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Abstract. Let G(p,q) be a connected, undirected, simple and non-trivial
graph with p nodes and q lines. Let f be an injective function f: V(G) —{
s,s+d,s+2d,....s +(q+1)d } and g be an injective function g: E(G) —
{d,2d,3d,... 2(q-1)d}.Then the graph G is said to be (s, d) magic labeling if
fw) + g(uv) + f(v) is a constant, for all u, v € V(G). A graph G is called
(s,d) magic graph if it admits (s,d) magic labeling. In this paper the
existence of (s, d) magic labeling in some ladder graphs are found.

1 Introduction

In graph labeling, a collection of integers are assigned to a set of nodes, lines, or both based
on specific criteria. By applying the "magic" concept to graphs, we want the total number of
labels associated with a vertex's or an edge's edges to remain constant across the graph.
Sedlacek introduced the first magic-type labelling in 1963. He assigned real numbers to the
edges of a graph and required the labelled sum of all edges incident to a vertex be constant.

2 Definitions

Definition 2.1:
A graph G(p, q)is said to be (s,d) magic graph if there exists a function f: V(G) — {

s,s+d,s+2d,..s+(q+1)d } and g:E (G) - {d,2d,3d.....2(q-1)d} which are

injective such that the sum of the labels on the vertices and the labels of its incident edge is
a constant.

Definition 2.2: [5]

Let P, denotes the path on n vertices, then the Cartesian product of B, x P, ,where n> 2,
is called a ladder graph

Definition 2.3:

Two paths of length n — 1 with V(G) = {w;v;: 1 <i < nand

E(G) = {wujyy 1, vivipq 0 1 <i<n—1}U {yv;: 2 <i < n— 1} form an Open ladder .

Definition 2.4:

The slanting ladder is a graph that consists of two copies of Pn with vertex set{u;: 1 <
i<ntu

{v;:1 < i < n} and edge set is generated by linking u; and v, ;,1 < i< n — 1.
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Definition 2.5

The graph TLn n= 2 is formed by adding the edges u;v;,4: 1 <1< n — 1, to the ladder,
where Ln is the graph P2 x Pn.

Definition 2.6:

By adding the edges u;v;, 1 for 1 <i < n—1 ,atriangular ladder is modified in to open
triangular ladder and it is denoted as O(TL,,)

Definition 2.7: [5]

Circular ladder graph is a simple graph obtained by using Cartesian product of cycle graph
C, with n vertices and path graph P, , and is denoted by CL,.(i.e C,, X P, = CL,).This is
isomorphic to the graph obtained by linking the end vertices of the ladder by two new edges
in cyclic form.

Definition 2.8 :

By eliminating the edges u;v; for i=1 and n ,a diagonal ladder graph is modified in to
open diagonal ladder and it is denoted as O(DL,,)

Definition 2.9: [3]

A Mobius ladder graph M,, is a graph obtained from the ladder P, X P, by linking the
opposite end points of the two copies of B,.

3 Main result

Theorem 3.1 An open ladder graph O(L,) is (s, d) magic labeling .
Proof: LetV(O(Ly) = {wv;:1<i<n}and E(O(L,) = (Wtis1, viVi4q 0 1 <i<n—
1}

U {uivi: ZSlST]—l}

Herep =n andq =2n+ (n —4)
By definition f: V(G) = {s,s + d,s + 2d ....s + (q + 1)d} to label the vertices.

fu) =s
fusy) =s +id, 1<i<p-l
f(vl):S+T]d i=1

fwu)=s+@+Dd, 1<i<n-1
We define g: E (G) — {d,2d,3d.....2(q-1)d}
guuiye) = 2(s + (@ = Dd) = (f(wp) + f(w)) 1<i<n-—-1
gi) = 2(s+ (@ = Dd) = fWir) +f(v;)) 1<isn-1
gwvy) =2(s+@-Dd)-Fw)+f(w)) 1<isn
Therefore  f(uw) + g(uittiv1) + f(Wiva), fW) + 9(Wiviys) + f(vige) and f(w) +
gww) + f(v)

are constant, equals to 2(s + (¢ — 1)d). Hence an open ladder O(L,) admits (s, d)magic
labeling.
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Table 1. Labeling of vertices and edges for the graph O(L_n).
Labeling of vertices Labeling of edges
Valueof i | f(uis1) f@is1) guiuiiq) gWvi1) g(wv;)
i=0 s s+nd - - -
, s+id, s+(m+dd | 2(s 2(s -
1<i +(g—Dd) + (g - 1a)
<=n-1 = (f(wisr) - (fir1)
+f(w)) +fw))
i1=n - - - - 2(5
+(q
- 1Dd)
-(fw)
+ )

Theorem 3.2: A triangular ladder T(L,)) is (s, d) magic labeling.

Proof: Let V (T(Ly) )={w;v;; 1S i <7} and E (T(Ly) ) = {Wilipq1 ,ViVigq, 1S LS 1-1}
U{uw; 1Si<niu {yv, ISi<n-1}

By definition f: V(G) = {s,s + d,s + 2d ....s + (q + 1)d} to label the vertices.

