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Abstract. The article considers a parabolic-type boundary value problem with a
divergent principal part, when the boundary condition contains the time
derivative of the required function:

d
! ut—aai(x,t,u,Vu) +a(x, t,u,Vu) =0,
i
agu; + a;(x, t,u,Vu) cos(v, x;) = g(x, t,u), (xt) €S, ,
k u(x,0) = uy(x) , x €N

Such nonclassical problems with boundary conditions containing the time
derivative of the desired function arise in the study of a number of applied
problems, for example, when the surface of a body, whose temperature is the
same at all its points, is washed off by a well-mixed liquid, or when a
homogeneous isotropic body is placed in the inductor of an induction furnace
and an electro-magnetic wave falls on its surface. Such problems have been little
studied, therefore, the study of problems of parabolic type, when the boundary
condition contains the time derivative of the desired function, is relevant. In this
paper, the definition of a generalized solution of the considered problem in the
space HU1(Qy)is given. This problem is solved by the approximate Bubnov-
Galerkin method. The coordinate system is chosen from the space H(Q). To
determine the coefficients of the approximate solution, the parabolic problem is
reduced to a system of ordinary differential equations. The aim of the study is to
obtain conditions under which the estimate of the error of the approximate
solution in the norm H'(Q) has order O(h*~1). The paper first explores the
auxiliary elliptic problem. When the condition of the ellipticity of the problem is
satisfied, inequalities are proposed for the difference of the generalized solution
of the considered parabolic problem with a divergent principal part, when the
boundary condition contains the time derivative of the desired function and the
solution of the auxiliary elliptic problem. Using these estimates, as well as under
additional conditions for the coefficients and the function included in the
problem under consideration, estimates of the error of the approximate solution
of the Bubnov-Galerkin method in the norm H'(Q) of order O(h*~') for the
considered nonclassical parabolic problem with divergent principal part, when
the boundary condition contains the time derivative of the desired function.

*Corresponding author: maz54@mail.ru

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).



E3S Web of Conferences 304, 03019 (2021) https://doi.org/10.1051/e3sconf/202130403019
ICECAE 2021

1 Introduction

When studying a number of topical technical problems, it becomes necessary to study
mixed problems of parabolic type, when the boundary condition contains the time
derivative of the desired function. Problems of this type occur, for example, when a
homogeneous isotropic body is placed in the inductor of an induction furnace and an
electromagnetic wave is incident on its surface. Some nonlinear problems parabolic with
the boundary condition containing the time derivative of the desired function has been
viewed, for example, in papers [1-3]. Many scientists were engaged in the construction of
an approximate solution by the Galerkin method and obtaining a priori estimates for an
approximate solution for parabolic classical quasilinear problems without a time derivative
in the boundary condition: Mikhlin S.G., Douglas J. Jr, Dupont T., Dench JE, Jr, Jutchell L
and other [4-9]. And quasilinear problems, when the boundary condition contains the time
derivative of the required function using the Galerkin method, were studied in [10-13].

2 Methods

In this paper, we consider a quasilinear problem of parabolic type, when the boundary
condition contains the time derivative of the required function:

Uy — %ai(x. t,u,Vu) + alx, t,u,Vu) =0
L

aguy + a;(x, t,u,Vu) cos(v, x;) = g(x, t,u), (x,t) €S, , (M
u(x,0) =up(x) , x €N

where 2 — bounded domain in E,,, m = dim — the dimension of the domain Q,

o, ={x[0r]} s, ={ax[0.T]} o const
>0
A generalized solution from the space HT1(Qp) = {u € HY1(Qr): apu; € L,(S7)} to

problem (1) is a function from HE1(Q;) satisfying the identity

f (utn +a;(x, t,u, Vu)n,, + alx, t,u, Vu)n) dxdt +
Qr
+ 5, (aoue + g (Cx, t,u))n dxdt = 0 2
vn € H"(Qr)
We construct an approximate solution of Galerkin [14-16]. We take a coordinate system
from the space H1(2). We will seek an approximate solution U (x, t) in the form

U(x,t) = k=1 C (@i (x)

where C(t) are determined from the system of ordinary differential equations
(Ut' (pj)zz + (ai(x' t, U' VU): onxl)a + (a(x: ¢ U, VU)' q’j)ﬂ:
= (g(x' t' U)' (P])S ’ ] = 1,7’1 (3)

with initial conditions
A (U, 0) —ug, @) y1oy =0
Here L ,(£2) —is the space of a function with scalar product
(W, v)z, = W v)o + ao(u, v)s
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The purpose of this article is to find out the conditions under which the estimate of the error
of the approximate solution in the norm H'(Q) has order O(h*~1),1 < k < r we assume
that the set M = M,, is chosen from the family Sy,.

3 Results

We first investigate the following elliptic problem: Find a function W (x, t) € M satisfying
the integral identity [17-18]
(al-(x, t,u,Vu) — a;(x, t,u, VIV), vxi)ﬂ +A(u—W,v)q =
(glx, t,u) — —g(x, t, W), v),, YveM @)
where u is the solution to problem (2).
Suppose that A is such a sufficiently large positive number that problem (3) has a unique

solution.

