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Abstract. Instabilities mostly happen in fully saturated and loose non-cohesive geomaterials like sands or 
silts or tailings, but it is also possible in unsaturated geomaterials. When unsaturated they can experience a 
reduction in effective stress and strain soften during water (and air) undrained loading, attaining a very low 
residual strength. This study focuses on modelling the conditions required to cause instability in unsaturated 
silty tailings, giving particular consideration to the presence of air and the way it alters the ability for volume 
change when it remains trapped inside the tailings. A gold tailings is used to calibrate the UNSW bounding 
surface plasticity model. The effect of air, including the volumetric change caused by air compression, the 
alteration of air pressure, the contribution of suction to the effective stress, and suction hardening, are 
explored. Collapse lines (sometimes referred to as instability lines or flow liquefaction lines which represent 
boundaries between stable and potentially unstable stress states) in the 𝑞𝑞 − 𝑝𝑝′ plane are explored. The 
undrained shear strength ratios and slopes of the collapse lines are compared to those of other tailings and 
sands when unsaturated. 

1 Introduction 
The leftover of mining and mineral extractions, tailings, 
are usually stored in Tailings Storage Facilities (TSFs) in 
a form of a solid-water-air mixture. Under certain loading 
conditions the tailings may reduce in strength 
significantly, and become unstable, causing the TSFs to 
fail. A very large volume of tailings may be released from 
the TSF and flow leading to catastrophic consequences. 
The shear strength of tailings in a TSF may reduce even 
when there is no apparent external disturbing load. Other 
factors, like creep or a rise in a phreatic surface, may be 
the cause. This kind of strength reduction under undrained 
loading is usually referred to as static liquefaction. When 
static liquefaction happens, the tailings may change from 
a solid-like material into a liquid-like material and spread 
for a long distance outside the TSF. 

The stress ratio at the moment instability begins, 𝜂𝜂IL, 
is an important parameter that controls the tailings 
structure collapse and the possible onset of liquefaction. 
Sladen et al. [1] was one of the first to highlight this, and 
found the stress ratio coincides with a collapse line. In 
very similar approaches others link the stress ratio to an 
instability line or flow liquefaction line, e.g. [2]. Each line 
coincides with the moment where the stress ratio reaches 
a peak and then reduces, sometimes significantly and 
rapidly. Considering Drucker’s postulate, the instability 
point is the point where the second order work, 𝑑𝑑2𝑊𝑊 , 
changes from a positive value to zero. For fully saturated 
conditions it is a simple task to quantify 𝑑𝑑2𝑊𝑊 . For 
unsaturated conditions approximations have been made, 
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specifically omitting the work done by the air-water 
interface, e.g. Buscarnera and his colleges [3] for the 
water undrained case and Wang et al. for the closed 
system case [4]. The instability points identified by these 
two approaches are extremely close to being identical.  

Desaturation can enhance the stability of a natural soil 
or tailings, but there is no guarantee of safety from 
desaturation alone. There are many reported liquefactions 
of unsaturated tailings with sand or silt sized particles in 
either static or seismic conditions [5–11]. At a loose state 
a sample will reduce its volume when shearing causing 
the degree of saturation 𝑆𝑆r to increase. The CSL and ICL 
in the 𝑣𝑣 − ln𝑝𝑝′  plane will shift downward as a 
consequence. Another factor which reduces safety is the 
reduction of mean effective stress 𝑝𝑝′  caused by the 
reduction of the effective suction, 𝜒𝜒𝜒𝜒. This happens due to 
the corresponding reduction in shear strength ratio that 
accompanies a reduction of 𝑝𝑝′, including when total stress 
is constant and suction decreases. According to the 
effective stress concept [12,13] :  
 
 𝑝𝑝′ = 𝑝𝑝 + 𝜒𝜒𝜒𝜒 − 𝑢𝑢a (1) 
 
where 𝑝𝑝 is the mean total stress, 𝑠𝑠 is the suction, 𝜒𝜒 is the 
effective stress parameter and 𝑢𝑢a  is excess pore air 
pressure.  

