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Abstract. Flow distribution calculation is the determination of the values of the state parameters at the 

nodes and connections of the system that satisfy the Kirchhoff laws. This calculation is necessary to deter-

mine the existence and admissibility of operating states in a multi-energy systems, as well as in single-

product systems. In addition, it is an essential component of solving the problems of optimization of states 

in order to ensure the minimum cost of production, transmission and distribution of energy resources. Tra-

ditionally, a means of such minimization is the redistribution of the load between sources, consumers and 

storage of energy resources. As a consequence, this redistribution applies to the elements of transmission 

and distribution networks. This means are supplemented also by the possibility of converting energy re-

sources from one type to another in multi-energy system. Covering the needs of the end consumer in differ-

ent types of energy can be provided from different primary energy carriers through the chain (sequence) of 

their transfer and transformation from one type to another. Such a variety of the ways of energy supply, 

along with the possibilities of storing (accumulating) energy, pro-vides necessary degrees of freedom for 

solving states optimization problems. 

1 Allowable and optimal power flow 

conditions 

The calculation of the allowed conditions consists in de-

termining the values of dependent and independent pa-

rameters. These parameters must satisfy the following 

conditions: the equations of the flow distribution model 

are fulfilled, and the controlled values (dependent and in-

dependent parameters of the state, as well as functions 

from them) correspond to technical constraints in the 

form of equalities and inequalities. To be able to comply 

with the restrictions, the number of dependent parameters 

must exceed the number of flow distribution equations 

per number of restrictions [1]. 

State optimization problems are solved in conditions 

of operational and automatic states control of power sys-

tems and grids. The calculation of the optimal state con-

sists in determining such an allowed state which will 

have the objective function is equal to the minimum (or 

maximum) value. In this case, the flow distribution equa-

tions act as equality constraints on the state parameters. 

Costs for the time interval between two control actions, 

or costs per unit of time for a given consumer load at each 

moment of time are used as the target function. Variable 

cost components, which depends on the network condi-

tions, are often taken as the target (minimized) function. 

When optimizing the current state of the power sys-

tem according to the power generation of energy re-

sources, the volumes distribution of the produced re-

source per unit of time is determined. In this case, the 

producers' capacity injections that correspond to the min-

imum operating costs for given consumer loads are de-

termined. A more particular problem is to optimize the 

electrical grid conditions. This means the calculation of 

the optimal node voltage, reactive power of sources and 

transformation ratios of variable transformers and auto-

transformers, taking into account technical constraints to 

minimize losses [2]. The problems of optimizing the 

power system conditions and the grid conditions can be 

solved jointly (the so-called complex optimization of the 

operating conditions) [3]. However, separate optimiza-

tion is used more often to simplify the task [4]: the power 

system conditions is optimized first, and then the power 

grid conditions is optimized. 

2 Operating cost minimization 

One of the obvious ways to improve production 

efficiency is to reduce production costs with no structural 

changes in the system. Operating costs reduction, 

environmental impact, energy efficiency is taken into 

account as the criteria. Various optimization strategies 

are used - following electrical load, heat load and hybrid 

[5]. 

2.1 Gas and power system 

In [6], the problem is to minimize the total operating 

costs in gas-electric system. At the same time, it is 

necessary to satisfy the demand requirements over the 

entire time horizon, which is set at 1 month. The time step 

is chosen as 1 day. The optimizations function as follows: 
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where 

𝐶𝑡,𝑏,𝑖,𝑗  are costs of gas, gas load shedding, power gener-

ator, electricity load shedding respectively; 

𝑄 is gas flow; 

𝑃 is power output at a time; 

𝜆, 𝜇 are electrical and gas units per day conversion 

coefficients (24 and 86400). 

The authors of [7] propose to use the multi-agent 

genetic algorithm (MAGA) to solve the problems of 

multi-carrier systems optimal power flow (MCOPF) in 

general, as well as optimal flow distribution of electrical 

(OPF) and gas (GOPF) systems in particular. 

