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Abstract. Fundamental understanding and proper modelling of soil behaviour under thermal cycles are 

increasingly important and essential for the analysis and design of many emerging infrastructures, such as 

geothermal structures and embankment-atmosphere interactions under a changing climate. Previous studies 

mainly focus on monotonic thermal loading of thermo-mechanical behaviour of soils. Based on a unified, 

state-dependent theoretical framework in the form of compliance matrix, a new constitutive model is 

developed to simulate the cyclic thermo-mechanical behaviour of saturated and unsaturated soils. This new 

bounding surface model is formulated in terms of Bishop’s stress and suction. Apart from the loading and 

bounding surfaces, a memory surface is incorporated in the model to simulate cyclic thermal behaviour of 

soils. To verify the new model, computed results are compared with measured data from cyclic heating-

cooling tests on saturated and unsaturated soils at various suctions. Based on this new model, two 

engineering applications are analysed including cyclic thermally loaded floating energy pile foundations and 

a deep excavation in the unsaturated ground. Consistent results are obtained between computed and 

measured data.  

1 Introduction 

Soil is a porous medium in which the pores between 

solid grains play an important role in governing its 

mechanical, hydraulic and thermal behaviour [1-3]. The 

pores can be filled with liquid and/or gas either fully or 

partially. Many classical theories of soil mechanics 

developed assuming that the pores are filled up with 

either liquid (i.e., fully saturated) or gas (i.e., completely 

dry), e.g., the Terzaghi’s theory of one-dimensional 

consolidation. However, fully saturated and completely 

dry states are only two limiting conditions of soils [2]. 

In numerous geotechnical engineering applications, the 

degree of saturation in soils lies between 0% and 100%. 

Many key phenomena observed in unsaturated soils 

cannot be explained adequately by the classical theories 

of soil mechanics, leading to the substantial amount of 

research and significant advancements of unsaturated 

soil mechanics over the past few decades (e.g., [2, 4-

27]). 

Since the pioneering work in the 1950s and 1960s to 

develop different laboratory techniques to control 

suction and test unsaturated soils [28-38], the 

contributions of suction to the mechanical and hydraulic 

behaviour of unsaturated soils have been much better 

understood. The constitutive modelling of unsaturated 

soil behaviour has also been greatly improved in the past 

three decades [4-27]. The existing constitutive models 

for unsaturated soils have been discussed in several 

review papers [3, 39-46]. In particular, Ng et al. [3] 

reviewed existing research work in the literature and 
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formulated a unified and state-dependent constitutive 

framework for unsaturated soils. Within this constitutive 

framework, the modelling of state-dependent behaviour 

of unsaturated soils was discussed in a systematic 

approach. It should be pointed out that most of the 

existing models concentrated on isothermal conditions. 

Also previous studies of the thermo-mechanical 

behaviour of soil mainly focus on monotonic thermal 

loading. Under a changing climate, fundamental 

understanding and proper modelling of soil behaviour 

under thermal cycles are urgently needed for analysing 

and designing many emerging infrastructures such as 

geothermal structures and embankment.  

In this lecture, based on the constitutive framework 

of Ng et al. [3], a newly developed state-dependent 

cyclic thermo-hydro-mechanical model is introduced 

for simulating unsaturated soils. This new model is 

verified using advanced laboratory tests, such as cyclic 

heating-cooling tests on saturated and unsaturated soils. 

Based on the theoretical and experimental studies, two 

geotechnical engineering applications (i.e., floating 

energy pile foundations and deep excavation in the 

unsaturated ground) are analysed. Key deformation 

mechanisms are revealed and explained. It should be 

noted that some contents of this lecture are based on and 

extracted directly from Ng et al. [3, 47, 48]. 
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2 A unified and state-dependent 
theoretical framework for modelling the 
behaviour of unsaturated soils 

2.1 Description of state-dependent theoretical 
framework 

In the constitutive modelling of unsaturated soils, one of 

the key issues is the choice of proper constitutive 

variables. Many different constitutive variables have 

been proposed in the literature to model the mechanical 

behaviour of unsaturated soils (e.g., [12, 49, 50]). Gens 

et al. [40] reviewed the different variables adopted in 

existing elastoplastic models. They believed that 

“Different constitutive stresses stand on an equal 

footing and the matter of adopting one or the other must 

be decided using the criteria of convenience.” In the 

unified and state-dependent theoretical framework of 

this current study, net stress and matric suction are used 

for simplicity. Net stress is defined as the difference 

between total stress () and pore air pressure (ua). Matric 

suction is calculated as the difference between pore air 

and pore water pressures (uw), and it is referred to as 

suction for simplicity in the following paragraphs.  

