment of electric power consumers to 

power sources. 

It is required to choose the most economical variant for 

placing PS taking into account the costs of delivering 

electricity to consumers, and the following parameters 

should be selected optimally: 

 a variant i  of the many possible combinations of the 

number and standard sizes of power supplies

},...,2,1{ lL   ; 

 location of power supplies from the proposed m

possible locations; 

 to determine for each consumer which power source 

will be attached to. 

To solve the optimization problem, the genetic 

algorithm was developed, maximally adapted to the 

specifics of the problem being solved [6,7,8]. At the same 

time its following components and procedures were 

developed: 

1. the ways of coding possible solutions for two 

cases of the same standard sizes of the used PS and 

different standard sizes of the used PS; 

2. an algorithm for creating an initial population, 

taking into account all the genetic material of the problem 

(all possible locations for the PS, all standard sizes of 

sources of electrical power); 

3. the algorithm of the crossing operation for the 

case of the same standard sizes of power supplies; 

4. the algorithm of the crossing operation for the 

case of different standard sizes of power supplies; 

5. the algorithm for calculating the objective 

function based on an effective heuristic algorithm for 

attaching consumers to power supplies; 

6. the developed algorithms are realized as programs 

in the embedded programming language of the MATLAB 

system. 
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Here is the result of a test calculation according to the 

developed program (Fig. 2,3). The task was to attach 51 

consumers on the general plan of a residential microdistrict 

for 8 transformer substations, the excess number of 

possible transformer substations locations (15 places) in a 

given territory was indicated. 

The best value of the objective function for the given 

parameters of the genetic algorithm: 1.0000e + 000 

7.5693e + 005. 

 
Fig. 2. Graph of changes in the objective function (number 

of individuals = 500,  number of iterations = 

100,SPS=1100kVA first 30 iterations) 

 
Fig. 3. Result output screen: Optimal attaching of 

consumers (number of individuals = 500, number of 

iterations = 100,) 100,SPS=1100kVA 

 

2.3 The problem of optimal choice of the 
configuration of the electric distribution network 
of the loop structure 

 

In power supply systems, there are three main types of 

power supply (radial, ring, arterial) and four main types of 

network structure: radial, arterial, ring, loop. 

The loop network is used in urban distribution networks 

to supply consumers of the second and third categories of 

reliability. When creating a loop structure, the problem of 

the optimal connection n of transformer substations into a 

loop network diagram arises. Each of the substations n has 

its own location. We number the substations ni ,...,1 . 

For each of these substations, we set the coordinates of 

their location niyx ii ,1),,(  . The task is to connect 

these substations according to the type of a loop circuit: 

two dead-end transformer substations have connections 

only with any one substation of this group, all the others 

are connected to two substations, that is, from the point of 

view of the mathematical theory of graphs, the degree of 

each vertex forming a graph, should not exceed 2 (it is 

assumed that the number of transformer substations in the 

group is more than two  𝑛 > 2, otherwise the task is 

meaningless). 

This problem is one of the modifications of the problem 

of finding the shortest skeleton on a given graph. Let 

),( EVG it be a graph, here V is the set of vertices of the 

graph, E  is the set of edges of the graph. A spanning 

subgraph of a graph is a subgraph containing all the 

vertices of the original graph. A spanning subgraph that is 

a graph called a skeleton. If we set the lengths of the edges, 

then we can pose an optimization problem about finding 

the shortest skeleton. We modify the well-known Kruskal 

algorithm in relation to the solution of this problem [10]. 

Input: a graph ),( EVG given by a list E of edges of a 

graph G with lengths. 

1. Put the required graph T {the graph is given by 

the set of edges}. 

2. Order edges E in ascending order of lengths. 

3. For )1(,1  pi  

4. 1:k {number of the considered edge} 

5. While adding an edge )(kE  a cycleT  is formed or 

the degree ∀ of the vertex V is equal to 3, then put 

1:  kk {skip the edge )(kE }. 

6. The end of the loop with a precondition. 

7.    )(: kETT  {add this edge to SST} 

8. End of cycle by  i . 

9. Output: set of T  edges of the shortest skeleton 

An example of the realization of this algorithm. 

The initial data required to determine the lengths of the 

edges of the graph are given in table. 2. 
 

Table 2. The coordinates of transformer substations’ 

location 
 

The transformer substations’ 

(TS)item 

Coordinate 

Х м. 