A formulation of the optimal flow distribution 

method for the gas network (GOPF) is obtained based on 

the equations for gas systems (flow equation, flow 

balance equation): 

𝑚𝑖𝑛 ∑𝐺𝑝𝑟𝑖𝜔𝑠 𝑖  ,

𝑁

𝑖=1

 (2) 

where 

𝐺𝑝𝑟𝑖 is gas price at node 𝑖; 
𝜔𝑠 𝑖 is gas injection. 

The authors propose to use the energy hub as a place 

of concentration of several energy carriers for the 

MCOPF solution. The general formulation of the method 

for calculating in a hub is: 

min 𝑓(𝑷, 𝑭, 𝒗) , (3) 

where 

𝑷 is energy hub power inputs vector; 

𝑭 is vector of different network flows; 

v is dispatch factor of energy hub; 

2.2 Heat and power system 

The authors of [8] propose an IEMS that will predict 

electrical and thermal loads to optimize microgrid costs. 

The system includes an intelligent storage system 

consisting of electric (chemical batteries) and thermal 

(internal ice melting technology) storages.  

The aim of optimization is to simultaneously satisfy 

electrical and thermal loads at the lowest cost. Operating 

costs include the costs of power transmission, 

maintenance, costs of turning the system on and off, 

exchanging power with utility and purchasing gas for the 

booster heater. The cost function is:  

𝑚𝑖𝑛∑{∑[𝑢𝑖(𝑡)𝑃𝑔𝑖(𝑡)(𝐵𝑔𝑖(𝑡)
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+∑[𝑢𝑗(𝑡)𝑃𝑆𝑗(𝑡)𝐵𝑆𝑗(𝑡)]

𝑁𝐸𝑠

𝑗=1
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+ (𝐶𝑔𝑎𝑠 + 𝐾𝑂𝑀𝑏𝑙)𝐺𝑏𝑙(𝑡)} , 

(4) 

where 

𝑢𝑖(𝑡), 𝑢𝑗(𝑡) are conditions of units 𝑖, 𝑗 at hour 𝑡; 

𝑃𝑔𝑖(𝑡) is active power generation of 𝑖-th DG unit 

(Distributed Generation); 

𝑃𝑆𝑗(𝑡) is charge/discharge power of the 𝑗-th storage 

athour t; 
𝑃𝐺𝑟𝑖𝑑(𝑡) is active power which is bought (sold) from (to) 

the utility at hour 𝑡; 
𝐵𝑔𝑖(𝑡), 𝐵𝑆𝑗(𝑡), 𝐵𝐺𝑟𝑖𝑑(𝑡)  are the bids of 𝑖-th DG unit, 𝑗-th 

storage device and utility at hour 𝑡; 
𝐾𝑂𝑀𝑖 , 𝐾𝑂𝑀𝑏𝑙  are the coefficients which depend on 

maintenance cost of generator unit 𝑖 and auxiliary 

boiler, respectively; 

𝑁𝑔, 𝑁𝐸𝑠  are total numbers of generators and batteries; 

𝑆𝑔𝑖  is the start-up or shut-down cost of 𝑖-th DG unit; 

𝐶𝑔𝑎𝑠 is the price of natural gas; 

𝐺𝑏𝑙(𝑡) is consumption of natural gas for auxiliary boiler 

at time 𝑡. 
In addition there is the function of minimization of air 

emissions: 

𝑚𝑖𝑛∑{(∑∑𝐸𝐹𝑖𝑗𝑃𝑔𝑖(𝑡)

𝑁

𝑗=1

𝑇𝐸

𝑖=1

)

𝑇

𝑡=1

+ 𝑃𝑏𝑙(𝑡)𝐸𝐹𝑏𝑙

+ 𝑃𝐺𝑟𝑖𝑑(𝑡)𝐸𝐹𝑔𝑟𝑖𝑑} , 

(5) 

where 

𝐸𝐹𝑖𝑗 , 𝐸𝐹𝑏𝑙, 𝐸𝐹𝑔𝑟𝑖𝑑 are emission factors of 𝑖-th generator 

unit, emission type 𝑗, for the utility and the auxiliary 

boiler, respectively; 

𝑃𝑏𝑙(𝑡) is output thermal energy of auxiliary boiler. 