By adopting net stress and suction, the constitutive 

formulations for an unsaturated soil can be expressed in 

a general incremental form as follows: 

[

d𝜀v

d𝜀q

d𝑆r

] = [

𝐼11 𝐼12 𝐼13

𝐼21 𝐼22 𝐼23

𝐼31 𝐼32 𝐼33

] [
d𝑝
d𝑞
d𝑠

] (1) 

where dv is the increment in volumetric strain; dq is 

the increment in deviator strain; dSr is the increment in 

the degree of saturation; dp is the increment in the mean 

net stress; dq is the increment in the deviator stress; ds 

is the increment in suction; and Iij (i = 1, 2 and 3; j = 1, 

2 and 3) are state-dependent variables for a given soil. 

According to equation (1), the variables I11, I21, and I31 

in the compliance matrix describe the behaviour of 

unsaturated soils during compression, including the 

development of volumetric strain, deviator strain and 

degree of saturation. Similarly, I12, I22, and I32 describe 

the hydro-mechanical behaviour during the shearing 

process, while I13, I23 and I33 capture the behaviour of 

soil subjected to drying/wetting. All nine variables can 

be calibrated through suction- and stress-controlled tests 

on unsaturated soils. These variables can be also 

determined by using constitutive formulations for the 

compression, shearing and water retention behaviour of 

unsaturated soils, as discussed later. Equation (1) is still 

valid when soil is saturated, which is considered as a 

special case of unsaturated soil with Sr = 100%. At this 

special condition, the net stress is replaced by the 

Terzaghi’s effective stress and the values of I13, I23, I31, 

I32 and I33 become zero. 

Some unsaturated soil models in the literature are 

based on other constitutive stress variables rather than 

net stress and suction. These models can be also 

converted to equation (1) by matrix transformation. In 

any constitutive model, the relationship between strain 

increment {𝐝𝛆̂}  and stress increment {𝐝𝛔̂∗}  can be 

described using a general formulation: 

{d𝛆̂} = [𝑪 ∗]{d𝝈̂ ∗} (2) 

where [𝐂∗] is the compliance matrix; {𝛔̂∗} and {𝛆̂} are 

the constitutive stress and strain variables, respectively. 

For the discussion here, the strain variables {𝛆̂}  is 

defined as {𝜀𝑣 , 𝜀𝑞 , 𝑆𝑟}  in all models. To obtain the 

relationship between [𝐂∗] and [𝐂] (i.e., the compliance 

matrix defined in equation (1)), {d𝛔̂∗} can be expressed 

as [51] 
{d𝝈̂∗} = [𝑻𝐚]{d𝝈̂} + [𝑻𝐛]{d𝜺̂} (3) 

where {d𝛔̂} is the incremental form of constitutive stress 

variables {dp, d𝑞, d𝑠}  used in equation (1); [𝐓𝒂]  and 

[𝐓𝐛] are two matrixes and their values depend on the 

constitutive stress variables in the constitutive model 

investigated. Substituting equations (1) and (3) into 

equation (2), it is obtained that 

[𝑪] = [𝑰 − 𝑪∗𝑻𝐛]−1[𝑪∗][𝑻𝐚] (4) 

where [𝐈]  is a unit matrix. It should be noted that 

equations (2) and (4) are general equations. They can be 

used to convert any constitutive model to equation (1). 

When different models are used, however, [𝐓𝐚] and [𝐓𝐛] 
take different forms. For example, the model of Wheeler 

et al. [12] uses the following three constitutive stress 

variables: {𝛔̂∗} = {𝑝∗, 𝑞, 𝑠∗}, where the Bishop’s stress 

𝑝∗ and modified suction 𝑠∗ are defined as (𝑝 + 𝑠𝑆r) and 

(𝑛𝑠), respectively. From the incremental form of {𝛔̂∗}, 

it can be readily derived that: 

[𝑻𝐚] = [
1 0 𝑆r

0 1 0
0 0 𝑛

] (5) 

[𝑻𝐛] = [
0 0 𝑠
0 0 0

(1 − 𝑛)𝑠 0 0
] (6) 

Another example is the model of Khalili et al. [52], 

which adopts the following constitutive stress variables: 
{𝛔̂∗} = {𝑝k

∗, 𝑞, 𝑠} . 𝑝k
∗  is the mean effective stress 

proposed by Khalili and Khabbaz [53]: (𝑝 + 𝜒𝑠), where 

𝜒 is defined as follows: 