Hencep =7 and q = 4n —3

flu) =s
fluw) =s+2id,  2<i<p
f()=s+d

fWi)=s+QRi+1)d 2<i<np
We define g: E (G) — {d,2d,3d.....2(q-1)d}
g ww) =2(s+ (g - Dd) — Fw)+f@))
9 i) = 25+ (@ = Dd) = fFwi) +fW)) 1<isn-1
g (i) = 2(s + (@ = Dd) = (f(ws) + f(w)) 1<i<n-—1
g Wvigr) = 2(s + (= D) = (Fluyr) +f(0)) 1<isn-—1
Therefore, f (1) + g (Uttis1) + f (Uier), £ () + g Wi1) + f Wiad),

fuw) +g W) + f(wig)and f (w) +g (wv) + f (v;) are a constant, equals to
2 (s + (g — 1)d). Hence triangular ladder T(L,,) admits (s, d)magic labeling.

Table 2. Labeling of vertices and edges for the graph T(Ly)

Labeling of vertices Labeling of edges
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Value of | f(uis1) | f(vir1) 9wvy) 9(Wivits) 9(uitiyq) 9(Wivip1)
i
i= S s+d - - - -
1<i - - - 2(s 2(s 2(s
=n-1 +(@-1Dd) | +(@—1Dd) | +(g—1Dd)
- (f(wi) - (f(w) - (f(vi)
+fWis1)) | i) | +f@Wier))
2<i s+ 2id s - - - -
<n-1 + (2
+1)d
1<i ; - 2(s - - }
<n +(q
~1)d)
- (f(w)
+f(wi))

Theorem 3.3: A slanting ladder SL,, is (s, d) magic labeling
Proof: Let V(SLy,) = {viw; 1<i<n} and E(SL,) = {vittjy1 ,(V1Vi41), (UUi41 ) 1S TS
77-1By definition f: V(G) = {s,s + d,s + 2d ....s + (g + 1) d} to label the vertices.
Here |V(SL,)| =nand |[E(SL,)| =30 —1)
fw)=s+d
fug)=s+2d, 2<i<n-1
fWa)=s5s+QRi+1Dd 2<i<n-1

We define g: E (G) — {d, 2d,3d.....2(q-1)d}

9 (W) = 2(s+ (@ —Dd) — (Flwp) + f(w)) 1<i<n-—-1

g W) = 2(s+ (@ - D) - (fw) +f(w)) 1<i<n-—-1

9 uvi) = 2(s+(@-Dd) - fy ) +f(w)) 1<i<n-1

Therefore f(u;) + g (Wi Uppa) + f (Wisa), f(w) + g (W u44) + f (vi441) and

fw) + g w;vip1) + f (v41) are constant, equals to 2 (s + (g — 1)d)
Hence slanting ladder SL,, admits (s, d) magic labeling .

Table 3. Labeling of vertices and edges for the graph S(Ly)

Labeling of vertices Labeling of edges
Valueof i | f(ir1) | f(Wis1) g(uuiy,) IWVii1) 9Wviyq)
i=0 s s+d - - R
1<i - - 2(s 2(s+(@—1Dd) | 2(s
sn-1 +@-Dad) | —(fw) +(@-Dd)
- (f(w) +fit1)) - (fw)
+ f(wis1)) + f(Wis1))
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2<i s+ 2id s - - -
<n-1 + (2i
+ 1)d

Theorem 3.4: An open triangular ladder O(T'L,)) is (s,d) magic labeling n = 2.

Proof: Let V(O(TLy)) = {wv; 1<i<n} and E(O(TL,)) = {wjui1 ,(v;v141)}, 1S i <
n-1}

U{ulvl ZSlST’_l}U{uLUH_l 1SLST’_1}

By definition f: V(G) = {s,s + d,s + 2d ....s(q + 1)d} to label the vertices.

letf (u) =s
fw)=s+d
f (uiyq) = s+ 2id, 2<is<n-1

fe)= s+Qi+1Dd 2<i<n-1
We define g: E (G) - {d,2d,3d.....2(q-1)d}
g (Wtipr) = 2(s + (@ = Dd) = (f (wigr) +f (W) 1<isn-1

g W) = 2(s+ (@ —Dd) = (f W) +(F (v)) 1<isn-1

gw) = 2(s+(q-Dd) - (v)+f W) 2<isn-1
g W) = 2(s+(q—Dd) = (f W) +f (W) 1<isn-1
Therefore

f )+ g wug) + f (wge), F)+g @ivg) +F i+ 1), fw)+g @w) +
f()and f (w) +g (W viy1) + f (v;41) are constant, equals to 2(s + (¢ — 1)d)
Hence O(TL,)) admits (s, d)magic labeling.

