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Abstract. We use the extended Huygens-Fresnel integral to investigate 
the propagation properties of a cos-Gaussian beam (cosGB) with 
astigmatism in atmospheric turbulence. The intensity distribution 
behaviour along the propagation distance for an astigmatic cosGB in 
atmospheric turbulence are analytically and numerically demonstrated. 
Some novel phenomena are presented graphically, indicating that the 
intensity distribution and the on-axial intensity closely depend on the 
astigmatic parameter and the turbulent structure constant of the cosGBs in 
the atmospheric turbulence. 

1 Introduction 
Propagation of laser lights in a variety of media has garnered immense attention because of 
their applications in the wide range areas, such as optical communications, imaging and 
remote sensing [1]. Recent research has promoted an interesting laser beam named the 
Hermite-sinusoidal-Gaussian beam which are eigenmode of the paraxial wave equation. 
Extensive kinds of beam models such as sinh-(or cosh-) Gaussian and sin-(or cos-) 
Gaussian types belong to this specific family [2,3]. Their propagation behaviours through 
different optical systems or nonlocal nonlinear media have been well explored [4-8]. 
Statistical characteristics of these beams propagating in atmospheric turbulence are also 
important topics that has been attracting a great deal of theoretical and practical interest for 
a long time [9–16]. For instance, the light transmittance properties of the Hermite-cosh-
Gaussian and the Hermite-cosine-Gaussian beams in atmospheric turbulence have been 
investigated [10]. The spreading and the average intensity for the cosh-Gaussian beams 
travelling through atmospheric turbulence have been discussed in detail [12,15,16]. The 
relationship of atmospheric turbulence and the beam quality of cosine-Gaussian beams have 
been analysed [9]. Theoretical models for describing the reciprocity of the cosh-Gaussian 
and cosine-Gaussian beams in atmospheric turbulence have been developed [13]. Besides, 
for the cosine-Gaussian and cosh-Gaussian beams, the dependence of the scintillation index 
on the properties of the turbulent atmosphere have been demonstrated [11]. However, note 
that most of the aforesaid studies belong to this subject are limited to the no aberration case, 
which may not be sufficient for meeting the practical technological requirements. 
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Meanwhile, it is known that aberrations are a common event not only in an imperfect 
optical system but also in a laser diode like astigmatism. There is considerable research 
activity directed toward the dependence of the propagation properties on the astigmatic 
aberration of laser beams travelling through ABCD optical system or atmospheric 
turbulence [8, 14-16]. It has been reported that when a dark hollow beam with suitable 
astigmatism only exhibits a small beam waist size, its scintillation index value can be 
smaller than that without astigmatism especially in the far field [13,16]. 

In this paper, we extend these discussions to explore the propagation behaviours of 
cosGBs in atmospheric turbulence taking the cross phase into consideration. According to 
the paraxial form of the extended Huygens–Fresnel principle, we derive an analytical model 
for such a beam with astigmatism travelling in the atmospheric turbulence. Furthermore, 
the intensity distribution and the spreading behaviour of such beams are demonstrated 
numerically. While the comparisons of the average intensity distribution between 
astigmatic and stigmatic cosGBs are discussed, some interesting and useful results are 
summarized at the end. 

2 Propagation of an astigmatic CosGB in atmospheric 
turbulence 
We use the Cartesian coordinate system in our calculation in which the z-axis is specified as 
the propagation axis. Assume the astigmatic cosGB in the source plane z=0 to be the 
following form [8,16] 
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where w0 is the waist width of the Gaussian part, a and b are the coefficients of the 
hyperbolic sinusoidal function. Note that we focus on the astigmatism case where a and b 

are not equal in the following. Besides, let   2 22 2 2 2
0 0 1 1 8a bE w e e      to 

make the total power of the beam to be one unit. 
Then, we use the extended Huygens-Fresnel integral to simulate the propagation of a 

cosGB with astigmatism in atmospheric turbulence: 
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where k  with  being the wavelength, and  0 0, , ,x y x y  is the solution to the 
Rytov method representing the random component of the complex phase for a spherical 
wave radiating from the incident plane to the receiver plane. The relationship of the average 
intensity of the astigmatic cosGB and the propagation distance z in the atmospheric 
turbulence can be written as: 
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where the angle bracket implies the ensemble average of the medium statistics including the 
phase fluctuations and the log-amplitude induced by the atmospheric turbulence. According 
to the previous studies [10, 11], this ensemble average structure function can be described 
as 
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where   3 52 2
0 0.545 nC k z


  is the coherence length related to a spherical wave in 

atmospheric turbulence with 2
nC  being the refractive index structure constant whose value 

indicates the turbulent strength. 
Substituting Eqs. (2)–(4) into Eq. (3) and introducing the following “sum” and 