𝜒 = {

  1    𝑓𝑜𝑟 𝑠 ≤ 𝑠e

(
𝑠

se

)
−0.55

   𝑓𝑜𝑟 𝑠 > 𝑠e

(7) 

where 𝑠𝑒  is the suction value marking the transition 

between saturated and unsaturated states. [𝑻𝒂] and [𝑻𝒃] 
are calculated using the following two equations: 

[𝑻𝒂] = [
1 0 2(𝑠 𝑠𝑒⁄ )−0.55

0 1 0
0 0 1

] (8) 

[𝑻𝒃] = [
0 0 (𝑠 𝑠𝑒⁄ )0.45(𝜕 𝑠𝑒 𝜕𝜀𝑣⁄ )

0 0 0
0 0 0

] (9) 

Lu et al. [54] proposed a new effective stress 

formulation (𝜎 − 𝜎s) based on the concept of suction 

stress 𝜎𝑠  [55]. For constitutive models based on this 

effective stress formulation, [𝐓𝐚]  and [𝐓𝐛]  are 

calculated using the following two equations: 

[𝑻𝐚] = [
1 0 (𝑆r − 𝑆rr) (1 − 𝑆rr)⁄
0 1 0
0 0 1

] (10) 
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[𝑻𝐛] = [
0 0 (𝑆r − 𝑆rr) (1 − 𝑆rr)⁄
0 0 0
0 0 0

] (11) 

where Srr is the residual degree of saturation. The above 

three examples clearly show that all constitutive models 

can be converted to equation (1) by matrix 

transformation. Within this unified framework (i.e., 

equation (1)), the constitutive formulations for 

unsaturated soil behaviour are reviewed by Ng et al. [3]. 

2.2 State-dependent variables in compliance 
matrix 

The formulations of all nine terms in equation (1) are 

briefly discussed below. The details of derivation can be 

found from Ng et al. [3]. 

The variable I11 in equation (1) can be expressed as 

below on the assumption that the compression 

behaviour of an unsaturated soil can be described by a 

straight line in the e-ln p plane [56]:  

𝐼11 =
𝛼p(s)

(1 + 𝑒)𝑝
(12) 

where e is the void ratio; p(s) is the compressibility that 

is a function of suction. Equation (12) clearly reveals 

that the value of I11 is affected by net stress, suction and 

the void ratio. The state-dependent compressibility is 

considered by this equation and hence by equation (1). 

The variable I12 in equation (1) can be derived based 

on the dilatancy formulation. When the state-dependent 

dilatancy of Chiu and Ng [56] is adopted, I12 is 

determined as follows: 

𝐼12 = (𝐼22 − 1 𝐺0⁄ )𝑑1(s) (exp(𝑚𝜓) −
𝜂

𝑀
) (13) 

where G0 is the elastic shear modulus; 𝑑1(s) and 𝑚 are 

material parameters, and the former one is a function of 

suction; 𝜓  is the state parameter [56, 57]; 𝑀  is the 

gradient of critical state line in the plane of net mean 

stress (𝑝′) and deviator stress (𝑞); 𝜂 is the stress ratio 

(𝑞/𝑝′). According to equation (13), the value of I12 is 

affected by suction. Therefore, the state-dependent 

dilatancy of unsaturated soils is considered by this 

equation and hence by equation (1).  

The variable I13 in equation (1) can be derived if the 

equation of Sheng et al. [58] is used to calculate the 

suction-induced volume change of unsaturated soils: 

𝐼13 =
𝜆s

(1 + 𝑒)(𝑝 + 𝑠)
(14) 

where 𝜆s  is the shrinkage index. A key feature of 

equation (14) is that the suction-induced volume 

changes of unsaturated soils are dependent on mean net 

stress. The coupling effects of hydro-mechanical 

behaviour are taken into account. 

The variable I21 in equation (1) is mainly affected by 

the dilatancy during compression. Using the dilatancy 

equation of Chiu and Ng [56], I21can be determined as 

below: 

𝐼21 =
𝐼11 − 𝜅(s) 𝑝⁄

(𝜆(s) − 𝜅(s))𝑑2(s) 𝑀 𝜂⁄
(15) 

where 𝜅(s)  is the swelling index; 𝑑2(s)  is a material 

parameter that is a function of suction. It can be seen that 

the value of I21 is affected by suction. Therefore, the 

state-dependent dilatancy of unsaturated soils is 

considered by equation (15) and hence by equation (1). 

The value of I22 depends on the current deviator 

strain (𝜀q). When it is lower than the elastic threshold 

strain (𝜀qe), shear modulus is constant and it can be 

calculated using the equation of Ng and Yung [59]. 

Hence, 

𝐼22 =
1

𝐶2𝑓(e) (
𝑝
𝑝r

)
2𝑛

(1 +
𝑠
𝑝r

)
2𝑘

(16𝑎)
 

where C, n and k are material parameters; 𝑓(e) is the 

void ratio function relating the dependence of the shear 

wave velocity to the void ratio; 𝑝r is reference pressure. 