Silty tailings within the shallower portions in several 
TSFs, to depths of five to ten meters, have been observed 
to have an 𝑆𝑆r  ranging from 70% to 100% [14]. Sandy 
tailings tend to dry out more.  
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This research makes further contributions around 
instability, strength and collapse of an unsaturated silty 
tailings, giving particular consideration to the presence of 
air and the way it alters the ability for volume change 
when it remains trapped inside the tailings. The first part 
of the research presents an extension of UNSW’s 
bounding surface plasticity model [15] and uses it to 
simulate a number of triaxial tests results in which static 
liquefaction is investigated. A variety of loading 
conditions, including (i) constant suction and (ii) closed 
system (constant mass) loading, are considered. The 
closed-system loading is particularly relevant to when fast 
deformations occur after the tailings becomes unstable. In 
the second part of the research the model is used to 
explore and simulate how a wider range of initial tailings 
states affect the propensity for instability and static 
liquefaction. A comparison is made between the 
constitutive model results and simulations from other 
reported sand and tailings samples. 

2 Constitutive laws  
The bounding surface plasticity model used in this 
research is that presented by Russell & Khalili [15]. A 
fast-loading event is assumed so that the air inside the 
sample is kept unvented to the atmosphere, i.e., a closed 
system with constant solid, water and air mass. Boyle’s 
law is used to capture the air pressure and volume change 
in the closed system. Henry’s law is ignored because of 
the fast-loading assumption. It has only a negligible 
influence.  

The effective stress concept is used, expressed in Eq.1. 
The 𝑆𝑆r and the variation of 𝜒𝜒 are functions of 𝑠𝑠 and the air 
entry / expulsion suction: 
 

 𝑆𝑆r = �
    1            when  𝑠𝑠 ≤ 𝑠𝑠e
� 𝑠𝑠
𝑠𝑠e
�
−𝛼𝛼

    when 𝑠𝑠 ≥ 𝑠𝑠e
 (2) 

 
and 
 

 𝜒𝜒 = �
   1             for    𝑠𝑠

𝑠𝑠e
≤ 1

� 𝑠𝑠
𝑠𝑠e
�
−𝛺𝛺

    for    𝑠𝑠
𝑠𝑠e
≥ 1

 (3) 

 
where 𝑠𝑠e  is the air entry suction (𝑠𝑠ae = 𝐶𝐶1𝑒𝑒−𝐷𝐷s ) or air 
expulsion suction (𝑠𝑠ex = 𝐶𝐶1𝐶𝐶2𝑒𝑒−𝐷𝐷s), 𝐶𝐶1, 𝐶𝐶2, 𝛼𝛼, 𝐷𝐷s and 𝛺𝛺 
are material constants and 𝑒𝑒 is the void ratio. The value 
used depends on whether the hydraulic state is drying or 
wetting.  

Suction hardening is another important aspect 
influencing stability. The CSL is assumed to be a straight 
line which shifts depending on the suction ratio 𝑆𝑆𝑆𝑆 =
𝑠𝑠/𝑠𝑠ex according to: 
 

 𝑣𝑣 = �𝛤𝛤
(𝑆𝑆𝑆𝑆) − 𝜆𝜆(𝑆𝑆𝑆𝑆) ln(𝑝𝑝′)   when  𝑆𝑆𝑆𝑆 > 1
𝛤𝛤sat − 𝜆𝜆sat ln(𝑝𝑝′)             when  𝑆𝑆𝑆𝑆 ≤ 1 (4) 

 
where 𝛤𝛤 is the intercept of the CSL with 𝑝𝑝′ = 1 kPa and 
𝜆𝜆 is the CSL slope. The saturated 𝛤𝛤 and 𝜆𝜆 are constants 

and are denoted by a subscript sat. The unsaturated 𝛤𝛤 
and 𝜆𝜆 are functions of 𝑆𝑆𝑆𝑆. 

The loading surface, 𝑓𝑓 , on which the current stress 
state 𝛔𝛔′ locates is surrounded by a bounding surface, 𝐹𝐹, 
linked through a mapping rule. Plastic deformation occurs 
when the current stress state lies inside or on the bounding 
surface. The unit normal vector controlling the direction 
of loading at 𝛔𝛔′ is 𝐧𝐧 = [𝑛𝑛p 𝑛𝑛q]T.  

A non-associated flow rule is adopted meaning the 
plastic potential is different from the loading surface. The 
unit normal vector controlling the relative magnitudes of 
plastic strain increments is 𝐦𝐦 = [𝑚𝑚p 𝑚𝑚q]T.  

