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Abstract. Wheeled vehicles can move not only on a solid supporting 
surface, but also on deformable surfaces (snow, ground, sand, etc.). When a 
pneumatic wheel with a high internal air pressure rolls over deformable soil, 
the nature of the wheels’ interaction with the ground is such that the wheel 
can be considered rigid, since its normal deformation is small. This greatly 
simplifies the calculations associated with the analysis of the wheeled 

vehicles’ operation, taking into account the transforming properties of the 
wheel mover, in particular, the determination of the kinematic and power 
parameters of the wheel. In this paper, using the method of motion reversal, 
the picture of physical phenomena in the contact of the wheel with the 
ground is considered, which made it possible to obtain relatively simple 
expressions for calculating the circumferential traction force and the 
coefficient of tangential elasticity of the “wheel - deformable ground” pair. 

1 Introduction 
The movement and performance of wheeled vehicles is largely determined by the interaction 
of the wheels with the supporting surface. Therefore, the study of the mechanics of rolling 

wheels is of both scientific and practical interest. A large number of studies, such as 

[Balabina, T.A. et al (2019), Balabina, T.A. et al (2020), Balakina, E.V. (2019), Balakina, 

E.V. et al (2021), Bakker ,et al (1973), Cho, J. et al (2015), Clark, S.K. (1983), Emami, A., 

et al.(2017), Ginzburg, G. et al (2017), Gim, G. (1990), Jimenez, E., Sandu C. (2020), 

Karelina, M.Y. et al (2019), Karelina, M.Y. et al (2020),   M.Yu.Karelina, T.A.Balabina et 

al (2020),  M.Yu.Karelina, T.A.Balabina et al (2021), Khaleghian, S., Ghasemalizadeh, O., 

and Taheri, S. (2016), Kubba, A.I. et al (2018), Li, J., Zhang, Y., Yi, J. ( 2012), Liang, W., 

Medanic, J., Ruhl, R. (2008), Mamaev, A.N., Balabina, T.A., Odinokova, I.V., Gaevskiy, 

V.V. (2019), Marco, Viehweger et al (2020), Ozaki, S., Kondo, W. (2016), Pacejka, H.B. 

(2012),  Viehweger, M., et al. (2020), Wong ,J. (1982), Zadvornov, V.N. et al. (2020)], is 

devoted to the rolling of wheels on a rigid supporting surface. However, there are a variety 
of wheeled vehicles designed to work on deformable soils. This necessitates consideration of 

the features of the interaction of elastic wheels with the ground, including the determination 

of the forces and moments acting on the wheels [Becker, M.G. (1973), Fujiwara, D., 
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Tsujikawa, N., Oshima ,T. et al, (2021), Kurjenluoma, J., Alakukku, L., Ahokas, J., (2009), 

L.ten, Damme, P.,Schjonning, L.J.,Munkholm et al. ,(2021), Mamaev, A., Balabina, T., 

Karelina, M.,(2020), Papamichael, S., Vrettos, C., (2021), Pryadkin, V, Artemov, A, 

Kolyadin ,P. (2021), Viehweger, M., et al., (2020)., Wong ,J. (1982)].

A number of studies in their models take into account the viscoelastic properties of the 

soil-wheel system, but the dependences used in this case lead to complex expressions that 

make their practical use difficult, and, moreover, require more experimental data.

A significant amount is devoted to determining the radii of rolling and slipping of wheels 

on deformable soil, since these quantities are usually included in equations that make it 

possible to determine the power parameters of wheel propellers and the traction and dynamic 

performance of a wheeled vehicle as a whole. In this case, there is a great variety of solutions 
due to various initial models of the interaction of wheels with the ground. The vast majority 

of these solutions are cumbersome and difficult to perceive.