When the current deviator strain is above the elastic 

threshold value, the strain dependence of shear modulus 

should be considered. If the formulation of Vardanega 

and Bolton [60] is used to model the strain-dependency 

of shear stiffness, I22 is calculated using the following 

equation:  

𝐼22 =

1 + (
𝜀q − 𝜀qe

𝜀qref − 𝜀qe
)

𝑎

𝐶2𝑓(e) (
𝑝
𝑝r

)
2𝑛

(1 +
𝑠
𝑝r

)
2𝑘

(16𝑏) 

where qref is a characteristic reference strain, defined as 

the deviator strain at which secant shear modulus is 

reduced to 0.5G0;  is a material parameter. 

The variable I23 in equation (1) can be derived:  

𝐼23 =
𝐼13

𝐷s

−
𝛼s

𝐷s(𝑝 + 𝑠)(1 + 𝑒)
(17) 

where Ds is the dilatancy during drying/wetting. 

Equation (17) implies that I23 is a function of I13, s and 

Ds as introduced and discussed previously. Hence, the 

value of I23 can be readily calculated in this alternative 

approach. 

The variables I31, I32 and I33 are all governed by the 

stress-dependent water retention behaviour. The water 

retention model of Zhou and Ng [61] is used to derive 

these three variables. The variable I31 in equation (1) can 

be determined as below: 

𝐼31 =
𝜕𝑆r

𝜕𝑒
(1 + 𝑒)𝐼11 +

𝜕𝑆r

𝜕𝜉𝑚

𝜕𝜉𝑚

𝜕𝑝
(18) 

where ξm is the ratio between the volume of micro-pores 

(VM) to the total volume of pores (VT) which 

characterises the pore size distribution (PSD).  

The variable I32 in equation (1) can be determined 

using the following equation: 

𝐼32 =

𝜕 [1 + (𝑠
𝑒𝑚4

𝑚3
(

𝜉m

𝜉0

)

−𝑚m

)

𝑚2

]

−𝑚1

𝜕𝑒
𝐷q(1 + 𝑒)𝐼22(19)

 

where ξ0 is the initial value of ξm before applying any net 

stress; m1, m2, m3, m4 and mm are model parameters; Dq 

is the dilatancy associated with the plastic mechanism of 

shearing. Equation (19) suggests that the value of I32 is 

affected by several factors, including density effects on 

the SWRC, Dq and I22. A lot of data is available in the 

literature for determining each of them, so I32 can be 

determined based on experimental results readily. 

The variable I33 in equation (1) can be calculated 

using the following equation: 
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𝐼33 =

𝜕 [1 + (𝑠
𝑒𝑚4

𝑚3
(

𝜉m

𝜉0

)

−𝑚m

)

𝑚2

]

−𝑚1

𝜕𝑠
(20)

 

It should be noted that the value of I33 is not constant, 

but dependent on suction and stress. Moreover, the 

influence of stress on I33 is related to change in the 

average void ratio and pore size distribution.  

3 An extended state-dependent 
constitutive model for simulating cyclic 
thermo-hydro-mechanical behaviour of 
unsaturated soils  

3.1 A state-dependent cyclic thermo-hydro-
mechanical model 

Based on the unified framework expressed by equation 

(1), this section presents a cyclic thermal-hydro-

mechanical model for modelling the state-dependent 

behaviour of unsaturated soils considering thermal 

effects. Due to the page limit, only key concepts and 

formulations are presented in this paper. Further details 

can be found from Ng et al. [62] and Zhang [63]. 

The bounding surface plasticity [64] is adopted for 

capturing elasto-plastic behaviour. The incremental 

strain components induced by mechanical loading can 

be readily determined using equations (12) to (20). It 

should also be noted that, despite the fact that these 

equations can be adopted, temperature (T) can affect the 

value of material parameters in those equations. The 

incremental stain components only induced by thermal 

loading (𝑑𝜀𝑣
𝑡ℎ, 𝑑𝜀𝑑

𝑡ℎ, 𝑑𝑆𝑟
𝑡ℎ) can be determined as below: 

{

𝑑𝜀𝑣
𝑡ℎ = 𝑑𝜀𝑣

𝑡ℎ𝑒 + 𝑑𝜀𝑣
𝑡ℎ𝑝

𝑑𝜀𝑑
𝑡ℎ = 𝑑𝜀𝑑

𝑡ℎ𝑒 + 𝑑𝜀𝑑
𝑡ℎ𝑝

𝑑𝑆𝑟
𝑡ℎ = 𝑑𝑆𝑟

𝑡ℎ𝑒 + 𝑑𝑆𝑟
𝑡ℎ𝑝

(21) 

