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Modeling of aeroelastic composite plates
vibrations based on asymptotic theory

Yu. Dimitrienko!”, E. Gubareva', and 4. Tumanov'

'Bauman Moscow State Technical University, 5 Baumanskaya 2-ya, 105005 Moscow, Russia

Abstract. The paper is devoted to solving the problem of aeroelastic
deformation of multilayer thin composite plates. A theory of aeroelastic
deformations of composite plates based on the application of the asymptotic
averaging method and piston theory for modeling pressure on the body
surface is proposed. The averaged equations of aeroelastic vibrations of
composite plates are derived. An example of a numerical solution of the
problem of one-dimensional bending vibrations of a composite plate based
on the developed theory is given. Key words: multilayer composite,
aeroelastic deformations, asymptotic averaging method, numerical solution.

1 Introduction

Composite structures of modern aircraft, such as wings, rudders, are not completely rigid;
when exposed to a high-speed flow, aeroelastic phenomena occur when structural
deformations cause changes in aecrodynamic forces. Additional aerodynamic forces cause an
increase in structural deformations, which leads to an increase in aerodynamic forces. These
interactions may decrease to a state of equilibrium or may diverge catastrophically. In this
regard, preliminary aeroelastic modeling of the behavior of a structural element before the
start of real tests is of particular importance in order to notice and eliminate design flaws at
the design stage and choose the correct structure of the composite material.

Currently, there are several basic methods for solving the aeroelasticity problem [1-6].
The most widely used method is based on the piston theory [1] (piston theory), which makes
it possible to find an approximate solution to the aerodynamic problem, taking into account
the deformation of the surface flowed around by the flow. After that, the solution of the
problems of the theory of shells is corrected due to additional aeroelastic forces. More
difficult to implement are the methods of conjugate solution of the problem of aerodynamics
and the theory of elasticity [4]. As a rule, they are also solved with certain assumptions. The
direct numerical solution of the adjoint problem of aeroelasticity is quite difficult to
implement, since it requires the restructuring of computational grids for aerodynamic
problems.

The purpose of this work was to apply the asymptotic theory to derive the equations of
the theory of composite plates subjected to aeroelastic forces. A feature of this approach is
that the general and three-dimensional equations of the theory of elasticity are chosen as the
initial ones in this method, and the aerodynamic forces are calculated on the basis of the
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piston theory, but also in relation to the general three-dimensional theory of elasticity. The
method of asymptotic expansions in terms of a small geometric parameter has shown itself
well in other problems [7—13]. In the present work, this method is applied for the first time
to problems of aeroelasticity.

2 Statement of the 3-dimensional problem of aeroelastic
deformation

Consider a multilayer plate of constant thickness, introduce a small parameter
K =h/ L <<1, as the ratio of the total thickness of the plate h to the characteristic size

of the entire plate L (for example, to its maximum length). We also introduce global X, and
local cfcoordinates: x, =x,/L, f =X, /K‘, k =1,2,3, where )NCk are Cartesian
coordinates oriented in such a way that the axis 0)7?3 is directed along the normal to the
outer and inner planes of the plate, and the axes Ox | Ox , belong to the middle surface of

the plate. We believe that there are 2 scales of change in displacements U, : one in directions

of OX | sz , and the second in 0)?3 direction. The coordinates X; and é: , as usual, are

treated as independent variables in the asymptotic averaging method. The coordinate 5 along
the plate thickness varies in the range —0.5< &, <0.5 .

Consider for a plate a 3-dimensional problem of the linear theory of aeroelasticity in the
framework of small deformations and the linear piston theory [14]

V.o, =py,

1
& =—(Vu +Vu.
1 2( Ji i j) (1)

O, = Cijklgkl

2, :0,="D.0, Lou, =u

4

S fo,1=0, [uy]=0,

el

consisting of the dynamic equations of the theory of linear elasticity, the Cauchy relations,
the generalized Hooke's law, the boundary conditions on the outer surfaces of the shell plate

- on the outer and inner surfaces 2 34+ (their equation has the form )7?3 ==+h/ 2) and on

the end surface 2 7 » as well as the boundary conditions on the contact surface > g of the
layers of the plate, [ul. ]— jump of functions. In system (1), the following are indicated: O i

