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Abstract. The current research work summarizes some previous research works on horizontally 
curved beams. Because of curvature, torsional effects in the analysis and design should be included. 
Diameter of ring beam, number of supports, beam width, compressive strength of the concrete, and 
bearing plate width. Which can be summarized from previous studies is that increasing diameter of 
ring by about 25-75% decreases the capacity load by about 14-36%, while increasing number of 
supports by about 33-100%, beam width by about 25-75%, compressive strength of concrete by about 
24-76%, and bearing plate width by about 25-75% increases the capacity load by about 62-189%, 25-
75%, 24-76%, and 5-16%, respectively due to the beam section increase and/or its properties. 
Frequently, reinforced concrete deep ring beams exhibit shear failure in a manner similar to straight 
beams.  Strut and tie model (STM) and plastic analysis are useful tools for efficiently analyzing ring 
or curved deep beams. In addition, the nonlinear three-dimensional finite element modeling is typical 
for predicting the deep curved beams strength and behavior.   

Keywords: Previous research works; reinforced concrete; curved, ring; beams.  

Introduction 
Unlike a straight beam, the beam section center does not coincide with the total beam center in a 

horizontally curved beam. Furthermore, neutral axis stresses do not vary linearly. Torsional moments 
occur in a ring beam because the reactions and applied loads do not lie at the ring beam's main axis 
[1]. At the mid-span between any two successive supports, torsional moments are zero in the case of 
a circular beam with equally spaced supports. Torsional moments maximum values develop at the 
contra flexure points [2]. Ring beams may be constructed in circular reservoirs, domes, offshore 
structures, silos, and many other constructions. Shallow rather than deep ring beams are usually 
constructed to have heavy load capacity [3]. Reinforcement is a major feature in the ring and curved 
beams improvement – for easier constructing, RC is frequently used for deep curved ring beam 
members. And yet, the lateral loading impact on the failure mode, pattern of cracking, and ultimate 
capacity of RC ring beams have been realized [4]. 

In addition to the curvature, the depth of the section is also very important. The ACI 318M-19 
Code describes deep beams as [5]: ''the structural members supported on a face and loaded on the 
opposite face such that shear stresses can develop between the supports and loads. That satisfies (a) 
or (b): (a) Single forces lie in a distance 2h from support face, and (b) Clear span is not more the four 
times the depth of the member h''. Strut and tie modeling (STM) is considered one of the most 
influential approaches to analyze RC deep beams where D regions occur [6-15]. The STM approach 
assumes a truss that contains compression members (struts) that are linked to tensile members (ties) 
in specific points (nodes) [16-29]. 

Plastic analysis is another key method where ultimate capacity load and plastic hinge are 
considered as foremost considerations of design. A plastic hinge is a conceded point where rotations 
and moves can happen because of bending. Various moments types take place in curved or ring 
beams; consequently, plastic analysis can be efficiently taken into considerations here. The finite 
difference method (FDM) and finite element method (FEM) is also frequently used to analyze such 
as members. Though, both FDM and FEM frequently need expensive improvements to achieve 
precise results, as they characteristically use schemes of low-order. Notwithstanding the profusion of 
investigations that concern ring or curved beams, there is a research work obvious deficiency that 
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deal with RC ring deep or curved beams. The most significant of the few available investigations will 
be briefly said here.  

Precedent Curved Beams Researching Works 
In 1977, Badawy et al. [30] studied the combined effect of torsion, shear, and bending on RC 

beams by two yield criteria plastic analysis. Totally, fifteen beam specimens were tested, seven 
straight beams and eight curved beams with a 2.21 m radius and an angle of 75 degrees as presented 
in Figure 1. 1-concentrated load was used to test all specimens. Four curved specimens were tested 
using various end conditions. They were reinforced conventionally. Both the end conditions and the 
transverse reinforcement were changed among the curved specimens. The straight specimens were 
also reinforced conventionally and tested using different bending, shear and torsion combinations. 
That was conducted to find where the two criteria of yield overlapped with torsion, shear and bending 
axes. The straight beams were similarly tested to check the criteria of yield when used in the case of 
the curved beams. 