In the above equation, 𝑑𝜀𝑣
𝑡ℎ𝑒  is the incremental 

elastic volumetric strain induced by thermal loading 

related to thermal expansion coefficient (𝜇𝑠), defined as 
𝜇𝑠

1+𝑒
𝑑𝑇 . The incremental elastic deviator strain and 

degree of saturation induced by thermal loading 

(denoted as 𝑑𝜀𝑑
𝑡ℎ𝑒 and 𝑑𝑆𝑟

𝑡ℎ𝑒, respectively) are assumed 

to be zero.  

To capture the thermo-plasticity under cyclic 

thermal loading, the memory surface is introduced in 

addition to loading and bounding surfaces [65] as shown 

in Figure 1. It is assumed to have the same shape as the 

bounding surface, and its size is controlled by the 

memory pressure 𝑝𝑚 , which records the maximum 

stress state of soil. 

In this model, the radial mapping rule is used to 

project the current stress state onto the double surfaces 

and hence define the image stress states as shown in 

Figure 1. This simple radial-mapping rule was 

demonstrated to be effective for many stress paths [64]. 

The projection centre is assumed to be Point 𝑂. Points 

𝐴 (𝑝, 𝑞) , 𝐵 (𝑝
𝑚

, 𝑞
𝑚

) , and 𝐶 (𝑝
𝑏

, 𝑞
𝑏

)  are the current 

stress state on the loading surface, the image stress state 

on the memory surface, and the image stress state on the 

bounding surface, respectively. Based on the Euclidian 

distances between these points, the mapping rule can be 

expressed by the following two ratios, which are related 

to the flow rule and hardening law: 
𝜌

𝜌
𝑏

=
𝑝

𝑝
𝑏

=
𝑞

𝑞
𝑏

(22) 

𝜌
𝑚

𝜌
𝑏

=
𝑝

𝑚

𝑝
𝑏

=
𝑞

𝑚

𝑞
𝑏

(23) 

 

 

Fig. 1. Bounding surface, memory surface, and loading 

surface in the p – q plane. 

Based on the bounding surface plasticity along with the 

above mapping rule, the incremental plastic volumetric 

and deviator strains induced by thermal loading 

(denoted as 𝑑𝜀𝑣
𝑡ℎ𝑝

 and 𝑑𝜀𝑑
𝑡ℎ𝑝

, respectively) can be 

determined as below: 

{

𝑑𝜀𝑣
𝑡ℎ𝑝

= 𝐷𝑞𝑑𝜀𝑑
𝑡ℎ𝑝

𝑑𝜀𝑑
𝑡ℎ𝑝

=
1

𝐾𝑝

(
𝜕𝐹𝑏

𝜕𝑝0

𝜕𝑝0

𝜕𝑇
+

𝜕𝐹𝑏

𝜕𝑟

𝜕𝑟

𝜕𝑇
) 𝑑𝑇

(24) 

where 𝐹𝑏  is the expression of bounding surface (also 

illustrated by Figure 1), which is a function of 

preconsolidation pressure (pc) and material variable (r) 

controlling relative distance between normally 

consolidation line and critical state line. 𝐾𝑝  is plastic 

modulus which involves two ratios defined in the 

mapping rule (see Eq. (22) and (23)) for the soil stress 

state within the bounding surface. 𝜌
𝑏

/ 𝜌  gradually 

reduces to 1 when the soil stress state moves towards the 

bounding surface, and the soil behaviour becomes more 

plastic. Thus, it is used to account for the degradation of 

soil stiffness during monotonic loading. 𝜌
𝑏

/ 𝜌
𝑚

 

indicates soil-history-related cyclic loading. This ratio is 

1 for soil under monotonic loading or the first cycle of 

loading, while it is greater than 1 for the following 

cycles of loading, which decreases the rate of plastic 

strain accumulation as the number of cycles increases. 

3.2 Advanced apparatus for testing 
unsaturated soil 

Figure 2 shows a schematic diagram for the self-

developed apparatus for testing volume change of 

unsaturated soil with suction and temperature control. 

An open-ended and bottle-shaped inner cell is used 

inside a conventional triaxial cell. To measure the 

overall volume change in the specimen, a high-accuracy 

differential pressure transducer is connected to the inner 

cell and to a reference tube to record changes in 

differential pressures between the water pressure change 

inside the inner cell due to a volume change in the 

specimen and the constant water pressure in the 

reference tube [66].  
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To test unsaturated soils, the axis-translation 

technique [30] was employed to control matric suction 

and prevent cavitation. This requires the control of pore-

air pressure and pore-water pressure in a soil specimen. 