The hardening modulus ℎ  comprises two additive 
parts, ℎ = ℎb + ℎf. ℎb relates to an image point  𝛔𝛔�′ on the 
bounding surface. ℎf  is an arbitrary modulus and is a 
function of the distance between 𝛔𝛔′ and 𝛔𝛔�′. ℎf = 0 when 
𝛔𝛔′ = 𝛔𝛔�′. The definitions adopted here are: 
 

 

⎩
⎪
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 (5) 

 

where 
•

 represent an incremental form, 𝑘𝑘m = 0.1 +
0.025𝑒𝑒−16𝜓𝜓 is a component of ℎf and may be defined in 
terms of the state parameter 𝜓𝜓 [16] or some other measure 
of the state. 𝛾𝛾(𝑆𝑆𝑆𝑆) relates 𝑝𝑝c

′  on the unsaturated CSL to 
𝑝𝑝c0
′ , where 𝑝𝑝c0

′  is a corresponding parameter on the 
saturated CSL. 𝛾𝛾(𝑆𝑆𝑆𝑆) is defined after [17].  

The volume and pressure of the air and water phases 
are described by combining [18] and Boyle’s law: 
 

 �
𝑣𝑣w

•
= (𝑆𝑆r + 𝜕𝜕𝑆𝑆r

𝜕𝜕𝜕𝜕
)𝑒𝑒

•
+ 𝜕𝜕𝑆𝑆r

𝜕𝜕𝜕𝜕
𝑠𝑠
•
    

(𝑢𝑢a + 𝑢𝑢atm)𝑣𝑣a
•

+ 𝑢𝑢a
•
𝑣𝑣a = 0

 (6) 

 
where 𝑣𝑣w and 𝑣𝑣a are the specific volumes of the water and 
air, respectively, 𝑒𝑒 is the void ratio and 𝑢𝑢atm = 101.325 
kPa is the atmospheric air pressure.  

3 Triaxial tests and model calibration 
The model is now fitted to triaxial test results. The tailings, 
from a gold mine, is a sandy silt with a fines content of 
59% and 𝐷𝐷s = 2.618. It has a specific gravity of 𝐺𝐺s = 2.78, 
and a liquid limit and plastic limit of 18% and 16%, 
respectively [19,20]. Saturated triaxial tests were 
conducted to find the CSL [21]. The unsaturated triaxial 
test results considered here are for both: (i) constant 𝑠𝑠 
shearing and (ii) constant water and air mass (i.e. closed 
system) shearing.  

3.1 Tests conducted 

The constant 𝑠𝑠  tests were conducted using a Bishop-
Wesley triaxial testing system. Cylindrical samples 50 
mm in diameter and 100 mm in height were used, formed 
by compacting three equal layers under a moisture content 
of 13%. The compacted 𝑒𝑒 ranged from 0.719 to 0.771. 
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The samples were then moved in to the triaxial system. 
The pore water pressure, applied at the sample base, and 
cell pressure, were imposed by passing the laboratory’s 
pressurised air through regulators via air-water interface 
cylinders. The pore air pressure, applied at the sample top, 
was imposed by passing the laboratory’s pressurised air 
through a regulator. The axis translation technique [22] 
was then used to impose the target 𝑠𝑠, being ≈ 50 kPa or 
≈ 150 kPa. 

Closed-system tests were conducted using the same 
system. Samples were flushed to attain 𝑆𝑆r  values that 
ranged between 63% and 75%. The 𝑢𝑢a was set to about 
10kPa (above 𝑢𝑢atm). The 𝑢𝑢w was not measured as it was 
negative. Then, the valves connected to the air pressure 
and water pressure lines were closed and shearing 
commenced. 
 

(a) 

(b) 
Fig. 1. Constant suction triaxial tests and simulation. The initial 
conditions are Test 14 (𝑠𝑠 = 50.84 kPa, 𝑝𝑝n0 = 19.26 kPa, 𝑒𝑒0 =
0.74), Test 17 (𝑠𝑠 = 51.82 kPa, 𝑝𝑝n0 = 98.11 kPa, 𝑒𝑒0 = 0.75) 
and Test 18 (𝑠𝑠 = 150.18 kPa,𝑝𝑝n0 = 48.04 kPa, 𝑒𝑒0 = 0.72) 

3.2 Model calibration 

The water retention curve (WRC) was determined 
through filter paper tests and pressure plate tests. The 

parameters are found to be 𝛼𝛼 = 0.65, 𝐶𝐶1 = 12 kPa, 𝐶𝐶2 = 
0.05 [20]. 𝛺𝛺  = 0.55 is adopted for the 𝜒𝜒  relationship, 
meaning 𝜁𝜁 = 0.15. 
 