The plastic analysis of Badawy et al. explained the behavior of beams through the combintion of 
only bending and torsion, i.e., in the first criterion, shear is ignored. Analyzing process was then 
developed to include the effect of shear, and the early outcomes were associated with the outcomes 
of shear inclusion. After that, the researchers added the effect of shear in the research work both pre-
stressed and reinforced concrete. Badawy et al. investigated the patterns of crack, the beams 
distortion, and the strain values in steel bars of curved beams to find the moments of the plastic hinge 
and thus analyze failure modes. The plastic hinge types – either shear-torsion hinges, hinges of 
flexure, or torsion- bending-shear hinges – were similarly investigated. The test outcomes of the 
experimental work were compared with the plastic theory results. Based on that, the main concluding 
remarks were: 

1) The approach of the plastic analysis is a good solution for RC curved beams. 
2) Using (bending and torsion only) criterion is a good load capacity predication, internal forces, 
and failure mode. Though, the (including shear) analysis criterion establishes a member nominal 
strength for the interior forces and the ultimate load. The equations of dimensionless for the both 
surfaces are: 

𝑚𝑚2 + 𝑡𝑡2 (1 − 𝑣𝑣2⁄ ) = 1,            1st criterion of yield and          (1) 

𝑚𝑚2 + 𝑡𝑡2 (1 − 𝑣𝑣)2 = 1⁄ ,            2nd criterion of yield          (2) 

where = 𝑇𝑇 𝑇𝑇𝑃𝑃⁄ , 𝑚𝑚 = 𝑀𝑀 𝑀𝑀𝑃𝑃⁄ , 𝑣𝑣 = 𝑉𝑉 𝑉𝑉𝑃𝑃⁄ ; T , V and M are torsion, shear and moment; and 𝑇𝑇𝑃𝑃, 𝑉𝑉𝑃𝑃 and 
𝑀𝑀𝑃𝑃 are the associated plastic capacities of cross-section in torsion, shear and pure bending. 

3) Two types of redistribution of interior forces occur in a curved beam; the 1st due to cracking 
and 2nd due to the plastic hinge development. 

4) The plastic analysis precisely predicts failure modes. 
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Figure 1. Test specimens machine [30]. 

 
In 2020, Abdul-Razzaq et al. [31] used STM to study the most effective parameters on the strength 

and behavior of two-span deep ring beam (20 specimens), Table 1. In Group A, diameters were 
varied; 1, 1.25, 1.5, then 1.75m. In Group B, the number of supports was varied gradually from three 
to six. In Group C, various width values of ring beam were taken into consideration; 0.1, 0.125, 0.15, 
and 0.175 m. In Group D, concrete compressive strength values were varied; 25, 31, 38, and 44 MPa. 
In Group E, different bearing plate width values were adopted; 100, 125, 150, and 175 mm. The main 
conclusions that were presented by Abdul-Razzaq et al.: 

1) Load capacity reduction takes place because of increasing the ring beam diameter (increasing 
a/h ratio). In the language of numbers, increasing the diameter of the ring by 25-75% reduces 
the capacity of load by 14-36%. This reduction occurs due to rising the (arc shear to whole 
height) ratio. Rising 𝜗𝜗ℎ 𝜗𝜗𝜗𝜗⁄  (center horizontal to perpendicular angle) ratio, increases the 
compressive strut length and decreases the angle between strut and tie. 

2) When the number of supports increases, the capacity of load increases. More specifically, 
capacity of ring load increase by 62.04–188.86% when rising the number of supports by 
33.33–100%. This tool is placed due to the fact that increasing the inclined struts number and 
rising the angle between strut and tie results a length of strut decrease, reducing the arc shear 
to whole height ratio, which reduces 𝜗𝜗ℎ 𝜗𝜗𝜗𝜗⁄   ratio of (center horizontal to perpendicular 
angle). 

3) Ring capacity of load is directly proportional to width of beam. In the language of numbers, 
increasing width values of the beam by about 25–75% increases the capacity load of the beam 
by 25–75%. That takes place because of the direct relationship between the strut section 
dimensions and the width of the beam, tie, and the related node's faces. 

4) Rising compressive concrete strength by 24–76%, the struts strength and the related nodes 
develops, leading to rise the capacity of load by 24–76%.  

5) When the bearing plate width increases by 25–75%, the ring beam capacity of load increases 
by 5.3–15.85%, as struts and nodes are strengthened. 

 
Table 1. Parametric study [31]. 