Table 4. Labeling of vertices and edges for the graph O(TL,,)

Labeling of vertices Labeling of edges
Value of i | f(uir1) | f(Vis1) 9(wvy) 9Wir) | giuivd) | 9Wiviea)
i=0 S s+d - -- - -
1<i< - - - 2(s 2(s 2(s
n—1 +(q +(@-1d) | +(q
- 1ad) = (f (1) | = Dd)
= Wir) | +f@)) | = Wisr)
+(f Ww)) +f(w))
2<i s+2id | s+ 2(s - - -
<n-1 (2i + (g —1d)
t1d = (f (w)
+f ))

Theorem 3.5: The Mobius ladder M, is (s, d) magic labeling Proof: Let G = M, with
V(Mn) = {vlui_ ) 1 < i < TI} and E(Mn) = {(uiuH_l), (vlle) 1 < i < 77 - 1}
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By definition f: V(G) - {s,s + d,s + 2d ....s + (q + 1)d} to label the vertices.
Case 1: Ifn is odd
Letf(u) =s+2(—1d f(v) =s+ (2i—1)d

Table 5. Subcase

n n=3 n=>5 n=7
f(uy) s+ +2)d s +2nd s+ 2nd
f(”n) s+ (n+5)d s+ (2n+4)d s+ (2n+5)d

Case 2: Ifpiseven Letf (u)=s+2(—-1)d 1<i<p
fW)=s+QRi-Dd; 1<i<n-1
f(vy)=s+@n+3)d
We define g: E (G) — {d, 2d,3d..... 2(q-1)d}
9 @ityr) = 2(s+ (@ = Dd) = (f () +f@)) 1<isn-—1
9w = 25+ (@ =D = Fv) +f ) 1<isn-1
g ) = 2(s + (g = D) — (f (v) + f () 1<i<p
g (wvy) = 2(s+(q - Dd) = (fu) + f (v)))
g (ugvr) = 2(s + (g = D) = (f (v) + f (wy))
Thereforef () + g (wiUier) + f (ied).f W) + g Wi v41) + fWian).f () +

g wv) + f (), fw) + g(ulvn) + f(v,) and f(u,,) +9 (u,’vl) + f (v,) are constant,
equals to 2 (s + (¢ — 1)d) .Hence M,, admits (s, d)magic labeling .

Table 6. Labeling of vertices and edges for the graph M,

Labeling of vertices Labeling of edges
Value of i fw) f ) f () g W) | gwivig) g (wvy)
1<i=k s - - - - 2(s
<7 +2(i +(q
—1)d —1d)
-(fw)
+ /i)
1<i< - s - 2(s 2(s -
-1 + (2i +(q +(q
—1)d - 1d) —1d)
- (f(w) - (f(wi)
+f(Uisg)) |+ fWigq))
L=n - - S - - -
+(2n
+3)d
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i=1 - - - - - 2(s
and +(q
k=n - 1)d)
= (f(uy)
+f ()
i=n - - - - - 2(s+(q -
and 1)d) -
k=1 (f (v) +
f (uy))

s+sa @

¥
‘5* 11d

¥
Satd Ves ga

Fig 1. (S,d)Magic labeling of Mobius ladder Ms
Theorem 3.6: The Circular ladder CL,, is (s, d) magic labeling, when n is odd.

Proof: Let V(CL,)={wv,:1<i<n} and E(CL,)={wws,:1<i<n-1}u
i 1<i<n—-1BuU{uy:1<i<n}u{uu, v {vlv,,}.
By definition f: V(G) — {s,s +d,s + 2d ....s + (q + 1)d} to label the vertices.
fu)=s
fup)=s+id ;1<i<n-1
f ) =s+nd
fi)=s++dd ;1<i<n-1
We define g: E (G) — {d, 2d,3d.....2(q-1)d}
guai) = 2(s + (@ = Dd) = Flu) + fw))  1<isn-1

9w =26+ (@-Dd) - f(vir) + f))  1<isn-—1

g (wuy) = 2(s + (@ = D) = (f(w) + f(uy) )
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g (V1Un) =2(s+(q—-1Dd) - (f(v,) +f(17n) )
g ) = 2(s+(@q@—Dd) — (f(w) + f(v))

Thereforef (u;) + g (W Uis1) + f Wir).f W) + g Wi vip1) + i) f (W) +
g (W) + f(vy),

1<i<np

fu)+g (ulun) +f@yand f(w)+ g (17117n) + f (vy) are constant, equals to

2 (s + (g — 1)d). .Hence CL,, admits (s, d)magic labeling.

Table 7. Labeling of vertices and edges for the graph CL,,

Labeling of vertices Labeling of edges
Valueof i | f(wip1) | f(Wir1) guwugyy) IWwi) g (wvy)
i=0 s s+nd - -
1<i< s+id s+(n+ 2(s 2(s -
n—1 d +@-Dd) |+(q
= (f(wir1) - 1Dd)
+f(w)) - (f(vi1)
+ f(y ))
1<i=k |- - - 2(s+(g—1Dad)
<7 - (fw)+fw))
i=1 - - - 2(s+(q—1Da)
and - (fluy)
k=mn + f(uy))
i=1 - - - 2(s+(q—1Da)
and - (f(vy)
k=mn +f(v))

4 Conclusion

In this research, the (s, d) magic labelling number for some ladder graphs is determined. Our
future work will involve calculating the (s, d) magic labelling number for more families of
graphs.
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