2.3 Gas, heat and power system 

A model that calculates the amount of required energy 

carrier based on the current load and the cost of energy is 

presented in [9]. The optimization criteria is the cost of 

the energy carrier in the selected period of time. 

The authors model the hub for research at first, using 

the following assumptions: 

— the system is in steady state; 

— energy losses within the hub occur only on converters 

and storage devices. 

Much of time periods are examined, and decisions on 

the energy produced are made for each period separately 

to define the optimal control of the energy hub. The task 
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of planning the operation of an energy hub includes the 

equations of energy storage devices, storage capacity 

limits, power and energy limits. The optimization 

problem in the initial conditions looks as follows: 

𝑚𝑖𝑛∑𝑐(𝑘)′𝐏(𝑘) ,

𝑇−1

𝑘=0

 (6) 

where 

𝑐(𝑘)′ is energy purchasing costs for each energy input 

varying at each point in time 𝑘; 

𝑃(𝑘) is the power input vector at time 𝑘. 

The authors propose to solve the classical problem of 

reliable control simultaneously with the planning 

problem for a robust hub. The restrictions and conditions 

set by this problem will be discussed later. Accordingly, 

the task of planning the operation of a robust energy hub 

will take the form: 

𝑚𝑖𝑛∑𝑐(𝑘)′𝐏(𝑘)

𝑇−1

𝑘=0

+ 𝜌‖𝛴(𝑘)‖2
2 , (7) 

where 

𝜌 is a penalty weight; 

Σ(𝑘) is a vector of auxiliary variables introduced to 

account for equality constraints violations. 

2.4 Hierarchical approach to optimization 

As the target (minimized) function for short-term steady-

state mode of a multi-energy system there is the total 

operating costs for the production, transmission and 

distribution of energy resources per unit of time [10]. The 

function is as follows: 

𝑚𝑖𝑛 [𝑍1 +∑(𝑍𝑖
2 +∑𝑍𝑗,𝑖

3

𝑁3

𝑗=1

)

𝑁2

𝑖=1

] , (8) 

where 

𝑍1 are energy costs in the first level system; 

𝑍𝑖
2 are energy costs in the 𝑖-th system at second level; 

𝑍𝑗,𝑖
3  are energy costs in the 𝑗-th system at third level, 

connected with 𝑖-th system at second level;  

𝑁2 is the amount of systems at second level; 

𝑁3 is the amount of systems at third level. 

3 Power optimization 

Another way to improve efficiency is to increase the 

turnover of energy resources, provided there is no 

replacement of system elements. Optimization can be 

carried out through the power consumed by the system or 

the power flow distribution of the system. 

3.1 Power losses minimization 

In [11], the authors propose methods of voltage gradation 

and network separation for solving the problem of 

optimizing large power systems. Optimization is based 

on the problem of nonlinear non-convex programming. 

The solution is achieved by optimizing the objective 

function using optimization algorithms that satisfy the 

equality constraints (power flow equation) and inequality 

constraints (safety constraints). The objective function is: 

𝑚𝑖𝑛(∑ 𝑃𝐺𝑖 −

𝑖∈𝑆𝐺

∑ 𝑃𝐷𝑖
𝑖∈𝑆𝐷

) , (9) 

where 𝑃𝐺𝑖,𝐷𝑖 is the active power of generator and active 

power of load in node 𝑖 respectively. 

According to the authors, the application of the 

methods of gradation and separation is possible in the 

conditions of a radial network in an open loop mode. In 

this case, the network is divided into several relatively 

independent subnets of different voltage levels, and each 

subnetwork is connected to the main high voltage 

network through border nodes. The optimization function 

after grading voltage levels and grading the network 

looks as follows: 

𝑚𝑖𝑛  ∑𝑓𝑖(𝑥𝑖)

𝑁

𝑖=0

 , (10) 

where 𝑥𝑖 are the control variables and state variables of 

the subnet 𝑖. 
According to the authors, the model they created on 

the basis of the described method "significantly reduces 

the dimension of the matrix of coefficients of the 

correction equation." 