- stress tensor components, &. i - small strain tensor components, U, - displacement vector
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components, Ci/‘kl' elastic modulus tensor components, V ;- covariant differentiation

operator [15], - displacement vector components specified on ZT .
The outer surfaces 23 4 of the plate interact with a high-speed acrodynamic gas

flow flowing around it with given constant velocity vectors VJ_r ; - Then the pressure on these

surfaces in the framework of the linearized piston theory is given in the form
Dy =Pp.(1E£q,(u; +V_,V,uy). 2

Here, ]~70 + is the pressure of the undisturbed aerodynamic flow on both parts of the plate
surface, ¢ , =¥,/ a,, is the aerodynamic coefficient of the plate, for which the expression
is accepted, according to the linearized piston theory, where } , is the Poisson's ratio of the

perfect gas model, d, is the speed of sound of the undisturbed gas flow.

3 Asymptotic expansions of the aeroelasticity problem

Problem (1) contains the local coordinate f , as well as a small parameter &K in the boundary

conditions (this is the pressure coefficient), so we will seek its solution in the form of
asymptotic expansions in the parameter in the form of functions depending on the global and
local coordinates:

e =)+ k) (5, KU (5, )+ U (. O e (D

Here and below, the indices denoted by capital letters / ,J . K ,Ltake the values 1,2,
and the indices i,j,k,l - the values 1,2,3.

We substitute expansions (3) into the Cauchy relations in system (2), while using the rules

of differentiation of local coordinate functions [10]
o/ 8)?, —0/ Gx‘, + (1 / K)5j3a / 85, then we obtain asymptotic expansions for
deformations
— ~0 M 2 .(2)
81].—6‘l.j +ng’j +tK &+ 2)

1 1
here the derivatives with respect to the local coordinate u,( /3) = 8uf ) / Géj and with

. 1 1
respect to the global coordinates U l(j) = 8uf ) / Ox , are denoted.

Substituting expression (4) into Hooke's law in system (2), we obtain the asymptotic
expansion for stresses

(0)

— @) 2 ~(2)
o, =0, t+KO, +K O, +.. 3)
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For the pressure on the aerodynamic surfaces of the plate, we have the following

decomposition
— ~(3) ~(4)
p K‘ Pyt K‘ ) Z
~(3) _ (0) (0)
pi = po(1xq,(; +V+,u ); (6)

~(4) _ 1) 1
Di = Poq Uy’ +V, us,

4 Formulation of local tasks

Substituting expansions (3)-(6) into the oscillation equations and the boundary conditions of
system (1), we obtain

() (0 o) +(0) o @) <1> @ ) <+(2) _
— O3 (05, + 0535 — pi; )+&(o,), o5y — )+ &7 (o, +o5,s—pi " )+..=0

T T S C PP S
— 3 1+ - (0) Vv (0)) O] V O] )
=-K poi( —QA(u3 + i1u3,1/) +x p0+QA(u3 + +1u ))

M

oo =u” +xu + P+ u + . =u

el
. -1 . ey . ..
Equating the terms at K  in the equilibrium equations to zero, and for the remaining
powers of K to some quantities hi(o),hi(l),hi(z) independent of &, we obtain a recurrent

sequence of local problems. The problem for the zero approximation has the form

0) _
O35 =0,
0) _ (0) (0) 0) _ (0)
O = Cz3KL€KL +C3k3gk3 5 O-IJ = CIJKLgKL +CIJk3€k3 >
(0) (0) (0) (0) (0) (1) o) _ @1 (®)
= (” = (u Uz )s &35 = Uy,
. 0 _n. 0)7 _ M7 _ M —_n.
Z3i.0i3 =0; 2¢:lo;1=0, [u,’]=0, <u’ >=0;
The problem for the first approximation has the following form:
(1) (0) 0) _ 7,(0)
O3 +t0,,+ pa) u =h",
n _ (1) Q) an _ @) ~ (1)
O = Ci31<LgKL + Ci3k35k3 > O-IJ =Cixéxr + Crpzia »
)
@O _ 1) 1) @O _ [€)) @O, (2)
&y = 2(”1,J +u; ), €3 = (” +”1 ) &35 = Uy,
.~ _n. M7 _ 2)7 _ 2) -
2,105 =05 2¢:[o3’]=0, [u,”]=0, <u;” >=0;
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Problem for the second approximation