3

E3S Web of Conferences 318, 03011 (2021) https://doi.org/10.1051/e3sconf/202131803011
ICGE 2021



 
 

In 1981, Mansur and Rangan [32] investigated about three different RC horizontally curved beam 
design methods:  

1) An approach of demolishing load was recommended by Badawy et al. [30]. 
2) The classic elastic approach based on sections that were not cracked. 
3) An approach of limit design recommended by Mansur and Rangan [32]. 

The above points were taken into consideration in studying the effect of steel reinforcements, 
strength and mode of failure, and curved beams. Two additional conditions were used for limit design 
method of Mansur and Rangan's in the statically indeterminate system of design. The 1st extra 
condition was offered via assuming a torsional ultimate design moment: 

Tu = [0.33√𝑓𝑓ˊ𝑐𝑐 𝑥𝑥1
2𝑦𝑦1 3⁄ ] in (N.mm) at sections that considered critical,                            (3) 

where 𝑥𝑥1 and 𝑦𝑦1 are the lesser and the greater dimensions, of a section of rectangle (mm), and 𝑓𝑓ˊ𝑐𝑐 is 
the compression strength of concrete (MPa). According to elastic analysis, the 2nd additional 
condition was offered based on assuming a position of inflection point (where the bending moments 
vanish). The fixed supports beams radius values were 2.45 m and 90 degrees subtended angle, Figure 
2. The main concluding remarks were: 

1) In a RC curved beam, 2 key moments produce redistribution in interior forces. After cracking 
1st stage, and the plastic hinges development, 2nd stage according to Badawy et al. [30].  

2) Though all 3 approaches led to RC concrete beams satisfactory results, Badawy et al.'s 
approach was the minimum effective based on use of steel. Using a collapse load approach, 
the designed beam specimens required a higher steel ratio (principally rings made by steel) in 
comparison with the other 2 approaches.  
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Figure 2. Test setup of beams [32]. 

 
In 2013, Al-Mutairee [33] studied making RC curved beams optimal strength using longitudinal 

reinforcement non-uniform layout without increasing the longitudinal reinforcement volume. The 3D 
nonlinear finite element analysis computer software was used for a beam curved horizontally tested 
using static load. The study indicated that in RC fixed-ends beams that curved horizontally, Figure 3, 
the use of longitudinal reinforcement in non-uniform distribution is adequate. The ultimate load 
capacity was enhanced, progressively significant with increasing the horizontal angle of curvature 
(θ).  
 

 
Figure 3. The elements suffer from the ruptured of longitudinal reinforcement [33]. 

 
In 2011, Al-Azzawi and Shaker [34] studied the effect of elastic foundations with friction and 

compression resistance on the deep beams that curved horizontally, elasticity. The Timoshenko's 
theory concerning deep beam is developed to cover the effect of curvature and forces that distributed 
externally. So allowing curved beams analysis in static conditions. Al-Azzawi and Shaker used the 
finite difference technique for curved deep beams modeling; they verified results with other 
approaches. The vertical reaction of subgrade, horizontal reaction of subgrade, beam width, and ratio 
of beam thickness/radius were all involved to study their effect on the shear forces, bending moments 
and the deflections. Al-Azzawi and Shaker checked the results by comparing them with experimental 
and other theoretical results. The max difference percentages for deflections in addition to moments 
were 5.3 besides 7.3%, respectively, proving the efficacy of their analysis approach. Their parametric 
study indicated that:  

1) Under 4 concentrated forces on free curved beam, as shown in Figure 4, increasing the ratio 
of thickness/radius (0.1 - 1), reduces the maximum deflection by 63.5%.  

2) Under 4 concentrated forces, increasing the width of the free curved beam (62 – 3048) mm, 
reduces the maximum deflection by about 75%.  
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3) The maximum deflection decreases when the vertical and horizontal subgrade reactions rise. 
The increase in the reactions of horizontal subgrade will practically reduce the maximum 
deflection in a linear manner.  

 
Figure 4. Ring beam on an elastic foundation under four concentrated loads [34]. 

 
In 2014, Al Qaicy et al. [4] analyzed three concrete ring beam specimens supported by four equally 

spaced 3m height columns using nonlinear finite element analysis (NLFEA). The varied parameters 
were the beam depth 500, 1000, and 2000 mm and reinforcement ratio. They studied the mode of 
failure, ultimate load strength, deformation shape at the collapse point, and patterns of cracks. Al 
Qaicy et al. concluded that the ring beams failure modes are mainly affected by the ratio of depth/span 
(in this study, the ratio of span/depth looks like that in non-curved beams). Authors reached that fact 
that the deep ring beams fail in shear, whereas the shallower ones fail in flexure. That also takes place 
in non-curved beams. The stiffening rate of tension fluctuated (0.002 - 0.003). 

