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Abstract. A complete scientific system of earthquake prediction has yet 
to be developed, and most studies on the time–space sequence of seismic 
activity analysis are based on existing seismic models. By applying fractal 
theory with the two aspects of magnitude and intensity, a new dimension is 
added. In this study, we applied multifractal theory to analyse data of the 
Circum-Pacific seismic belt, which contains multifractal spectrums such as 
the relation, relation, and relation. The results suggest that earthquakes in 
the area which we studied contain multifractal features. The study also 
shows that the time–space propagation characteristics of the earthquakes 
are affected by the internal geological structures of the region and the 
adjacent area. 

1 Introduction 
Earthquakes seriously endanger human safety and property safety and cause great loss to 
society [1]. Limitations and constraints exist in people’s understanding of earthquakes [2]. 
Many factors cause difficulties in achieving research breakthroughs on seismic activity and 
the worldwide acceptance of seismic prediction problems [3-5].  

This study focuses on the earthquakes in the Circum-Pacific seismic belt occured 
between 1900 and 2015 and explores the time–space characteristics of their seismic 
activities [6-9]. Data is obtained from the database of the US Geological Survey (USGS). 
Fractal theory [10] is used to analyze the characteristics of the time–space distribution by 
nonlinear analysis [11]. Finally, this paper identifies causal relationships among the 
characteristics of the time–space distribution and of the geological structures. 

Fractal theory has been used to study seismic time–space distribution characteristics 
since many years ago [12-18]. In 1986, Kawakatsu [19] identified different levels of 
contrast, intermittent, periodicity, rarefaction and congestion among singular spectrums and 
fractal dimensions in different seismic zones by analyzing the seismic data in the 
Tianshan-Pamir, Caucasus, and California zones, and these are important characteristics in 
seismic prediction. Geilikman et al. [20] used multifractal characteristics which were 
calculated in three different regions, which contain information about spatial earthquake 
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distribution. In 1988, Kagan and Kuopoff [21] used fractal theory in the study of the space 
distribution features and demonstrated [5] that scale-invariance and fractal structures exist 
in the time–space sequences. In 2003, David Harte [22] stated that the Hill multifractal 
method can be applied to study seismic generalized strain energy. After comparing the 
characteristics of earthquakes in different regions, he found that strong relationships exist 
among the fractal characteristics of the seismic energy and the complexity of geological 
structures. In 2011, Roy and Mondal [23] introduced the multifractal method to analyze the 
variation sequences in seismic electromagnetic flow. They concluded that an outlier existed 
in the dimension of the electromagnetic flow before a strong earthquake. Balcerak [24] 
performed a study based on the Tokachi-oki earthquake and determined that an outlier 
exists in the multifractal dimension of seismic activity before the next earthquake based on 
the seismic sequences. Using wavelet analysis, Li X., Zheng W., el. studied the seismic 
data in southwest occurred between 1900 and 2013 [25]. In 2003, Pisarenko and Sornette  
applied the GPD approach and proposed a physical mechanism contrasting “crack-type” 
rupture with “dislocation-type” behavior[26]. And about fifteen years later, Pisarenko and 
others then found the duality between the GEV and GPD, which means that a new way 
appeared to check the consistency of the estimation of the tail characteristics of distribution 
of earthquake magnitudes for earthquake occurring over an arbitrary time interval [26]. 

Multifractal theory is the pointcut in our research on the characteristics of the 
time–space distribution in seismic activities [27]. We depicted the factor of the fractal 
spectrum and comprehensively analyze the time–space characteristics of the geological 
structures. 

2 Study area and data description 

2.1 Overview of the research area 

The Circum-Pacific seismic belt comprises adjacent areas in the center of the 
Pacific. Given that the Circum-Pacific belt is the largest and the most active 
seismic belt in the world, the earthquakes in this belt account for 80% of 
earthquakes in the world. Most are shallow quakes with high frequency, which will 
be a significant threat to the seismic zone and its adjacent areas [28]. The regularity 
of the earthquakes will therefore be determined in this study by analyzing the 
time–space distribution characteristics of data on the seismic activity in the 
Circum-Pacific seismic zone.  