(a) 

(b) 

 
(c) 
Fig. 2. Closed system shearing tests and model simulation. The 
initial conditions are Test 4 (𝑆𝑆r0 = 0.65, 𝑝𝑝n0 = 45.45 kPa, 
𝑒𝑒0 = 0.89), Test 5 (𝑆𝑆r0 = 0.75, 𝑝𝑝n0 = 15.00 kPa, 𝑒𝑒0 = 0.89) 
and Test 6 (𝑆𝑆r0 = 0.63, 𝑝𝑝n0 = 32.30 kPa, 𝑒𝑒0 = 0.94) 
 

The model is calibrated toward the tailings. The 
saturated CSL in the 𝑣𝑣 − ln(𝑝𝑝′)  plane [21] was fitted 
using 𝜆𝜆sat = 0.036 and Γsat = 1.781. The unsaturated 𝛤𝛤 
and 𝜆𝜆 in Eq. 4 are defined after [23]: 
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 �𝜆𝜆(𝑆𝑆𝑆𝑆) = 𝜆𝜆sat + 4.5 �𝑆𝑆𝑆𝑆0.004+0.015
𝑆𝑆𝑆𝑆 − 1�

Γ(𝑆𝑆𝑆𝑆) = Γsat + (𝜆𝜆 − 𝜆𝜆sat) ln(2000)      
 (7) 

 
The elastic parameter 𝜅𝜅 = 0.009  was found to be 

suitable.  
Fig. 1 shows a selection of the constant suction test 

data and model simulations. Fig. 2 shows a selection of 
the closed system test data and model simulations. The 
performance of the model is better in closed system 
simulations than constant suction simulations. This is 
acceptable here since the main purpose of the model is to 
explore instability under high degrees of saturation when 
closed system conditions prevail.  

4 Exploring the unsaturated instability 
The calibrated model is used to explore instabilities of the 
gold tailings. The influences of total stress path, 𝑆𝑆r0, 𝐾𝐾0 =
𝑞𝑞0
𝑝𝑝0′

 and 𝑝𝑝0′  are considered. The subscript 0 represent the 
initial condition. A comparison is also made between the 
gold tailings in this research and other sand and tailings 
reported in the literature. The markers representing 𝑞𝑞peak 
points in Figs. 3, 4, 5 and 6 also represent 𝑑𝑑2𝑊𝑊 ≈0 points 
– both conditions occur at (almost) exactly the same 
instances. 
 

 
Fig. 3. Simulations of closed system shearing. 𝑒𝑒0 = 0.74, 𝑝𝑝0′ =
50 kPa, 𝑆𝑆r0 = 0.95 and 0.9, total stress path 𝛿𝛿𝛿𝛿/𝛿𝛿𝛿𝛿 ranges 
from -3 to 3, and 𝐾𝐾0 = 0.65. The first number in each 
parentheses represents the 𝑆𝑆r0. The numbers after the first 
comma represent 𝛿𝛿𝛿𝛿/𝛿𝛿𝛿𝛿. Directions of arrows crossing the 
simulations show the change of 𝛿𝛿𝛿𝛿/𝛿𝛿𝛿𝛿 and correspond to the 
→ arrows in the parentheses. Arrows with dashed lines 
illustrate the directions of the total stress paths. In a clockwise 
direction they represent 𝛿𝛿𝛿𝛿

𝛿𝛿𝛿𝛿
= −1.5,−2,−3, 0 and 3. Markers 

represent 𝑞𝑞peak points.  

4.1 Total stress path influence 

In a conventional triaxial compression test the total stress 
path is usually 𝛿𝛿𝛿𝛿

𝛿𝛿𝛿𝛿
= 3. It is quite different to this in a TSF. 

Fig. 3 shows that the total stress path influences the 
effective stress path, and the influences become 
increasingly pronounced as 𝑆𝑆r0 reduces. The total stress 

path therefore influences the absolute value of peak shear 
strength, but not 𝜂𝜂IL significantly.  

4.2 Other influencing factors 

The influences of 𝑆𝑆r0, 𝐾𝐾0 and 𝑝𝑝0′  are also explored. Fig. 4 
shows instability points from simulations. The slope 𝜂𝜂IL 
is mainly affected by 𝑆𝑆r0 for a given 𝜓𝜓0. The total stress 
path, 𝐾𝐾0 and 𝑝𝑝0′  have less influence.  
 