When a pneumatic wheel with a high internal air pressure rolls over deformable soil, the 

nature of the interaction of the wheels with the ground is such that the wheel can be

considered rigid, since its normal deformation is small. This greatly simplifies the 

calculations associated with the analysis of the operation of wheeled vehicles, which was 

used, in particular, by Balabina et al. [Balabina, T.A., Karelina, M.Yu., Mamaev, A.N.,2021], 

Pirkovsky Yu.V., Babkov B.F. [Babkov, V.F., 1955, Babkov, V.F. et al,1959], 

Govorushchenko N.Ya. [Govorushchenko N.Ya., 1971], Bakker M.G. [Bakker M.G., et al.

(1973)], Mamaev A.N. et al. [Mamaev, A., Balabina, T., Karelina, M., 2020], Wong, J. 

[Wong, J. 1982], and others.

2 Materials and methods
Let us consider rolling of a wheel on deformable ground, which is rigid in the radial direction 

and has circumferential compliance (which corresponds to the wheel model “elastic band on 

a rigid rim”).

In this case, we will make an assumption about the elastic properties of the soil, i.e., we 

will assume that, up to a certain limit, there is a linear relationship between the tangential 

(with respect to the wheel surface) soil displacements and the limiting tangential forces in 

the contact zone.

For the convenience of solving the problem, we use an inverted mechanism (i.e., the 

wheel axis is stationary, and the base (ground) moves at a speed of V in the direction opposite 
to the actual direction of the wheel movement (Fig. 1), similar to how it was used in 

[Balabina, T.A. et al (2019), Balabina, T.A. et al (2020), Karelina, M.Y. et al (2019), 

Mamaev, A.N., et al (2019)].
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Fig. 1. Determination of tangential displacements of wheel and ground surface points in the contact 
zone.

Let us consider the motion of point K, which simultaneously belongs to both the wheel 

and the ground in the contact zone in the adhesion area.

During the time corresponding to the rotation of the wheel from the moment point K 

enters into contact with the ground to its position determined by the angle �, the tangential 

displacement of the ground point will be UGR, and the tangential displacement of the wheel 

point (relative to the ray on which this point was located before contact) - Ux.

The speed of point K of the wheel surface in the inverted mechanism in the absence of 

tangential displacements is equal to the value 
. . .a t dKV r�� � .

The actual speed of the considered point in the presence of a tangential displacement can 

be presented in the form:

. . .a t d

K
K K

dUV V
dt

� � , (1)

where dUК - increment of the tangential displacement of the wheel point during the time 

dt=dx/V (it is negative for the driving wheel, it is positive for the driven and brake wheels), 

dx is the elementary movement (increment) of the base (ground) in the horizontal direction 
in the inverted mechanism.

Similarly, one can represent the same speed of the same point by referring it to the base:

. . .a t d

GR
GR GR

dUV V
dt

� �                (2)

Here dUGR - increment of the tangential displacement of a point on the ground surface 

over the same time interval;
. . .

/ sin
a t dGRV V �� � - the speed of a given base point in an 

inverted mechanism, i.e., in the absence of tangential displacements.

Since expressions (1) and (2) represent the same speed of point K, then, by equating their 

right parts, after transformations we obtain:
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. . . . . .

1
( ) ( ) ( ) ( )

sin sina t d a t dGR K K GR
k

V dx rd U U V V dt r dx
V r

�
� �

� � � � � � � (3)

Taking into account that 2222 /1/sin rxrxr ����� , the expression 1/sin�
after expanding it into a power series and discarding the values of the second and more orders 

of smallness, can be represented as: 

1/sin��1+x2/2r2

Substituting the last expression (3), we obtain:

2

2
( ) (1 )

2
GR K

k

x rdU d U U dx
r r

� � � � � (4)

As a result, for the position of point K, determined by the x coordinate, in the adhesion 
section

              U dU
r
r
x

x
r

c
x

k
� � � � ��
0

3

2
1

6
( )                (4	)

Taking into account the boundary conditions (when x=a U=0), after finding the constant 

c, we finally have:

                                     

   

U
r
r

a x
a x
rk

� � � �
�

( )( )1
6

3 3

2               (4)

The specific tangential forces (tangential stresses) acting at a given point on the wheel 

and on the ground are equal in magnitude but opposite in direction: 
k GRt t tq q q� � � . Under 

the assumption that the specific tangential forces are proportional to tangential 

displacements, the last equality can be represented as:

   
kUК=-
GRUGR,                                                      (5)

where 
k and 
GR - coefficients of tangential stiffness of the wheel and soil.