2.2 Data sources 

The seismic data in this paper come from the official website of the United States 
Geological Survey, which aims to provide policy makers and the public with 
extensive, high-quality and timely scientific information [29]. The region of the 
data ranges from 70’N to 50’S, with its longitude ranging from 100’E to 50’W. The 
minimum magnitude of an earthquake is -2 or even smaller, which is the initial 
reference. An integrity analysis of the data shows that the minimum earthquake 
magnitude is 4.4. Thus, we select the seismic data with Ms ≥ 4.4 as the research 
sample of this study. 
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3 Method and processing 

3.1 Multifractal analysis 

A multi-fractal object is more complicated than fractal object, because it is always invariant 
by translation, where the dilatation factor is needed to differentiate the detail from all the 
object [30-36]. 

The form of multi-fractal is defined by: 

  𝑖𝑖𝑛𝑛𝑓𝑓𝑞𝑞 𝑞𝑞 ∗ ℎ − 𝜏𝜏 𝑞𝑞 𝑐𝑐    (1) 

where q is a real, c is constant and τ(q) is called the partition function. 
The parameter q represents a microscope for exploring different regions of the singular 

measurement. If q is higher than 1, Dq represents strange regions, and else if q is lower than 
1, Dq accentuates not so strange regions, and if q equals 1, Dq means the information 
dimension [37]. 

Consider Hölder exponents h of particles whose values between [h, h+Δh], which 
consist the set E(h), f(h) is the definition as the FD of this set, that has a single fractal 
structure. Link the pairs (q, τ(q)) and (h, f(h)) with the Legendre transform [37]: 

𝜏𝜏 𝑞𝑞 𝑞𝑞 ∗ ℎ 𝑞𝑞 − 𝑓𝑓 𝑞𝑞  

  ≌ α  τ    (2)

where α is an approximation of h. 
To a multi-fractal object, is a decreasing function, and f(h) is convex which means 

its maximum equals the Hausdorff dimension . 

4 Results  

4.1 Multifractal analysis of the time-space sequence of the research zone 

We can depict the intensity of earthquakes in the zone of study, and the energy of the 
seismic activity can show the transferability of the earthquakes [38]. Therefore, this paper 
will focus on the multifractal spectrum analysis of time–space distribution characteristics 
by studying seismic energy, which will provide some information on the time-space 
characteristics of seismic activity [39,40].  

The 𝑙𝑙𝑛𝑛𝜀𝜀 − 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  diagram within the different weighting factors of the earthquakes in 
the target zones can be drawn based on multifractal theory(Figure 1). The time-series 
diagram of the energy released in the earthquake shown in figure 1(a) indicates that a good 
linear relation between 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  and 𝑙𝑙𝑛𝑛𝜀𝜀 is presented within the region of the weighting 
factor q. But their slopes show a difference within various factors. Furthermore, the curves 
are divergent when    but convergent when   , which suggests that a 
significant scale invariance can show the time sequence of the earthquakes in the research 
zone and that its multifractal property of the time series also can be depicted. 
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(a) (b) 

Fig. 1. 𝑙𝑙𝑛𝑛𝜀𝜀 − 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  diagram of the Circum-Pacific seismic belt(a) Time series(b) Spatial sequence 

Based on the figure of 𝑙𝑙𝑛𝑛𝜀𝜀 − 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞 , the multifractal characteristics of the earthquakes in 
the research zone are represented by fitting the corresponding segments of the value of the 
weighting factor q to acquire the quality indexτ(q) by a single variable linear regression. 
The slope of the whole curve can be divided into three parts according to figure 2(a). The 
middle part possesses the largest slope, and a significant difference is seen between the first 
and last parts. These features show the impressive multifractal property of the earthquake 
energy of the time series and also suggest that the middle part of the time series has the 
largest multifractal property [5]. 

The degree of the multifractal spectrum characteristic of the seismic activity is 
measured by the quality functionτ(q). For a comprehensive description of the intensity of 
the multifractal time series, the multifractal characteristic can also be illustrated with 
respect to the dimension of information and the singular spectrum based on multifractal 
theory. 