Coordinate 

У м. 

ТS 1 X1=355  Y1=125 

ТS 2 X2=420 Y2=300 

ТS 3 X3=630 Y3=450 

ТS 4 X4=1035 Y4=360 

ТS 5 X5=1050 Y5=645 

ТS 6 X6=930 Y6=540 

ТS 7 X7=135 Y7=240 

ТS 8 X8=890 Y8=240 

The result of the program, according to the proposed 

algorithm for the initial data (Table 3) is presented in Table 

6. 

Table 3. The result of the program 
 

Edge starting 

vertex number 

Edge ending 

vertex 

number 

Edge 

weight 

Start 

vertex 

degree 

End 

vertex 

degree 

5 6 159 1 1 

1 2 186 1 1 

4 8 188 1 1 

4 6 208 2 2 
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1 7 248 2 1 

2 3 258 2 1 

3 8 334 2 2 
 

2.4 The problem of optimal laying of the line 
connecting the consumer with the PS, taking into 
account the  local restrictions 

 

The shortest path problem is the problem of finding the 

shortest path between two vertices of a connected 

undirected graph. It belongs to the class of graph 

optimization problems. We show the formulation of the 

problem and its solution using the Floyd's algorithm using 

the example of solving the problem of constructing an 

optimal power line route. 

It is necessary to select on the local map the route of the 

power line between the two peaks. The generally accepted 

criterion for the optimality of a transmission line is the 

minimum of the reduced costs С for the construction and 

operation of such a network. Obviously, for given specific 

reduced costs (for given brands of conductors and given 

cross-sections), the cost of a power transmission line will 

be the lowest when the starting and ending vertices are 

connected by a straight line. However, on a straight-line 

route, there may be different types of area (arable land, 

meadow, swamp, hills, etc.). Obviously, the cost of 1 km 

of the line will vary depending on the type and relief of the 

area. For example, laying a route in a forest is more 

expensive than in a meadow. Therefore, it may be 

advisable to take the route longer, avoiding high line cost 

sections. Moreover there are irresistible area obstacles 

(water bodies, rocks, airfields, etc.) that the projected route 

must bypass. 

We give a formal mathematical formulation of the 

considered problem [10]. Let an undirected graph 

),( UXG be given, where X  is the set of vertices of 

the graph, U  is the set of graph arcs. All points located 

on the boundaries of the zones are selected as the vertices 

of the graph, plus two points representing the starting and 

ending vertices. We introduce the notation: 

0x  starting vertex, 

 kx  ending vertex, 


1

1
1
2

1
1 ,, nxxx   points located on the border of the 

1st zone 

 
2

2
2
2

2
1 ,, nxxx  points located on the border of 

the 2nd zone 

…………… .. 


k

nk
kk xxx ,, 21  points located on the border of 

the k-th zone 

 k the number of zones into which the area is 

divided. 

Thus, the number of vertices in the graph is equal to 

221  knnnM  . The number of arcs in the 

original graph is determined by the connectivity matrix. 

We compare to each arc of the original graph a weight 

function equal to the value of the reduced costs for the 

construction and operation of the corresponding section of 

the power transmission line. 

Summarizing all of the above, this graph can be 

represented as a matrix of weights V with dimensions

)( MM  : 

𝑉(𝑖. 𝑗)

= {𝑉𝑖𝑗

0, 𝑓𝑜𝑟 𝑖 =  𝑗                                                                  
. 𝑓𝑖𝑛𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑐  𝑓𝑟𝑜𝑚  𝑖 𝑖𝑛𝑡𝑜 𝑗

∞, 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑎𝑟𝑐 𝑖 𝑖𝑛𝑡𝑜 𝑗                                    
 

 

where Vij=Cij are the reduced costs for the construction 

and operation of the corresponding section of the line. 

It is proposed to solve the problem formulated above 

using Floyd's algorithm. 

 

Conclusions 
The legitimacy of using a hierarchical approach to solving 

a complex of problems to justify the development of power 

supply systems for various purposes. The problem is built 

into this complex as an integral part of the problem of 

synthesizing the optimal topology of the electrical network, 

which consists of a number of typical subtasks. Various 

approaches to solving these typical subtasks are 

demonstrated. They are based on the theory of 

combinatorial analysis, methods of heuristic modeling, 

genetic programming, methods for solving optimization 

problems on graphs. 
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