o? M 2(D_<D
Oi5st0y,, +pou h,

2) _ (2) (2)
O3 = C‘3KL8 +Ciapaéis s

1

(2) (u(2) +I/l(2) (2) (u(2) "‘“1 ), 83(32) u;%)’
2 :a;;) =0;  Z:[05'1=0, [uV]=0, <u>=0; o
Problem for the third approximation
oS +os + po’u? =h?,
oy = ClBKLgl(?L) + Crasi3
e R )N T P N N

2, 0;'(33) =-pp.(1£q, (”(0) +V, 1”3(01) IO
2:S [ 1(33)] 0’ [uz(4)] = 09

<u? >=0;

etc. Here and below, the operations of averaging over the plate thickness are denoted

05 e & g .
u>= [ undg < o= | fle-< [ fdE> {1}, = [ (f=(s)dE

-0.5 0.5 0.5 -0.5

Ci/ 33

=C

and also marked: qu =2C 33 -

jK3>
The oscillation equations (7) after the introduction of the functions 2", 2", 1, take

the form
B +ich® + *h® +...=0. (12)

The solution of the local problem of zero approximation (8) are the functions

u® (0)

u;, ,&, 0, they depend on the local coordinates fl and the input data of this problem -

@ 0 50
gk] b 1] s

are the input data in this problem. In problem (10), the functions u( ) 6‘,5,2), 1(12)

2) (M (1)
»E4 50y

lJ

displacements u§ )(x J) . The solution to problem (9) is the functions u; and

D 5O

uy»0;

are unknown, and u; are the input data, and so on.
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5 Solving the zero approximation problem

Due to the fact that problems (8)-(10) are one-dimensional with respect to the local variable
, their solution can be found analytically. The solution of the equilibrium equations with
boundary conditions in the local problem (8) has the form

o =0 (13)

Substituting into this equation the expression for O'l.(30 ) from system (8), and taking into

account the Cauchy equation of the same system for 8,&2) , we obtain a differential equation

with respect to ui(l) . The solution to this equation has the form

u = —540 126 | 0
—&uy) +26) Uy, ul =eQUs,, (14)

Ui (&)=-< Z > ZiKL = Ci_3_]/3Cj3KL :

(0)

0 .
Stresses o\, unlike O, , are non-zero

1 >

©) _ (0 (0
GIJ C[JKL gKL ’ (1 5 )

CSI}L = CIJKL - C[JkSCk_?}BC'iSKL :
6 Solution of the problem of the first, second and third

approximations

The solution of the equations of steady oscillations (9) - (11) together with the boundary
conditions on X ¢ and & =—0.5 has the form

o) =={ol ], +i" {p},.
o =—{ay, |, +{pil},. (16)

o) =~(Ap+ p i + pui)o, o | +{piil},

If we substitute expressions (15) into the first formula (16), we get

@ _ (0) (0) (0) 1 _ +:(0)
O3 = €ks {CIJKL}§+u {p}g, 053 =l {p}g- (17)
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We express the deformations €k3) from the 2nd group of system (9), then, taking into

account formulas (16), we obtain

m _ () _ 0 (0) (0)
ng - ZkKLg KL JC {CIJKL}§ +Ck313u {p}§ (18)

If we now substitute (18) into the 3rd group of relations (9), then we find the remaining
stresses of the 1st approximation

o) = O o0 L A0 0 :(0)
U C[JKLg + N[JKLM + GIJI ul 4 (1 9)

0) 1 ) A A
Nk = C[Jk3Ck3P3 {CPMKL }é G = CsCsia {P};

Deformations 6‘ taklng into account formulas (9), (14), can be represented as

&t = S + PopansEuis (20)
0
Mg = _ug 1)<L > cDKLM?\/S (‘f) = ULMN5KS + UKMV5LS : 21