 

  
(a)𝜏𝜏  −  𝑏𝑏 𝐷𝐷𝑞𝑞 − 𝑞𝑞 

 
(c)𝑓𝑓 𝛼𝛼 − 𝛼𝛼 

Fig.2. Diagrams of time series of the study belt 

As for the dimension of information, 𝐷𝐷𝑞𝑞  is a nonlinear decreasing function, which 
decreases as q increases. The value of q corresponds to a specific value of 𝐷𝐷𝑞𝑞 ,which depicts 
the quiet and the active period of the earthquake in the seismic belt. The reason for the less 
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obvious seismic activity in time series calculated 𝐷𝐷𝑞𝑞 − 𝑞𝑞 curve is that highlighting the 
singularity in the local scale out of the complexity is difficult. As a whole, the seismic 
activity initially decreases rapidly (Figure 2(b)) before increasing slowly with 𝐷𝐷 . 
The reason for this occurrence may be associated with the uneven distribution of the 
seismic energy in each region attributed to the various stresses. Thus, a highly complex 
multifunction of the earthquake in the seismic belt and seismic activity is suggested.  

Figure 2(c) shows the singular spectrum of the time series. The asymmetry, continuity, 
and smoothness are shown in the time sequence curve 𝑓𝑓 𝛼𝛼 − 𝛼𝛼 of the earthquakes 
happened in the seismic belt. The vertex of the earthquake is located at the center-left, 
which conforms to the characteristics of the sparse multifunction. The left part of the whole 
curve depicts the sparseness of the earthquake, and the right part shows the clustering. The 
non-convergence of the left part of the curve suggests that the tensity distribution in the 
time series of the earthquake only clusters with illimitability and less sparsity. The immense 
difference between the two parts of the curve signifies a difference in the sharpness of the 
singular spectrum of time inconsistency, which suggests the presence of a small 𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛  and 
a similarity in the clustering of the seismic tensity of time inconsistency. 

4.2 Multifractal analysis of the time series in the research zone 

The integrity of the time series of the earthquakes is shown with the discretization of the 
earthquakes in the seismic belt at different resolutions. The integrity divides the seismic 
data into different grids according to some standards (Figure 3). The earthquakes energy in 
every grid will be used in statistical analysis to generate a 2D field of the seismic energy. 
The result can be shown as follows: 

 

Fig. 3. Earthquake grid map of the study area 

In general, immense differences exist among the seismic energy values within the 
changes of space in the seismic belt. The 𝑙𝑙𝑛𝑛𝜀𝜀 − 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  curve in the space distribution 
sequence can be drawn and compared with the multifractal analysis of the time sequence 
(Figure 1(b)). A good linear relationship between 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  and 𝑙𝑙𝑛𝑛𝜀𝜀 is more variable than the 
time sequence is suggested. This relationship signifies that the scale invariance, the 
multifractal complexity, and the multifractal property of the seismic zone are more 
noticeable in the space series than in the time series. 

Compared with the multifractal analysis in the time sequence, as shown in figure4(b), 
the slope of the ( )q q   curve changes continuously, initially increasing before 
decreasing. This pattern suggests the existence of the multifractal property of the seismic 
energy in the space series. The difference between the two stages and the nonlinearity are 
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clearly shown, thereby suggesting a more complex and more multifractal property in the 
seismic space series than in the seismic time series. 

 

  

(a  𝑞𝑞 − 𝑞𝑞   −  

 

𝑓𝑓 𝛼𝛼 − 𝛼𝛼 

Fig. 4. Diagrams of spatial sequence of the Circum-Pacific seismic belt 

For the information dimension, − , the spectrum of the information dimension in 
the space distribution series can be accomplished by using the multifractal theory. The 
complexity of the multifractal is depicted in figure 6(b), which indicates that it is 
compliance with the intricacy of the geological structure. 

The diagram 𝑓𝑓 𝛼𝛼 − 𝛼𝛼 (Figure 4(c)), which is used for the analysis of the seismic 
space series, is the curve with asymmetry, continuity, and smoothness. The proportion of 
the unit with the maximum and minimum probability can be obtained through the value of 

f , which illustrates the characteristics of the earthquakes in the space sequence by 
describing the seismic energy in the peak and the trough. 𝑓𝑓 𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛  and 𝑓𝑓 𝛼𝛼𝑚𝑚𝑎𝑎𝑥𝑥

  coincide with 0.40f  , thereby indicating that the left of the peak is hooked and 
that the multifractal property is sparse. The curve is skewed to the right within the region of 
α, which signifies a large percentage of the seismic clustering and a higher frequency of 
seismic energy in the clustering earthquakes than in the sparse earthquakes. Thus, the 
clustering in the seismic time sequence is the main characteristic of the seismic activity. 