3.2 Production maximization 

The optimization problem in [12] is to maximize the 

generation of electricity and recovered heat. The authors 

have modeled a loopback system consisting of electrical 

and hydraulic networks with several elements of 

distributed generation, which are thermal power plants. It 

is also accepted that the generation of electricity depends 

on the electrical model of the system, heat - on the 

electrical, water and heat-and-power models of the 

system. The function of the generators output power was 

selected for optimization: 

𝑚𝑎𝑥∑∑(𝑃𝑔,𝑛
𝐹𝐸 + 𝑃𝑔,𝑛

𝐹𝑇) 

𝑛∈𝑁𝑔∈𝐺

,  (11) 

where 

𝐺 is set of new generators; 

𝑁 is set of electrical buses; 

𝑃𝑔,𝑛
𝐹𝐸  is final electrical power output of 𝑔 at 𝑛; 

𝑃𝑔,𝑛
𝐹𝑇  is final thermal power output of 𝑔 at 𝑛. 

4 Control parameters constraints 

An important element of the optimization problem 

formulation is setting constraints on the objective 

function. 

One of the main constraints applied to the 

optimization function in the power system is the 

limitation of the minimum and maximum values of the 

parameters of the system elements. These limits are 

process and / or network bandwidth dependent. Various 

parameters of the optimized system (power, voltage, 

pressure, capacity, flow distribution, etc.) can act as 

3

E3S Web of Conferences 289, 03001 (2021) https://doi.org/10.1051/e3sconf/202128903001
Energy Systems Research 2021



 

constraints. Constraints can be represented in vector form 

[7, 11], but scalar form is used more often [8, 9, 12]. 

These constraints are inequality constraints. Inequality 

constraints can be two-sided and one-sided. Equality 

constraints are specified for the optimization function in 

addition to inequality constraints. Equations of power 

balance, flow distribution, etc. act as such constraints. In 

addition, in some sources the constraints used as the 

connection between energy resources or energy flows of 

different nature. This is only applies to multi-energy 

systems [6]. 

The more restrictions are specified, the more 

accurately the function will be defined. In all sources, the 

authors model each element of the studied system that 

can affect the result, be it large system generating plants 

[7, 12], nodes of distribution systems [5, 11] or even 

household energy consumers (refrigerators, air 

conditioners, water heaters, etc.) [9]. 

4.1 Electrical power system 

The optimization function using the voltage gradation 

and network separation method is presented in subsection 

3.1, equation (9). This function has the following 

constraints [11]: 

𝑃𝐺𝑖 − 𝑃𝐷𝑖 − 𝑒𝑖∑(𝐺𝑖𝑗 − 𝐵𝑖𝑗𝑓𝑗)

𝑛

𝑗=1

− 𝑓𝑗∑(𝐺𝑖𝑗 + 𝐵𝑖𝑗𝑒𝑗)

𝑛

𝑗=1

= 0 , 

(12) 

𝑄𝐺𝑖 − 𝑄𝐷𝑖 − 𝑓𝑖∑(𝐺𝑖𝑗𝑒𝑗 − 𝐵𝑖𝑗𝑓𝑗)

𝑛

𝑗=1

+ 𝑒𝑗∑(𝐺𝑖𝑗𝑓𝑗 + 𝐵𝑖𝑗𝑒𝑗)

𝑛

𝑗=1

= 0 , 

(13) 