In 2002, Al-Temeemi [35] investigated the behavior of RC beams that curved horizontally on 
elastic foundations using the finite element method, considering material nonlinearity for steel and 
concrete. Using a 60 degrees of freedom 20-node isoperimetric brick element, the concrete was 
modeled. Within the brick elements, an axial member was used for reinforcing bars modeling. To 
model soil, normal reactions (models of Kondner, Winkler and Polynomial) and horizontal reactions 
of subgrade (model of Winkler) were taken into considerations. The modeling using finite element 
offered by Al-Temeemi presented an acceptable agreement level concerning the numerical theoretical 
besides the available experimental results. Some influential parameters related to beams that curved 
on elastic foundations behavior was investigated; like; boundary conditions, ratio of radius/span-
length (R/L), α1 (release of stress rate as the crack width increases), α2 (stress sudden loss at cracking 
moment), and type of soil. Al-Temeemi's results showed that rising (R/L) might rise the ultimate load: 
40% when rising R/L from 1 to 5. The steel bars of shear have a significant influence on the curved 
beams ultimate load; ultimate load reduces by 51% due to removing shear steel bars. 

In 1978, Hsu et al. [36] investigated the forces redistribution of torque and flexure in RC curved 
beams when cracks appear. The current investigation was conducted to present more appropriate 
designs in terms of post-cracking in beams. The authors tested seven beams that horizontally curved; 
2.74 m radius and 90 degrees subtended angle. All seven fixed at both ends beams were tested using 
a mid-span concentrated load as shown in Table 2. Conventional design methods were used to analyze 
the first and second beams on non-cracked members; the elastic theory was utilized for reinforcement 
design depending on the ACI Building Code (1971). According to elastic theory for non-cracked 
sections, the 3rd and 4th beams were also designed based on maximum torsional moment. The 5th and 
6th beams were designed based on the cracked sections calculations. The 7th one was modeled as an 
unchanging beam with longitudinal bars and stirrups. About cracked sections, the post-cracking 
rigidity of torsion was used to find the rigidity of torsion that was gotten from Hsu (1972) space truss 
analogy. During testing failure of the seven beams, Hsu et al. noticed that cracking initiation leads to 
a significantly redistributed of flexural and torsional moments. Results show that early yielding was 
realized at the beams supports that traditionally modeled, ACI 318-71 and elastic analysis, i.e., non-
cracked. Accordingly, Hsu et al. stated that the beam design should be linked to elastic analysis. 
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In 2010, Al-Tameemi et al. [37] studied the pre and post-cracking behavior of deep RC that 
horizontally curved.  A 3D nonlinear finite element modeling is used to analyze the beams. The 
ANSYS program concrete modeling was through using a 60 freedom degrees of the 20-node 
isoperimetric brick element. The reinforced concrete was modeled using bars, represented as axial 
members embedded inside the concrete brick element. The reinforcing bars are assumed in perfect 
bond with the surrounding concrete. A numerical and material parametric study was conducted to 
predict ultimate load capacity besides the load-deflection curve. Specifically, the authors studied the 
central subtended angle, boundary conditions, and the amount of transverse reinforcement. The 
aforementioned parameters were studied with different a/d ratios, which led to the conclusion that 
reducing the angle leads to rise the ultimate capacity.  

In 2014, Zhao et al. [38] ran an experimental investigation on the behavior of RC ring beams 
connected to concrete-filled steel tube (CFST) columns. Testing using low cyclic loading, 
displacements, collapse patterns, stresses, and dissipation of energy capabilities of three samples was 
analyzed. The effect of different dimensions of ring beam on the mode of failure and load capacity 
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was also studied. In order to validate the method, the experimental phase was matched to the 
numerical simulation phase. Based on studying the stress distributions of joints without and with the 
ringed beam, Zhao et al. reached the following conclusions: 

1) The classic collapse was the plastic hinges evolution, with no sign. 
2) The hysteretic curves of joints' spindle shaped' did not display deteriorating stiffness and 

strength throughout the test and thus, showed acceptable behavior.  
3) The ring beam dimension is a significant factor in the joint connection load capacity. The ratio 

of displacement ductility, dissipation capacity of energy, and the joint ultimate load capacity 
are all enhanced by dimension increasing.  

