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Abstract. The propagation behaviours of a sin-Gaussian beam (SiGB) 
with astigmatism in oceanic water is analysed. The analytical expressions 
for the average intensity of such a beam are derived by using the extended 
Huygens-Fresnel integral. Its average intensity and on-axial intensity 
distributions in oceanic water are numerically examined. Then, we mainly 
focus on the effect of the beam parameters and the medium structure 
constant on the propagation behaviours for the astigmatic SiGBs in oceanic 
water, revealing that the evolutions of the intensity distributions can be 
effectively modulated by adjusting the astigmatic parameter, coherence 
length and the atmosphere turbulence strength. 

1 Introduction 
Aberrations can emerge when the laser light propagates through an imperfect optical 
system, or can be inherent like in laser diode. Many theoretical and experimental works 
have been conducted to investigate the propagation properties and beam quality of laser 
beams with astigmatic aberration through ABCD optical system or oceanic water [1-5]. For 
instance, it has been reported that designing spiral phase plate can give rise to the optical 
vortex beams [2-4], and a focused elliptical Gaussian beam carrying specified phase 
structure without circular symmetry can possess large amounts of orbital angular 
momentum [6]. Note that the phase shown in the initial sin-Gaussian beams can have great 
impact on the phase singularities and the pattern profiles during transmission, proposing an 
approach for improving the quality of phase singular beam through designing the phase 
configuration of illuming beam. Very recently, a few papers focus on how added phase of 
the illuming light influences the intensity and phase properties during propagation in 
various isotropic or anisotropic media [7]. It has been shown that, when a dark hollow beam 
has a small beam waist size, appropriate astigmatism can effectively decrease its 
scintillation index value particularly in the distant field [19]. 

In the past years, increasing attention has been drawn to various types of beam models 
in oceanic water owing to their significant applications in laser radar, optical 
communications, optical imaging, remote detection, and so on [1]. In [8,9], the application 
of partially coherent beam in laser communication has been analysed, revealing that prior to 
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the coherent models, the partially coherent beams can effectively control the bit error rate 
of the optical communication links. Therefore, there have been considerable research 
activities focusing on the partially coherent beams travelling through oceanic turbulence 
[10–18]. For instance, Hermite-sinusoidal-Gaussian beams are known to be derived from 
the paraxial wave equation, containing massive classes of beams like sinh-(or cosh-) 
Gaussian and sin-(or cos-) Gaussian types [19,20] and such beams propagating through 
oceanic water or optical system have been extensively studied [10–18]. The correlation 
features of Hermite-sine-Gaussian and Hermite-sinh-Gaussian beams in oceanic water have 
been examined [11,14]. Theoretical models for describing the reciprocity properties of sine-
Gaussian and sinh-Gaussian beams in oceanic water have been proposed [10]. The 
relationship of the oceanic system and the beam quality of sine-Gaussian lights have been 
investigated [12]. The spreading and the average intensity of the sinh-Gaussian beams in 
oceanic turbulence have been explored [12]. Besides, the scintillation index of sine-
Gaussian and sinh-Gaussian beams has been investigated in great detail [13]. Very recently, 
Li et al. explore the dynamic evolution behaviour of the sine-Gaussian vortex beams and 
sine-Gaussian non-vortex beams travelling through free space and oceanic turbulence [17]. 
However, note that most of the aforesaid studies have ignored the aberration conditions. 

In this work, we take the paraxial form of the extended Huygens–Fresnel principle for 
our study and analyse the propagation mechanism of SiGBs in oceanic water. The 
nonclassical propagation properties such as the intensity distribution and the spreading of 
the SiGBs are presented numerically by the analytically derived expressions. Some 
comparisons of the average intensity distribution between astigmatic or stigmatic SiGBs are 
made. 

2 Propagation of a partially coherent SiGB with astigmatism in 
atmospheric turbulence 
In the Cartesian coordinate system, the z-axis is designated as the propagation axis. 
According to [3], assume the SiGB with astigmatism at the source plane (z=0) to be the 
following form 

 
2 2

0 2
0 0 0

, exp sin sinx y ax byE x y E
w w w

     
      

                          (1) 

where w0 is the waist width of the Gaussian part, a and b are the coefficients of the 
sinusoidal function. In the following, we concentrate on the astigmatism case where a and b 

are not equal. Besides, note that   2 22 2 2 2
0 0 1 1 8a bE w e e      makes the total 

power of the beam to be one unit. 
The cross-spectral density of the SiGB travelling through oceanic water at propagation 

distance z can be calculated according to the formula based on the extended Huygens-
Fresnel principle: 
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with being the wavelength,  0 0, , ,x y x y  is the solution for the 
Rytov method that indicates the random component of the complex phase for a spherical 
wave propagating from the source plane (z=0) to the measurement plane, and the angle 
bracket represents the ensemble average over the medium statistics including the phase 
fluctuations and the log-amplitude due to the oceanic turbulence In this paper, Kolmogorov 
spectrum and a quadratic approximation of the 5/3 power law for Rytov’s phase structure 
function are employed. The last term in the integrand of Eq. (2) can be written as 

       2 2
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with 0  being the spatial coherence radius for a sphere wave transmitting through the 
oceanic water written as 
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where  n 
 is the spatial power spectrum of the oceanic water, which can be 

expressed by the “equivalent” temperature structure constant 
2
nC  related to   with a unit 

2 3 2m K
m−2/3K2 . 