The pore-air pressure is applied at the top of the 

specimen through a coarse porous filter. The pore-water 

pressure is applied and measured at the base of the 

specimen through a 5-bar high air-entry ceramic disc. 

The use of the high air entry value ceramic disc allows 

the passage of water but prevents the flow of free air 

from the specimen to the water control and drainage 

system underneath it.  

To control suction and temperature independently in 

unsaturated soils, the double-cell triaxial apparatus was 

modified by adding a temperature control system [67]. 

The temperature control system includes a 

heating/cooling bath connected with a spiral copper tube 

installed between the inner cell and the outer cell. The 

heating/cooling bath mainly consists of a digital 

controller, a thermostat, a heating/cooling unit, a water 

bath, an inbuilt pump and a thermocouple. To monitor 

the temperature, a thermocouple is installed within the 

water of the inner cell to give feedback to the thermostat 

and the advanced digital controller. This will then 

automatically adjust the output of the heating/cooling 

unit according to the target temperature. Furthermore, a 

thermal insulating material is used to wrap the whole 

triaxial apparatus to minimise any heat loss and 

exchange with the surroundings. 

 
 

Fig. 2. Double cell apparatus of total volume change 

measurement with suction and temperature control [67]. 

3.3 Experimental verification 

Figure 3(a) shows the measured response of 

reconstituted loess under cyclic heating and cooling 

[68]. A volumetric strain of about 0·45% is induced by 

the first cycle. With increasing number of cycles, the 

irreversible strain accumulates, but at a decreasing rate. 

After five thermal cycles, the accumulated strain is 

about 0·85%. The computed results are shown in Fig. 

3(b) for comparison. It is clear that measured and 

computed results are matched reasonably well, 

suggesting that the model can capture the cyclic thermal 

behaviour of reconstituted soil.  

 

 

Fig. 3. (a) Measured [68] and (b) computed volumetric strain 

of saturated soil during thermal cycles. 

Figure 4 shows the influence of suction on the 

volumetric strains during heating and cooling, as 

determined from both the computed and measured 

results [67]. During heating, the thermally induced 

volumetric contraction at zero suction is larger than that 

at 100 kPa suction; this is due to suction hardening 

behaviour, which increases the preconsolidation 

pressure at higher suctions (i.e., 100 kPa). The plastic 

modulus increases as the difference between the soil 

state history (reflected by the bounding surface) and the 

current soil state (reflected by the loading surface) 

increases, due to suction hardening. The influence of 

suction hardening on thermally induced volumetric 

strain was also observed by Romero et al. [69], who 

tested Boom clay at two suctions. 

 
Fig. 4. Measured [67] and computed volumetric strains of 

unsaturated soil during heating and cooling. 
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4 Geotechnical applications 

4.1  Energy piles under cyclic heating-cooling 

The advanced constitutive model is adopted in the back 

analysis of a centrifuge test on the freestanding energy 

pile group subjected to asymmetric heating and cooling 

cycles in the lightly overconsolidated clay (OCR=1.7) 

with a g-level of 40g [70]. Figure 5 illustrates the 

experimental model setup. In the centrifuge test, the soil 

model was made of kaolin clay with an average 

undrained shear strength of 15 kPa. The piles were made 

of aluminium cylindrical pipes with a total outer 

diameter, inner diameter and length of 22 mm, 13 mm 

and 500 mm, respectively. According to the scaling law, 

the dimensions of the piles in the prototype are 0.88 m 

in diameter and 20 m in length (L), of which 16.8 m was 

embedded in the soil. The model piles in groups were 

installed with 3D spacing in pre-bored holes at 1g as 

wished-in-place piles. The pile heads were firmly fixed 

to the aluminium cap. The working load was 350 N in 

the model scale (or 560 kN in the prototype) [70], 

corresponding to half of the pile capacity. 