𝑃𝐺𝑖 ≤ 𝑃𝐺𝑖 ≤ 𝑃𝐺𝑖  ,   𝑖 ∈ 𝑆𝐺  ,

𝑄𝑅𝑖 ≤ 𝑄𝑅𝑖 ≤ 𝑄𝑅𝑖  ,   𝑖 ∈ 𝑆𝑅  ,

𝑉𝑖 ≤ 𝑣𝑖 ≤ 𝑉𝑖  ,   𝑖 = 1,2,3…𝑛 ,

𝑃𝑖𝑗 ≤ 𝑃𝑖𝑗 ≤ 𝑃𝑖𝑗  ,   𝑖, 𝑗 ∈ 𝑆𝐿 ,

 (14) 

where 

𝑄𝑅𝑖  is the reactive power compensation capacity of node 

𝑖; 
𝑉𝑖 is the voltage amplitude of node 𝑖; 
𝑃𝑖𝑗  is the active power of transmission line 𝑖𝑗; 

𝑒𝑖 , 𝑓𝑖 are the real part and imaginary part of the voltage at 

bus 𝑖 respectively; 

𝑆𝐺 , 𝑆𝑅 , 𝑆𝐿  are the set of thermal plants, reactive power 

source and constrained lines, respectively. 

The general formulation of constraints is also de-

scribed for the method: 

{

𝑚𝑖(𝑥1, 𝑥2, … 𝑥𝑛) = 0
ℎ𝑖(𝑥𝑖) = 0

𝑔𝑖(𝑥𝑖) ≤ 𝑔𝑖(𝑥𝑖) ≤ 𝑔𝑖(𝑥𝑖)
      , (15) 

where 

𝑥𝑖 are the control variables and state variables of the sub-

net 𝑖; 
ℎ𝑖(𝑥𝑖)  is equality constraints; 

𝑚𝑖(𝑥1, 𝑥2, … 𝑥𝑛) is the boundary coupling constraint 

condition among the subnets; 

𝑔𝑖(𝑥𝑖) is inequality constraint. 

By introducing the slack variable vector 𝑙𝑖, 𝑢𝑖 for each 

subnet, inequality constraints converted into the equation 

constraints. Equation (15) is transformed to: 

{
 
 

 
 

𝑚𝑖(𝑥1, 𝑥2, … 𝑥𝑛) = 0
ℎ𝑖(𝑥𝑖) = 0

𝑔𝑖(𝑥𝑖) − 𝑙𝑖 − 𝑔𝑖(𝑥𝑖) = 0

𝑔𝑖(𝑥𝑖) + 𝑢𝑖 − 𝑔𝑖(𝑥𝑖) = 0
𝑙𝑖 ≥ 0, 𝑢𝑖 ≥ 0

      . (16) 

For the system consisting of equalities, the improved 

approximate Newtonian direction method is used, and 

then the nonlinear primal dual interior point method is 

applied to the resulting system. 

4.2 Gas and power system 

or the optimization function for a gas-electric system 

(equation 1), all constraints can be divided according to 

the type of energy resource [6]: 

— For gas: 

𝑀𝑢𝑄
𝑠𝑢𝑝𝑝 +𝑀𝑝𝑄𝑛 +𝑀𝑐𝑄𝑛

𝑐 −𝑀𝑡𝜏
𝑐

+𝑀𝑠𝑄𝑠
= 𝑀𝑑(𝑄

𝐺𝑑𝑒𝑚

− 𝑄𝐺𝑆ℎ𝑒𝑑) , 

𝑝𝑚𝑖𝑛 ≤ 𝑝 ≤ 𝑝𝑚𝑎𝑥  , 

(17) 

where 

𝑀 is node incidence matrix; 

𝑄 is flowrate; 

𝑝 is pressure; 

— For electricity: 

∑𝑃𝑖,𝑡
𝐺𝑒𝑛

𝐺

𝑖

=∑𝑃𝑗,𝑡
𝐷𝑒𝑚

𝐷𝑑

𝑗

−∑𝑃𝑗,𝑡
𝐸𝑙𝑒𝑐𝑠ℎ𝑒𝑑  ,

𝐷𝑑

𝑗

 

𝑃𝑖
𝐺𝑒𝑛(𝑚𝑖𝑛)