In what follows, assume that the following norms are bounded [19-21]
”u”(Loo(orT:Loo(ﬁ))' ”Vu”(Loo(O,T;Loo(Q))' ”W”(Lw(o,T;Lw(ﬁ)) S

vwii

(LW(O,T;LOO(E)) < K = const,

Let u € H*(Q),1 < k < r, and W(x, t)be solutions to problem (2) and (3), respectively.
The set M = M, selected from the family S}, In addition, let the condition be satisfied:

(0 — g (a:(x, t,w,p) — a;(x, t,u,q)) = c(p — q)° , c=const > 0 (5)
and the functions a;(x,t,u, Vu) satisfy the Lipschitz condition in Vu, and the functions
g(x, t,u)- in u. Then the inequality is true

”nllH’(Q) < C”u”Hk(_Q)hk_l, 1<k<r (6)
where n=u—-W
In addition, let the solution of problem (2) satisfy
u(x,t) € Lz(0,T, H*(Q)), (7)

u, € L,(0,T, H*(Q)) N L, (0, T, Lﬁ(ﬂ)) nL; (O,T, qu(n)), 1<k<r (8)

where
27 2y
p= b 422 q=2+——
q-—2y 1-y
0<y<a<l1 24
y=sa ’ p== )
o)
2(m-1
>
qe{ [2' mez | =3 )
[2, 00) m=2
And let conditions (4) and the ellipticity condition be satisfied
m
da;
VZP a_ pl’p,_uZp“ Vp € Ep, (10)
i=1 s s 2 i=1
In addition, we assume that the functions % %,% satisfy the Holder condition with
respect to Vu with exponent a, and the functions Z—g Z—i -inu.

If the set M = M), belongs to the family S}, then the estimate occur

< Chy*-1 11
L2 0 THl(Q))

|3
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s € = CR (14 15, o+ I ) (Ptonsin *

(12)

” at L2 ) THk(Q)))

Theorem. Let u,U, W be solutions to problems (2), (3) and (4), respectively. Suppose that
conditions (5) - (10) are satisfied. Suppose also that on the set

{00 € Qr 10l (010 179Nl o01.00@) < R}
the functions % (x,t, v, Vv) are bounded, the function a(x, t, v, Vv) satisfies the Lipschitz

condition with respect to v with respect to Vv, and g(x, t,v) - with respect to v, moreover,
let U(x, o) satisfy the inequality
llu(x, 0) =V (x,0)llz; < Ch*™Y,
Then, the following estimate is true
It =Ulloriz) + 1w =Vll 01y S CHE D 1<k<r  (13)
relation (12) is true for C.

Proof. Let us integrate equation (3) from O to t. Subtract the resulting equation from

equation (2). Suppose that { = n + ¢ and taking into account equation (4), we arrive at the
1dent1ty

f(.ft, V) dt + f(a (x, 6, U, VW)dt + a;(x,t, U, VU), vy, )dt

_ f (a,Ce, 6, U, VW) + a,(x, 0, TW), vy,) e (14)
0
t
on
- J{(at v> + (a(x, t,u,Vu) —a(x,t,U,VU),v)q + A(n,v)q
I3
(g(x t,W)—glx,t,U),v) s}dt, VveEM

For a test function v we take v = £(-, t) The left-hand side of equality 14) is estimated from
below using assumption (5)
t

f (a;(x,t, U, VW) — a;(x,t,U,VU), fxi)ﬂdt > V1||Vf||fz(o,t,L2(m)

0
We estimate the terms on the right-hand side of (14) from above using the Cauchy
inequalities and the assumptions of the theorem as follows

t
f |(ai(x, t,U, VW) —a;(x, t,u, VW),fxl.)Q| dt <
0

t
< £”V§”iz(o,t.Lz(ﬂ)) + CJO L [a;(x,t,U, VW) — a;(x, t,u, VW) ]?dxdt <

2 2 2
= £”V€“L2(O,t,L2(Q)) +C (”n”Lz(O,t,Lz(Q)) + ”(’z”Lz(O‘f'Lz(ﬂ)))’

t
2 2
fo @t 70) = ae,£0,7 0D, al de < € (112, o0 + W07, (o 1)) +

2
+ellVEIL, (0.6.0,)
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Similarly, we have

t
J- f (g(x, t, W) - g(x, t,U))fdxdt
0 Js

t
< cf f g2 dxdt < ellVEIL, o0, +
0 Js

2
+C ”f”LZ(O,t,LZ(Q))
The rest of the terms are estimated in the same way. Next, we take € = %1. We substitute

the obtained estimates in (14). Then, after reducing similar terms and taking into account
the conditions of the theorem and inequalities (6) and (11), we derive the desired estimate
(13). The theorem is proved.

4 Conclusions

When the condition of the ellipticity of the problem is satisfied, inequalities are proposed
for the difference of the generalized solution of the considered parabolic problem with a
divergent principal part and the solution of the auxiliary elliptic problem. Using these
estimates and under additional conditions on the coefficients of problem (1), we obtain
estimates of the error of the approximate solution of the Bubnov-Galerkin method in the
norm H'(Q) of order O(h*¥~') for the considered nonclassical parabolic problem with
divergence the main part, when the boundary condition contains the time derivative of the
desired function.
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