Taking into account formulas (20), expressions (19) take the form

1) _ (0) (0) (0) HU)
Oy = 5 CIJKLUKL + N ki ke T GIJiui (22)

) _ A7(0) (0)
N, UKLM — N, IKLM CIJPQ®PQKLM

7 Averaged equations of steady oscillations of multilayer plates

Averaging the asymptotic expansion of the equations of motion (7) of the equilibrium plate,
taking into account the boundary conditions, we obtain

O k(<o) >+< pii >)+

<ol >+<p>ii v

lJ J
23
. (23)

+K (<o) > = < pii? > ~(Ap+ pais” + pas))S,) + .

iJ,J

where are indicated
Ap =Pos —Po-> Ps=944 (po+ + po—) Pr=4, (p0+V+1 + pO—V—I) .

We multiply the first equation of system (7) by £k and integrate them over the thickness,
then we obtain the following auxiliary equation
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k(< éol) >, —< péii" >—< o) >)+

+ii(<Coyy) >, —< piil’E>—<o}) >)+...=0 24

Let us introduce the notation for forces 7}, , moments A ,, and shear forces (), in the

plate

(0) M

T, =<0, >+tK<o0, >+.

Q0 =x<ol >+K’ <a}§)>+(Ap+pA (°)+p,u§°,))53+... (25)

M

M, =xk<&) >+’ <Eo) > +...

and also introduce the notation for the generalized displacements of the plate

) (2)

pU, —<p>u(°)+7c<pu > K’ <pu” >+..

pl, =< pulVé>+r’ < pulPE >+, (26)
where p=<p>.

If only the main terms of the asymptotic expansions are retained in these expressions,
then, taking into account (14), we obtain

U=u®, pI,=—Ru®+sJR

IKL >

Ry, =2x(EUL, ). R =k < p&*>. 27)

Taking into account the introduced notation (25) and (27), equations (23) and (24) can be
written in the following form:

Ty, = piiy". 0, = piiy” + K (Ap +p iy + plugol)) v =9~ Ru(O) "H”(O) 1Ry > (28)

We express (J;, from the third equation of system (26) and substitute into the second

equation , as a result we get
:(0) 0 _ (0) (0) (0)
My = piiy” + Riis yp =ty jy Ry, — (Ap + Py + Dy ) 0 @9

- desired averaged equations of aeroelastic vibrations of a multilayer plate, here denoted:

A}_?:KzAp, D4 :szA» 2 :szl'
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8 Average constitutive relations of plate theory
Substituting expressions (15) and (22) for stresses O'};)) and G;Jl), into the integrals of

formulas (25), we obtain

(0 sy (0)
T CIJKLg + BI killkr + K[JKLM mt GIJzuz

; (30)
M, BIJKLE(O) + Dy My, + K[JKLM &g v T G[Jlul((]) ’ G1)
where are the tensors of the averaged elastic constants of the plate
EIJKL =< C;JolzL >=< Cpgy >—< Cljksék_;BGML >, (32)
B =k <& C[(.;)IQL > ) K =K < N I(JOIQLM > i
Dy =K’ <§2CI(J012L >’ E[JKLM =K’ < §N1(JO1;LM >’
Gy =K<Gy >, GIJz =K’ <&G i

9 Closed system of equations for aeroelastic deformations of a
multilayer plate

The system of averaged constitutive relations (30)-(32) includes deformations 6‘1(<OL) of the

middle surface , curvatures 7], and gradients of deformations 8,(((2 ~ » Which depend on 3

(0) (0)

functions u, of global variables X, ,

(0) (0) (0) _ (0)
&y = ) (“1 grus ), My = Us gy (33)

Substituting further relations (30), (31) and (33) into (28), (29) we obtain a system of 3
equations for 3 unknown displacements:

O _B O LK

0) _ =-(0) _
CIJKLuK LJ IJKLu3 KLJ TJKLM Z’lK LMJ + G[Jlul J p Z’ll - O 4

(0) (0) ;(0)
B[JKLuK LJI DIJKLM3 [ K[JKLM“K LMJT ,OM +

(0) -(0) (0)

(34)
+(R5), + GIJ3 Vit gy =ty (R = GILK) (Ap + Py + Ly ) 0
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This system has the fourth order of derivatives with respect to the coordinates with respect

to deflection uéo), as in the classical theory of Kirchhoff-Love plates, and the third order of

derivatives with respect to longitudinal displacements u;o), and also contains mixed
derivatives ul((;} of the 4th order. The aeroelastic terms contain derivatives at the lowest
(0)

derivatives - the first order 113(0) and u; ;.