In 2016, Wei et al. [39] analyzed a RC ring beam new type experimentally, by joints among CFST 
columns. Wei et al. studied the behavior of columns and beams that horizontally curved by loading 
of bidirectional cycle. The suggestions were:  

1) The internal forces are affected by the interaction among the CFST column and the ring beam 
when imposing an exterior force.  

2) System of forces is not uni-directional. 
3) Multi-directional forces, like axial one, bending, torsion, and shear, must be considered in the 

RC ring beams design. In this design way, joints between columns and beams resist seismic 
loads better and have better ductility.  

Main Conclusions 
The most important findings after reading the above articles can be summarized as follows: 

1) The plastic approach can be used to analyze RC curved beams, although it depends on plastic 
hinge formation and the formed sections' conditions.  

2) Curved beam ultimate load, interior forces, and failure mode may be forecast by the 1st 
criterion. The including shear (2nd criterion) is useful, establishing a member nominal strength 
for ultimate load and internal forces of the ring and curved beams. Additional studies, and 
mainly experimental data, are required to criteria of yield verification on a variety of material 
properties and sections. Investigations suggest, in curved beams, that plastic theory is active 
in estimating how end conditions affect failure modes and ultimate load capacity. 

3) Due to the existence of D regions, STM is real for deep members. 
4) RC ring beams are suitable for applications of seismic resistance because they have a great 

plasticity level. 
5) For behavior predicting of reinforced concrete deep beams that curved, the 3D nonlinear finite 

element is best.  
6) Increasing the central angle leads to a decrease in the strength of curved beams. 
7) On the whole, the relationship between a/d ratio and the beam load capacity is an inverse 

relationship. 
8) In reinforced concrete deep ring beams, shear failure is dominant. 
9) In general, the relationship between ring beam diameter and the beam load capacity is an 

inverse relationship. 
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was also studied. In order to validate the method, the experimental phase was matched to the 
numerical simulation phase. Based on studying the stress distributions of joints without and with the 
ringed beam, Zhao et al. reached the following conclusions: 

1) The classic collapse was the plastic hinges evolution, with no sign. 
2) The hysteretic curves of joints' spindle shaped' did not display deteriorating stiffness and 

strength throughout the test and thus, showed acceptable behavior.  
3) The ring beam dimension is a significant factor in the joint connection load capacity. The ratio 

of displacement ductility, dissipation capacity of energy, and the joint ultimate load capacity 
are all enhanced by dimension increasing.  

In 2016, Wei et al. [39] analyzed a RC ring beam new type experimentally, by joints among CFST 
columns. Wei et al. studied the behavior of columns and beams that horizontally curved by loading 
of bidirectional cycle. The suggestions were:  

1) The internal forces are affected by the interaction among the CFST column and the ring beam 
when imposing an exterior force.  

2) System of forces is not uni-directional. 
3) Multi-directional forces, like axial one, bending, torsion, and shear, must be considered in the 

RC ring beams design. In this design way, joints between columns and beams resist seismic 
loads better and have better ductility.  

Main Conclusions 
The most important findings after reading the above articles can be summarized as follows: 

1) The plastic approach can be used to analyze RC curved beams, although it depends on plastic 
hinge formation and the formed sections' conditions.  

2) Curved beam ultimate load, interior forces, and failure mode may be forecast by the 1st 
criterion. The including shear (2nd criterion) is useful, establishing a member nominal strength 
for ultimate load and internal forces of the ring and curved beams. Additional studies, and 
mainly experimental data, are required to criteria of yield verification on a variety of material 
properties and sections. Investigations suggest, in curved beams, that plastic theory is active 
in estimating how end conditions affect failure modes and ultimate load capacity. 

3) Due to the existence of D regions, STM is real for deep members. 
4) RC ring beams are suitable for applications of seismic resistance because they have a great 

plasticity level. 
5) For behavior predicting of reinforced concrete deep beams that curved, the 3D nonlinear finite 

element is best.  
6) Increasing the central angle leads to a decrease in the strength of curved beams. 
7) On the whole, the relationship between a/d ratio and the beam load capacity is an inverse 

relationship. 
8) In reinforced concrete deep ring beams, shear failure is dominant. 
9) In general, the relationship between ring beam diameter and the beam load capacity is an 

inverse relationship. 
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