5 Discussion and conclusions 
Based on multifractal theory, this paper aims at the acquisition and analysis about the 
multifractal spectrum of earthquake activities that occurred in the Circum-Pacific seismic 
zone in time and space sequences. The results indicate the following: 

The theoretical value of the weighting factor q is the whole set of real numbers, where a 
larger value has a better implication, thereby illustrating the changing conditions of the 
fractal dimension of the research objects. In reality, considering the amount of computation 
and the final result, the region of q can neither be excessively large nor small which may 
cause the loss of an essential message because of the incomplete multifractal spectrum or 
the large fluctuating range of the multifractal spectrum. Thus, compared with the empirical 
value, the final region of q is defined as [-10,10] after conducting several experiments 
based on the seismic data within integrity processing. 
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cause the loss of an essential message because of the incomplete multifractal spectrum or 
the large fluctuating range of the multifractal spectrum. Thus, compared with the empirical 
value, the final region of q is defined as [-10,10] after conducting several experiments 
based on the seismic data within integrity processing. 

The 𝑙𝑙𝑛𝑛𝜀𝜀 − 𝑙𝑙𝑛𝑛𝑋𝑋𝑞𝑞  diagram, which depicts the time sequence of the earthquakes in the 
research area, shows that a multifractal structure exists in the time series of the seismic belt. 
The curve depicts a strong linear relationship within the region of q, which can extend to 
infinity with a small ε value. This relationship shows the ideal scale invariance and the 
evident multifractal property in the time sequence. The curve can be divided into two parts 
in the inflection point with a different slope. The probability of the seismic data becomes 
small in the box when the region of the box is sufficiently small, thus indicating that not all 
the ε values can satisfy the scale invariance. The reason for the bad linear relationship 
within the positive weighting factor is that less consideration in the lower bound of ε is 
given when dividing the data into the grids. Insufficient consideration weakens the linear 
relation because of the lack of samples. This result also induces an incomplete multifractal 
property and the fluctuation of the log-log diagram. 

The variety of the quality index in the seismic time series shows the multifractal 
property and strength the phase of the energy released in the earthquakes. The nonlinearity 
of the quality index is strong, and the slope of different weighting factors shows the 
difference. This result signifies the immense multifractal property of the seismic energy and 
the existence of the strength phase of the multifractal property of the earthquake in the time 
sequence. 

The dimension of the information in the seismic time series illustrates that the 
complexity of the earthquakes and its multifractal. 𝐷𝐷𝑞𝑞  is the decreased nonlinear function, 
which represents the quiet period. The active period, clustering, and sparseness are 
corresponded with different q values. As a whole, the seismic activity initially decreased 
rapidly in the figure 𝐷𝐷𝑞𝑞 − 𝑞𝑞 and later increased slowly with 𝐷𝐷 . The reason for 
this pattern may be associated with the uneven distribution of the seismic energy in each 
region attributed to various stresses, thereby showing the compliance of seismic energy 
with the complexity of the geological structure. 

The multifractal spectrum 𝑓𝑓 𝛼𝛼  of the earthquake in a time series involves the 
asymmetric, continuous, and sparse curve with a significant difference between the two 

parts of the ( )f   curve and a small value of min . These attributes show the similarity. 
0.37  , and 0.555f  .These values show that the vertex is of the center-left, which 

conforms to the characteristic of the sparse multifunction. The left part of the spectrum 
shows the sparse features of the earthquake, whereas the right part shows the clustering 
characteristics. The infinite nature of the sparse features indicates the absence of a specific 
value of   in the left part, thereby suggesting that the tensity distribution in time series of 
the earthquake only possesses clustering with illimitability but with less sparsity. 

In conclusion, this paper applies fractal theory and performs a multifractal analysis of 
earthquakes and seismic energy. The result clarifies the characteristics of the seismic 
activity and uncovers strong relationships among time–space propagation characteristics 
and geological structures in the target and adjacent areas. 
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