Expressing the UGR value from equality (5) and substituting it into formula (4), after 
transformations, we obtain an expression for the tangential displacements of points on the 

wheel surface, and then the ground:

GR K
K GR

K GR K GR

U U U U
 


 
 
 


�
� �

� �
(6)

Thus, the specific tangential forces acting at the considered point of the adhesion section 

will be represented by the dependencies:
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k GR

k GR k GR
t t

K GR K GR

q U q U
 
 
 


 
 
 


�
� �

� �

or                                                

рk GRt t t nq q q U
� � � � ,                              (7)

where                                                                              

     
р

K GR
n

K GR


 



 


�
�

       (8)

- reduced coefficient of tangential stiffness of the wheel-ground pair. Expressions (4) and (7) 

determine, respectively, tangential displacements and specific tangential forces, which are 

determined both by the realization of the circumferential force in the contact and by the 

geometry of the contact zone.

With the adopted wheel rolling model, even when significant, close to the limiting forces 

in terms of adhesion, the coordinate of the boundary of the adhesion and sliding sections is 
хB=0.

The tangential stresses distributed along the arc of a circle in the contact zone create a 

moment relative to the center of the wheel:

       

M bq rrd br Udt t п� �� �2 2

0 0

2

2

2

� 
 �
�

�

�

�/

р

/

(9)

Let's use this expression to find the rolling radius rk0 , at which Mt=0. Substituting 

equation (4) into (9) and equating the expression obtained after transformations to zero, we 

obtain:

r r a r r a r r Hk0
1 4 4 22 2 2� � � � � �/ ( / ) / / (10)

Taking into account this formula, from (4) we obtain a dependence that determines the 

law of change of tangential displacements in the contact zone, at which the torque on the 

wheel, due to the presence of tangential stresses, would be equal to zero:

U
a
r
a x

a x
r

r
r

a x
a x
rk

0

2

2

3 3

2

3 3

24 6
1

6
0

� � �
�

� � � �
�

( ) ( )( ) (11)

Subtracting the value U0 from the total tangential displacement, we obtain a component 

caused only by the action of moment Mt:

U U U
r
r

r
r

a x
r
r

r
r

a x
r
r

a xt
k k k

k

k k
� � � � � � � � � �0

0 0

0

0

1( )( ) ( )( ) ( )� , (12)
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where                                                             

� � �
r
r
k

k

0

1 (13)

As a result, the tangential stresses in the adhesion area, due to the implementation of the 

thrust force in the contact, will be represented by the dependencies:

q U
r
r

a xt п t п
k

k
� � �
 
 �р р ( )

0

    (14)

0

р р ( )
GRt n t n

k

rq U a x
r


 
 �� � � � �                      (14,а)

The corresponding torque on the wheel is found as:

M bq rdxt t

a

k
� � 2
0

(15)

After substituting dependence (14) and subsequent integration, we obtai:

        
M ba r r F rt п k t� �
 �р /2 2

0
,     (16)

where                                                       

F bq dx ba r rt t п

a

kk
� �� 2
0

2

0

 �р / (17)

we call the circumferential traction force.

Elementary tangents dF=qtdx2b, distributed along the arc of contact have a resulting F

located outside the arc of contact.

Let’s find the magnitude and line of action of this force.

Each pair of elementary tangential forces “	” and “�” (Fig. 2) acting at points whose 

coordinates (abscissas) are symmetrical with respect to the midpoint with the coordinate 

�av=(�/2+�0)/2 has its own resulting:

     �� 	 � 		 � 	 		( ) ( ) cos2 2 2 ,        (18)

Passing through the point of intersection of the lines of action 	 and �, located at an 

angle � relative to each other.
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For points located along the edges, i.e., when ���0 and ���/2 angle �
�

�� �
2

;

for midpoints, i.e., when ���av, the angle is ��0.