“difference” coordinates 
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we obtain the following intensity distribution function 
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   is the Rayleigh distance and qw=q/w0 

(q=x,y) are the scaled coordinates on the receiver plane. After lengthy but straightforward 
mathematical treatments, we arrives 
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Based on the above expressions, the propagation properties of a cosGB with or without 
astigmatism (separately featured by a=b or a≠b) in free space or in atmospheric turbulence 
(respectively corresponding to 2

nC = 0 or 2
nC ≠0) can be investigated in a convenient way. 

3 Numerical results and analysis 
We now proceed to analyse the evolution of the average intensity of an astigmatic or 
stigmatic cosGB propagating in atmospheric turbulence numerically and comparatively by 
setting the beam width as 800nm, w0=50mm and the corresponding Rayleigh distance 
zR9.82km. 

To understand the relationship between the spectral density behaviour and the stigmatic 
properties of the cosGBs propagating in atmospheric turbulence, Fig. 1 illustrates the 
intensity distribution evolutions at some selected distances for different values of the 
parameters a and b. For the stigmatic case of a=b=4 as shown in Fig. 1(a), the intensity 
distribution I(x,y,z) is a many-petal profile in the near field and quickly transforms to a 
Gaussian-like configuration in the far field. Meanwhile, for the astigmatic case of a=1 and 
b=7 as shown in Fig. 1(c), the intensity pattern which is still a many-petal profile in the 
near field, gradually fuses into a long ellipse spot shape and finally changes into a 
Gaussian-like intensity distribution after travelling a sufficiently long distance. In fact, 
performing calculations indicate that, as long as the astigmatism exist in which ab, the 
intensity profile of an astigmatic cosGB always exhibits similar evolution behaviour 
aforesaid during the propagation in atmospheric turbulence. Moreover, by way of 
comparison the intensity evolutions of the weak astigmatic cosGB (with a=3 and b=5) 
propagating in atmospheric turbulence are shown in Fig.1(b). 

 

 
Fig. 1. On the different receiving planes average intensity distributions of CosGB without or with 
astigmatism propagating through atmosphere turbulence with strength coefficient 

2 16 2 33 10nC m   , where (a) a=b=4; (b) a=3, b=5 and (c) a=1, b=7. 
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Next, let us consider the relationship between the on-axis intensity of cosGBs and the 
propagating distance in the atmospheric turbulence. It has been reported that when a 
stigmatic or astigmatic cosGB travels in free space, its on-axial intensity is always zero 
during propagation. Figure 2 illustrates the dependence of the on-axial intensity of the 
astigmatic cosGBs on the propagation distance z in atmospheric turbulence. Obviously, the 
on-axial intensity monotonically decreases with increasing propagating distance, which is 
completely different from that in free space. Moreover, we point that the drop rate of the 
on-axial intensity depends markedly on the astigmatism of the beam and the atmosphere 
turbulence strength, which can be seen by comparison of Figs. 2(a) and 2(b). 

 

 
Fig. 2. On-axial intensity evolutions of CosGB without or with astigmatism propagating through 

atmosphere turbulence. (a) 2 16 2 31 10nC m   , solid line corresponding to a=b=4, dashed line to 

a=2, b=6 and dash-dotted line to a=1, b=7. (b) Same as (a) but 2 14 2 31 10nC m   . 

4 Conclusions 
In conclusion, we have investigated how the astigmatism influences the intensity 
distribution of the cosGBs travelling through atmospheric turbulence. We have derived the 
analytical expressions of the average intensity of astigmatic cosGBs propagating in 
atmospheric turbulence, and numerically analysed the evolution of the spectral density for 
such a beam. It is shown that when the parameters sin-part parameter input beam width w0 
and astigmatic parameters a and b are suitable values, the average intensity pattern of an 
astigmatic cosGB experiences great variation during propagation. It is also proved that the 
structure constant 2

nC  and astigmatic parameter can effectively influence the variation 
speed of the intensity patterns. In a word, the results obtained in the paper open new 
perspectives for their potential applications, e.g., in laser illumination and laser 
communication through free space or atmospheric turbulence. 
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