≤ 𝑃𝑖
𝐺𝑒𝑛 ≤ 𝑃𝑖

𝐺𝑒𝑛(𝑚𝑎𝑥)
 , 

(18) 

where 𝑃𝐺𝑒𝑛  is power output of generation unit 𝑖 at 

time 𝑡; 
— The relationship between the gas fuel flow and the real 

electrical power generated is expressed as: 

𝑃𝐺𝑒𝑛 = 𝜑𝑄𝑛𝐻𝑔 , (19) 

where 

𝜑 is thermal efficiency of the gas turbine; 

𝑄𝑛 is flowrate through the compressor at standard 

conditions; 

𝐻𝑔 is gas heating value (~39 MJ/m3). 

4.3 Heat and power system 

In [12], the authors carried out work on modeling 

electrical, plumbing and hydraulic systems. The 

following elements were included in the model - pump 
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equation, water head drop, nodal balance equations, 

nodal head limitation, water temperature limitation, 

turbine water consumption limitation, ambient 

temperature limitation and recovered heat output 

equation. The constraints of the function (equation 11) 

for the electrical system are presented below: 

𝑃𝑔,𝑛
(𝐸,𝑇)− ≤ 𝑝𝑔,𝑛

(𝐸,𝑇) ≤ 𝑃𝑔,𝑛
(𝐸,𝑇)+ , ∀𝑔 ∈ 𝐺 ∀𝑛 ∈ 𝑁

𝑉𝑛 
− ≤ 𝑣𝑛 ≤ 𝑉𝑛 

+ ,

𝐶𝑐,𝑛 
− ≤ 𝑠𝑐,𝑛

𝐶 ≤ 𝐶𝑐,𝑛 
+  ,

√(𝑓𝑙
(𝐴,𝐵)𝑃)

2
+ (𝑓𝑙

(𝐴,𝐵)𝑄)
2

= (𝐹𝑙
+)2  , ∀𝑙 ∈ 𝐿 .

 (20) 

4.4 Gas, heat and power system 

Restrictions below apply to the optimization function 

(equation 2) from paragraph 2.1. They are all two-sided: 

1 ≤
𝑃𝑘
𝑃𝑚

≤ 𝑅𝑗 𝑚𝑎𝑥    ,           𝑗 = 1, … , 𝑁𝐶  ,

𝑃𝑖 𝑚𝑖𝑛 ≤ 𝑃𝑖 ≤ 𝑃𝑖 𝑚𝑎𝑥  , 𝑖 = 1, … , 𝑁𝑛 ,
𝜔𝑠 𝑚𝑖𝑛 ≤ 𝜔𝑠 𝑖 ≤ 𝜔 𝑠 𝑚𝑎𝑥  , 𝑖 = 1, … , 𝑁𝑆 ,

 (21) 

where 

𝑃𝑖  is pressure at node 𝑖; 
𝑅𝑗 𝑚𝑎𝑥 is max compression ratio at node 𝑗; 

𝑃𝑘 , 𝑃𝑚   are suction and discharge pressures; 

𝑁𝐶 , 𝑁𝑛 , 𝑁𝑆 are numbers of compressors, modes and 

supplies in gas network, respectively. 

Conclusion 

The system balance equations, power balance equations, 

element parameters, etc. act as constraints on the mode 

parameters in optimization problems. It is possible to 

trace the continuity of the formulations and methods for 

solving problems of optimization of the regime of a 

multi-energy system with similar optimization problems 

for single-product systems. 

When setting the optimization problem, it is 

necessary to choose an objective function. The most 

common are cost optimization and capacity optimization. 

As can be seen from the sections, cost optimization is 

more popular among authors, since increasing 

profitability is the primary goal of any large-scale 

production. 

Constraints are an integral part of any optimization 

task. It is the constraints that define the boundaries within 

which the objective function will be defined. Therefore, 

the correct selection of equality constraints and 

inequality constraints is necessary to obtain a correct and 

accurate solution. 
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