10 Solution of the problem of flexural aeroelastic vibrations of a
composite plate

Let us consider harmonic bending aeroelastic vibrations of a symmetric orthotropic
multilayer plate made of composite material, when there are no longitudinal movements
(0) 0) _, (0
u, =0, u;’ =uy (x,) (35)

Then the system of equations (34) is reduced to one equation of aeroelastic vibrations:

(0) = = 0, = (0) ++(0) —(0) _
Dy uz )y, + AP+ p iy + pis _(R+G113)”3,11 +p”( =0 (36)

Let us consider the case when the pressure on the plate surface changes according to the
harmonic law Ap = Ap’cosat, p, =0. Then the solution of Eq. (36) will be sought in

the following form

u§°> =u(x)cos wrt (37

From (36) we obtain the following equation for calculating the amplitude of transverse
oscillations

2 ) —
Dyt + py +(R+G o, — pou+Ap'=0 (38)

The solution of the differential equation (38) with the hinged boundary conditions was
implemented in a program in the python programming language. The calculations were
carried out for a composite material based on glass fibers and an epoxy matrix with the

_ K
following parameters: : 4 =2-10 ! m, L=1m, p, Zl()()()—g3 - matrix density,
M

Kg , o ,
Py =2000—= - glass fiber density, ¢, =0.6- composite reinforcement coefficient,
’ M

E, =1GPa - matrix elasticity modulus, £, =200, I'71a - fiber elasticity modulus.

The constants D

mE R and p included in the differential equation (34) were calculated

from the values of the elastic moduli CU.H , which, in turn, were calculated using the method

from [16] for the values of the constants of the epoxy matrix and glass fibers using the SMCM
software package implemented in the c++ programming language.

10
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u'?. 104
% 2

- D, =0

4 y
—pI =01
— ﬁl =05

3

2

1

0

0 0,2 0,4 0,6 0,8 X

1

Fig. 1. Dependence of composite plate deflection on the aeroelastic pressure coefficient at zero
frequency.

u?-10°

0 0,2 04 0,6 0,8 X /

Fig. 2. Dependence of composite plate deflection on the aeroelastic pressure coefficient at zero
frequency.

The dependence of the transverse displacements of the composite material on the
aeroelastic pressure coefficient p, was studied. Calculations were carried out in the absence
of aeroelastic oscillations @ = 0, when the effect of the gas flow on the plate is caused only
by aeroelastic quasi-stationary deformation, determined by the coefficient p, (Fig. 1). As
the coefficient p, increases, the maximum plate deflection decreases, which is due to the

appearance of additional plate rigidity caused by aeroelastic interaction with the gas flow.
Figure 2 shows the results of the calculation of plate aeroelastic vibrations under

@ =0.1s at for various values of the coefficient p, . In this case, with an increase in the

coefficient p,, the amplitude of the plate oscillations also decreases due to the appearance
of additional plate rigidity caused by taking into account the resistance of the gas flow.
All values of deflection u (x ) , coordinates and parameters p, and Ap - are

dimensionless.

11 Conclusions

11
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A theory for modeling aeroelastic deformations of a composite thin plate is proposed based
on the asymptotic theory using the piston theory as boundary conditions.

The basic equations of the asymptotic theory are obtained - a system of averaged
equations for aeroelastic vibrations of a plate, and a sequence of local problems. For local
problems, a solution is obtained in an explicit analytical form.

As an example, calculations of vibrational aeroelastic oscillations of a thin plate made of
composite material are carried out and the dependence of oscillations on the pressure of an
external gas flow is studied. It is shown that with an increase in the coefficient of acroelastic
pressure of the gas flow, the additional rigidity of the plate increases, as a result of which the
amplitude of the plate deflection decreases.
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