We point out that in this paper only the average intensity of the astigmatic SiGB at the 
receiver plane after propagating distance z in the oceanic turbulence is considered. Then, 
we can take x1=x2 and y1=y2, directly reducing the cross-spectral density 

 1 1 2 2, , , ,W x y x y z  for a partially coherent SiGB to its average intensity  , ,I x y z
. 

Substituting Eqs.(2)–(4) into Eq. (3) and introducing the following “sum” and “difference” 
coordinates 
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we obtain 
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where 
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 is the Rayleigh distance 
and qw=q/w0 (q=x,y) are the scaled coordinates on the receiver plane. Further, note the 
following integral formula 
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we finally obtain 

2 2 2

2 22

2 2exp cosh
2 22

w w
dx

Z x a aZxI
Z ZZ

                    (8) 

2 2 2

2 22

2 2exp cosh
2 22

w w
dy

Z y b bZyI
Z ZZ

                     (9) 

2 2 2 2

2 22

2 2exp cos
2 22

w w
sx

Z x a aZ xI
Z ZZ




   
                  (10) 

2 2 2 2

2 22

2 2exp cos
2 22

w w
sy

Z y b bZ yI
Z ZZ

    
                   (11) 

Equations (6), (8)-(11) construct the main analytical result of our research, which will 
provide an accurate and simple method for exploring the propagation characteristics of a 
SiGB with or without astigmatism (separately featured by a=b or not) in free space or in the 

oceanic water (respectively corresponding to 
2
nC =0 or not). 

3 Numerical results and analysis 
In this section, we mainly study the evolution of the average intensity of SiGB with 
astigmatism transmitting in oceanic water numerically and comparatively by using the 
analytical result derived in the previous calculation. Without loss of generality, the 
wavelength and the beam width are set to be: 800nm and w0=50mm, respectively, in 
the following discussions, and the corresponding Rayleigh distance zR9.82km. 
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Fig.1. On the different receiving planes average intensity distributions of SiGBs without or with 

astigmatism propagating through oceanic water, where 2 16 2 38 10nC m    (a) a=b=5, d0=; (b) 

a=4, b=6, d0= and (c) a=4, b=6, 0 0 5w  . 

Figure 1(a) shows the numerical calculation results of the intensity distribution 
evolutions for initial coherent SiGB (d0=) without stigmatism ( propagating in 
oceanic water. The intensity distribution I(x,y,z) is a four-petal profile in the near field and 
gradually evolves into a Gaussian-like configuration after travelling a sufficiently long 
distance. Figures 1(b) and (c) illustrate the intensity distribution I(x,y,z) of a SiGB with 
stigmatism for a=1 and b=3 with different values of d0. We point out that Fig.1(b) 
corresponds to the initial coherent beam (d0=) but Fig.1(c) to the initial beam. Obviously, 
the intensity pattern of a SiGB with astigmatism gradually fuses into a two-petal 
configuration in the near field and finally evolves into Gaussian-like intensity configuration 
after travelling a sufficiently long distance. In fact, performing calculations indicate that, so 
long as the astigmatism exist in which ab, the intensity profile of an astigmatic SiGB 
always exhibits the similar evolution behaviour aforesaid during the propagation in oceanic 
water. By way of comparison Figs. 1(b) with 1(c) it is also demonstrated that the intensity 
evolutions of the SiGB propagating in oceanic water show great difference. 

We further investigate the variation of on-axis intensity of such SiGBs with propagating 
distance in the oceanic water. As well known, the on-axial intensity of a SiGBs with or 
without astigmatism is always zero during the propagation in free space. Figure 2 shows the 
dependences of the on-axial intensity of SiGBs with or without astigmatism on the 
propagation distance z. Obviously, the on-axial intensity grows rapidly from zero with the 
increase of propagating distance, and reaches a maximum at a specified distance zs. When 
the propagating distance is further increased, the on-axial intensity smoothly decreases and 
eventually approaches to 0 at a sufficiently long distance. Additionally, a comparison of 
Figs. 1(a) and 1(b) confirms that the value of the maximum on-axial intensity and the 
position of such maximum value depend on the astigmatic parameter, the turbulence 

strength parameter 
2
nC  as well as the coherence length d0.  
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Fig.2. On-axial intensity of SiGBs without or with astigmatism propagating through oceanic water, 

where 2 16 2 31 10nC m    and A: (a) a=b=3, d0=; (b) a=1, b=5, d0=; (c) a=1, b=5,

0 0 5w   and (d) a=1, b=5, 0 010w  ; B: (a) a=b=3, d0=; (b) a=2, b=4, d0=; (c) a=2, b=4,

0 010w  . 

4 Conclusions 
In summary, we have formulated the effects of the astigmatism on the average intensity 
distribution of SiGBs propagating in the oceanic water. The analytical expressions of the 
average intensity are derived. According to the numerical calculations, we find that, under 
the suitable parameter conditions (astigmatic parameter, the turbulence strength parameter 

2
nC ), the average intensity pattern of an astigmatic SiGB experiences many variations 

including two-petal, flopped and Gaussian-like configurations during propagation. It is 

proved that the structure constant 
2
nC and the astigmatic parameter can greatly influence the 

variation of intensity patterns. Therefore, the results drawn in the paper may have 
remarkable potential applications such as laser communication in free space or oceanic 
water and laser illumination. 
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