Let us transform expression (18), presenting it in the following form:

  
 

 
�  




�



� 	 � 		 � �
	 		

	 � 		
� � 	 � 		 � �

	
		 �

	
		

( )
( )

(cos ) ( )

( )

1
2

1 1

1
2

2

2

(19)

                    

Fig. 2. Elementary tangential forces 	 and �.               Fig. 3. Diagram of the resulting. elemental 
tangential forces.

For the extreme and close to them points of the considered contact area �>>	, therefore, 

even with a significant wheel immersion depth (for example, when ��1), the value of the 

square root in the last expression (19) differs little from 1. For points located in the middle 

part of the contact, as before, ��	 (except for the point with �=�av, for which �=	 and, 

in addition (which is more significant), ��0 (�=0 at �=�av). Therefore, for the middle 

contact area the value of the square root is close to 1. This allows us to take in the first 

approximation =	+�.

Taking into account that �
�

� � �arccos
x
r

x
r2

, from where x r� �( )
�

�
2

and

a r� �( )
�

�
2

0 , dependence (14) can be represented as:

q r rt п k� �
 � � �р ( ) /0

2

0

Then the values of the elementary tangential forces acting on the symmetrically located 

elementary areas (Fig. 2) can be found as:

	 � 	 � 	 � � 
 � � � �q brd br d rt п k2 2 3

0 0р ( ) /           (20,а)

		 � 		 � 		 � � 
 � � � �q brd br d rt п k2 2 3

0 0р ( ) /            (21,а)
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For the considered symmetrically located sites

�	=���=�/2-(�-�0)=�/2-�+�0,

what gives

	 � � 
 � � � �п kbr d rр ( ) /2 3

0 0
(20)

		 � � 
 �
�

� �п kbr d rр ( ) /2
2

3

0
(21)

As a result:                   

   
 �
�

� �� 	 � 		 � �п kbr d rр ( ) /2
2

3

0 0
               (22)

The diagram of the resulting elementary tangential forces is shown in Fig.3.

Summing up these resultants, one can find the magnitude and direction of the total 

tangential force.

Since the diagram is a system of forces converging at point A (Fig. 3), the total tangential 

force also passes through this point, being perpendicular to the OkA line, i.e., at an angle �t

to the horizontal. However, from geometrical considerations

          �t=�/2=(�/2-�0)/4                (23)

Arm r=ОkА of the action of force F and coordinate xFt , which determines the point of 

application of this force, can be found (Fig. 3) as:

r O A r r rk t t � �� � � � �/ cos ( / )1 22
(24)

x rtg r rF t tt
� � � �� � � �( / ) /2 40           (25)

When determining the magnitude of the total tangential force, summing up the resulting 

elementary tangential forces, one should take into account the angles between these resulting 

ones. However, due to the small size of these angles (which are in the range from 00 to 2�t), 

their cosines are close to 1 (for example, if we take the average value of the specified angle 

equal to �t, then at the angle �0=�/6 corresponding to immersion of the wheel into the ground 

to a depth of 0.5r, the cosine of the angle �t will be �0.97). This allows calculating the 

tangential force using the following formula:

0

0

0

0

0

0

//)2/(2 2

р

2/)2/(

2

0р

2/)2/(

k•k• rrbardrbdaF �
����

��

�

��

�
 ���� ��

��

(26)

Neglecting the indicated angles gives a somewhat overestimated value of the tangential 
force calculated by the last formula, but this overestimation does not exceed a few percent.
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Thus, the actual value of the total tangential force F is slightly less than the 
circumferential traction force Ft calculated by formula (17), and its action arm (see formula 
(24)) is slightly larger than the radius r. However, these differences are small, and in the 
future calculations we will assume Ft= F and r=r.

Having a dependence for calculating the tangential force, one can obtain a dependence 
for finding the rolling radius.