Figure 6 compares the thermally induced displacements 

of energy pile EP1 obtained from numerical simulation 

with those from the centrifuge test. The term ‘thermally 

induced’ means that mechanical load-induced 

displacement has been subtracted. In the figure, the pile 

head settlement (w) is normalised by the pile diameter 

(D). The positive and negative values denote settlement 

and heave, respectively. At the end of the 10th thermal 

cycle, the thermally induced settlement of EP1 exceeds 

the criterion of Ng et al. [71] and Eurocode 7 [72]. It can 

be seen that the ratcheting pattern is observed in both 

experimental results and THM simulations. This 

consistency indicates that the irreversible pile head 

displacement is captured well by the FE model. The 

existing numerical studies used elasticity (e.g., [73, 74] 

etc.) or the MC soil model (e.g., [75, 76] etc.), which 

might lead to the thermally induced settlement being 

underestimated for energy piles constructed in normally 

consolidated or lightly overconsolidated clay [77] if 

thermo-plasticity occurs. However, the thermo-elastic 

constitutive relationships are valuable and reasonable to 

simulate the behaviour of energy geostructures in dense 

sands and heavily overconsolidated soils in both 

symmetric and asymmetric cases. By using appropriate 

parameters in the thermo-elastic soil models, the 

simulation procedures could be simplified. In these 

cases, the results of the irreversible settlement and group 

tilting in the numerical simulation are small and 

consistent with the field tests of energy piles in dense 

sand and stiff clay [78, 79]. 

Figure 7 shows the thermally induced unit shaft 

resistance of the energy pile EP1. The shaft resistance 

caused by mechanical load was subtracted initially. The 

unit shaft resistance is obtained from the shear stress at 

the pile–soil interface along the pile shaft in Abaqus, 

which is defined as positive in an upward direction. In 

the first heating phase, the increase in temperature of 

EP1 leads to negative shaft resistance for locations 

between z = 0 and z = 12·5 m, and a positive shaft 

resistance between z = 12·5 m and z = 16·8 m. The 

energy pile lengthens, and its shallow parts move 

upwards, while the plastic contraction of soil induces 

settlement in the shallow soil layer. It is known that any 

axial deformation will be opposed by shaft restraint at 

the pile–soil interface [80]. Hence, this relative 

movement of pile and soil leads to negative shear stress. 

.

 

 

Fig. 5. Model setup of centrifuge tests of energy pile groups (after Ng et al. [70]). 
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For the floating energy pile in this study, the lower half 

of the energy pile moves downwards because of heating 

expansion, leading to positive shaft resistance. In 

contrast, the response reverses when the pile is cooled, 

as the relative movement in the cooling phase is opposite 

to that in the heating phase. Further, it can be found that 

the shaft resistance decreases with increasing thermal 

cycles. This is because of the loss of confining pressure 

in the surrounding soil, which can be estimated as [81] 
𝜏𝑠 = (𝜎ℎ

′ ± ∆𝜎ℎ
′ ) tan 𝜃 (25) 

where θ is the contact angle at the pile–soil interface. 

The toe resistance of the energy piles is thereby 

mobilised to compensate for the decrease in shaft 

resistance, which eventually leads to the settlement of 

the energy pile. 
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Fig. 6. Comparison between measured [70] and computed 

results of thermally induced pile head settlement。 

 

Fig. 7. Mobilisation of shaft resistance at the pile–soil 

interface of energy pile. 

4.2 A 15-m deep excavation in Tianjin, China 

The suction-dependent small-strain soil stiffness is 

adopted in the analysis of a 15-m deep excavation in the 

downtown area of Tianjin, China. The excavation 

project for the high-rise buildings is approximately 181 

m by 268 m on plane. The northern side was retained by 

29 m-long contiguous piles (each diameter of 0.9 m at 

1.1 m spacing), whereas the other three sides were 

supported by diaphragm walls with a thickness of 1–1.2 

m. In the northern side, an earth berm (19 m in width 

and 11.5 m in height) was cut in front of the pile wall to 

provide extra support during excavation (Figure 8 (a)). 

At the inner boundary of the earth berm, two-row 21 m-

long contiguous piles with row spacing of 3.2 m were 

installed (Figure 8 (b)). 

In the excavation site, there were three different soil 

types (i.e., fill, silt and silty clay) along the depth (Figure 

8 (b)). The top 5.5 m layer was fill material. The soil at 

depths of 9.5–11.5 m and 23.0–24.2 m was classified as 

silt. Soil at other depths was classified as silty clay. In 

order to determine the basic properties of the soils, intact 

soil samples were collected from the field for laboratory 

triaxial and oedometric tests [82]. The parameters used 

in the simulation were determined based on the 

experimental data by the least-squares method using a 

multiple linear regression model.  

The simulation procedures were in accordance with the 

actual construction stages. The initial stress conditions 

of soils in the simulation were generated at 1 g 

(gravitational acceleration) by assuming that the 

coefficient of at-rest earth pressure of soil (K0) is equal 

to 1 – sinφ'. At construction Stage 1, the installation of 

the contiguous piles was modelled with a “wish-in-

place” (WIP) wall for simplicity [83]. Then, the plate 

elements of the contiguous piles were activated. At 

Stage 2, water table inside the excavation was lowered 

down to the depth of −17.2 m. From Stage 3 to Stage 6 

(final stage), the ground was consecutively excavated to 

the depths of −2 m, −3.7 m, −10.45 m and −15.2 m, 

respectively. The suction distribution above the ground 

water table during excavation was assumed to follow the 

hydrostatic line. Excavation was simulated by removing 

nodes and elements in each stage. 