From the equilibrium condition of the driving wheel, it follows that

F F F Ft t t x ГРx
� � �cos� (27)

Substituting formula (17), which expresses the force Ft, into this equality, and also taking 
into account that � � �( / ) /r r r rk k k0 0

1 , after transformations we will have:

)(
cos2

р

2

2
р

2
0

0

0

0 xдт
t•

k
kt

•

k
kk FF

rba
r

rF
rba

r
rr ����

�


       (28)

or                                                            

    r r
r

ba r
Fk k

c k

п t
x� � 0

2

2
 �р cos
,                  (29)

where                                                                 

r r
r

ba r
Fk

c
k

k

п t
ГР� �

0

0

2

2
 �р cos
               (30)

- free rolling radius when there is no longitudinal force on the wheel axle.
The presented formulas have the same notation with the formula obtained by E.A. 

Chudakov. For this reason, the expression represents the coefficient of tangential elasticity 
of the pair “wheel - deformable ground”.

           

r
ba r

k

п t
F

0

2

2
 �
�

р cos
� (31)

Formulas (29) and (28) are also valid for the cases of wheel rolling in braking or driven 
mode, if the forces Fx and Ft are substituted into the indicated formulas with a minus sign.

The implementation of a tangential force in the contact leads to a change in the normal 
pressures in the contact by qtcos� = qtx/r. With the driving wheel, for which ��0, the value 
of normal pressures increases, for the brake wheel it decreases (because �,<0):

q C H h q x r C H h a x x rn
m

t
m

п� � � � � � �( ) / ( ) ( ) /р
 �
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In the slip section, taking into account the above, the dependence for the distribution of 
normal pressures will have the following form:

q C H h C H h x r C H h x rn
m m m� � � � � � �( ) ( ) / ( ) ( / )� �1

The coordinate of the boundary of the adhesion and sliding sections can be found from 
the equality q qt n� � �/ sin .

An increase in normal pressures in the contact of the driving wheel and a decrease in them 
in the contact of the brake wheel leads to the fact that for the same value of the relative loss 
of speed at xB>0, a greater tangential force is realized in the contact of the driving wheel than 
when the brake wheel is rolling. Accordingly, there will be more friction losses in the contact 
of the driving wheel, and therefore the high power consumption required to roll the wheel on 
the ground. This is confirmed, in particular, by the experiments of Pirkovsky Yu.V.

The dependences obtained above are valid for the case when the shear stress in the soil is 
less than the shear stress value at which the upper soil surfaces are sheared.

If the shear of the soil occurs before the tangential stresses reach the cohesion limit, then 
the picture of the phenomena occurring in the contact and their mathematical description 
change. When shearing the soil, it must move into the zone of increasing normal pressures. 
At the same time, with an increase in normal pressures, the allowable stress increases. Due 
to the movement of the soil layers, there will be friction between them, but there will be no 
friction losses between the wheels and the ground. The value of the realized tangential force, 
with the same value of the relative loss of speed, will be even less than in the previous case.

Denoting by 0=C+qntg� (where � is the angle of friction between soil particles) the shear 
stress at which the shear of the soil layers begins, we find the coordinate of the beginning of 
the shear from the equation:

              0р 0( ) /t n B kq a x r r
 � � � � (32)

                                        

00

р

k
B

n

r
x a

r


 �

� �             (33)

The realized tangential force can be found from the equation:

2
0

0

( ) 2
дx

t BF b a x dx 
� �

� � �� �
� �� �

� (34)

at qt< хB=0

and                                 

F ba r rt п k� 
 �р /2

0
(35)

E3S Web of Conferences 363, 01018 (2022) https://doi.org/10.1051/e3sconf/202236301018
INTERAGROMASH 2022

 

10



3 Conclusion
In this paper, using the method of motion reversal, the picture of physical phenomena in the 

contact of the wheel with the ground is considered, which made it possible to obtain relatively 
simple expressions for calculating the circumferential traction force in the contact of the 
wheel with the ground (affecting both the performance and the safety of movement of 
wheeled vehicles on the ground from the point of view of slipping, loss of control, ‘digging’ 

into the ground) and the coefficient of tangential elasticity of the pair “wheel - deformable 
ground”.
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