 

Fig. 8. (a) Location of cross-section A-A (plan view) and (b) 

cross-section A-A of the excavation used in the design 

analysis. 
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Figure 9(a) shows the comparison of the measured 

and predicted wall deflection without considering 

suction effects on small-strain soil stiffness. It can be 

seen that a cantilever mode of wall deflection was 

measured and predicted after each excavation stage. 

From construction Stage 3 to the final stage, the 

magnitude of wall deflection increased, especially near 

the ground surface. The measured maximum lateral wall 

deflection was around 0.3% of excavation depth. This 

value is much smaller than Peck’s data (2% of 

excavation depth; Peck [84]), where there were lateral 

supporting systems. It implies that without using the 

lateral supporting systems in the current project, the 

presence of unsaturated earth berm in front of pile wall 

could also reduce the wall deflection significantly. 

The analysis without considering unsaturated soil 

stiffness shows that the predicted results were larger 

than the measured data, especially at Stage 5 and final 

stage. At the end of excavation, wall deflection near 

ground surface was overestimated by 85%. However, 

the prediction used to control construction was 

improved significantly when considering the effects of 

soil suction on soil stiffness in the model (Figure 9(b)). 

The analysis considering soil suction effects predicted 

the wall deflection quite well at Stage 3. The prediction 

error was only 20% at the final stage. The comparison 

between Figure 9(a) and (b) reveals that the wall 

deflection was highly overestimated when soil stiffness 

was determined from saturated soils. It also 

demonstrates the importance of modelling suction-

dependent small-strain soil stiffness in the design 

analysis of deep excavations.  

Figure 10 shows the basement heave during 

excavation. The measured maximum heave was 43 mm, 

which was around 4 m away from the inner pile wall. 

The predicted results clearly show that the basement 

heave was in convex shape, with the maximum value at 

about 3 m away from the pile wall. The heave amount 

became constant, when the distance away from the pile 

wall was more than 20 m. Compared to the analysis 

based on saturated soil stiffness, the analysis 

considering suction-dependent soil stiffness could better 

predict the maximum basement heave. The accuracy of 

prediction was improved by more than 40%, when 

suction effects were considered. This improvement 

demonstrates that the unsaturated soil within the top 2 m 

of the basement could restrict the ground heave due to 

the suction induced increase in small-strain soil 

stiffness. 

After considering the suction effects on maximum shear 

modulus, the trends of wall deflection and basement 

heave remained similar. Besides, the locations of the 

maximum basement heave did not change. This 

observation is consistent with the measured results 

reported by Roy and Robinson [85] and Zhang et al. 

[86], who showed that the locations of peak ground 

movements were not affected by the changes in effective 

stress due to dewatering. Based on the predicted and 

measured results in Figure 9 and Figure 10, it is clear 

that the design analysis with suction-dependent small-

strain soil stiffness properly predicted the field 

performance due to de-watering in deep excavation. 

Hence, the analysis considering unsaturated soil 

stiffness provided a safe and economical design during 

construction. It saved construction time and reduced 

construction costs Ng et al. [87]. 

 

 

 

Fig. 9. Comparison between measured and predicted 

displacement of pile wall: (a) without and (b) with 

considering suction-dependent soil stiffness. 

 

Fig. 10. Comparison between measured and predicted 

basement heave with and without considering suction-

dependent soil stiffness. 
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5 Conclusions 

In this plenary lecture, a unified state-dependent 

theoretical framework in the form compliance matrix 

has been described to simulate the state-dependent 

hydro-mechanical behaviour of unsaturated soil. This 

framework uses mean net stress, deviator stress and 

suction as state-dependent constitutive stress variables. 

The nine state-dependent variables, which have clear 

physical meanings, in the compliance matrix were 

derived. Based on the theoretical framework, a new 

state-dependent cyclic thermo-hydro-mechanical model 

was developed and reported. By using the new 

theoretical model, two geotechnical engineering 

applications were analysed including cyclic thermally 

loaded floating energy pile foundations and a deep 

excavation in unsaturated ground. Consistent results are 

obtained between analysed and measured data. It is 

evident that the newly developed state-dependent model 

is capable to simulate various types of engineering 

problems such as cyclic thermally loaded energy piles 

and deep excavations in both saturated and unsaturated 

soils. Also this state-dependent framework can be 

extended to simulate soil-plant interactions [88]. 
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