 
Fig. 4 Simulations of closed-system shearing, with markers 
representing 𝑞𝑞peak (𝑑𝑑2𝑊𝑊 ≈0). 𝑆𝑆r0 = 0.85, 0.9, 0.95 and 1.0, 
𝐾𝐾0 = 0.65 and 0.55, 𝛿𝛿𝛿𝛿

𝛿𝛿𝛿𝛿
= 3 and − 1.5 and 𝑝𝑝0′ =25, 50, 75 and 

100 kPa and 𝜓𝜓0 = 0.0598 were used. Numbers in the 
parentheses represent 𝑆𝑆r0 

  
Fig. 5. Modified pore pressure parameter plotted against 
(1 − 𝑣𝑣a/𝑣𝑣) for a series of simulations and closed system 
triaxial tests. The first number in the parentheses represent 𝑆𝑆r0 
and the second number represent 𝑒𝑒0. The simulations are 
plotted in black lines and the tests in grey lines to enhance 
visual clarity.  

4.3 Combined effect of pore fluid pressure 

The change of the combined pore fluid pressure, 
(𝑢𝑢a − 𝜒𝜒𝜒𝜒), relative to the change to the vertical total stress 
𝜎𝜎1, is also explored with results shown in Fig. 5. The ratio 
between these changes is a type of pore pressure 
parameter that is a bit like 𝐵𝐵�  of Skempton. The combined 
pore fluid pressure is analogous to 𝑢𝑢w for a fully saturated 
condition. For an unsaturated condition it captures the 
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combined effect of pore air and water pressures, and 
suction, on 𝑝𝑝′.  

Other research [20] has shown that, under a fast 
loading condition, some geomaterials including this gold 
tailings behave quite differently when 𝑣𝑣a/𝑣𝑣 is larger or 
smaller than a certain value of 0.15. When larger than 0.15 
the geomaterials have behaviours that are similar to when 
saturated and drained – i.e. the solid skeleton is able to 
deform freely with little or no change to the pore 
pressures. When less than 0.15 there is too little air for the 
skeleton to compress or deform freely so a pseudo 
partially drained is more relevant.  

Fig. 5 shows the incremental pore pressure parameter 
plotted against (1 − 𝑣𝑣a/𝑣𝑣) for the closed system triaxial 
tests conducted and a series of simulations. This figure 
can be used to quickly determine the elevate a likely 
amount of combined pore pressure change for a variety of 
𝑆𝑆r0 and 𝑒𝑒0 values.  

Table 1. Summary of data used in fig. 6. 

1 [5] Ottawa sand, microbially desaturated. 
Suction hardening is clearly shown in 

figures, but no fitted equations 
provided. Relative density is used to 

describe the sand state. 

2 Triaxial 
extension, [5] 

3 Ottawa sand, 
[24] 

𝑒𝑒CSL = 0.92 − 0.0159ln(𝑝𝑝′) for 𝑝𝑝′ <
250 kPa; 

𝑒𝑒CSL = 1.68 − 0.153ln(𝑝𝑝′) for 𝑝𝑝′ <
250 kPa according to [7]. No suction 

hardening information recorded 

4 OZM 50 
tailings, [6] 

No suction hardening information 
recorded, 𝑒𝑒CSL = 0.908 −

0.0225ln(𝑝𝑝′) 

5 Skarpa sand, 
[6] 

No suction hardening information 
recorded, 𝑒𝑒CSL = 0.746 −

0.0635log10(𝑝𝑝′) 

6 
Sample name 

unknown, 
[25] 

Constant water content shear, no CSL 
information 

7 
Sand sample 
in Nanjing, 
China, [26] Desaturated with biogas bubbles, no 

CSL information 
8 

Triaxial 
extension, 

[26] 
9 This research Initially unsaturated 

 

 
Fig. 6. 𝑠𝑠u/𝑝𝑝0′  plotted against 𝑆𝑆r0 for a variety of geomaterials. 

4.4 Comparison with other materials 

The undrained peak strength ratio, 𝑠𝑠u/𝑝𝑝0′ , is often used for 
fully saturated conditions to characterise the strength, 
where 𝑠𝑠u = 𝑞𝑞peak/2 . Here the concept is extended to 
unsaturated conditions. Although the closed system 
condition is different from a saturated undrained 
condition, they have similar peak shear strengths. The 
same notation, 𝑠𝑠u = 𝑞𝑞peak/2, is used. 

Fig. 6 show 𝑠𝑠u/𝑝𝑝0′  values plotted against 𝑆𝑆r0  for a 
variety of geomaterials. Table 1 lists the data origins. A 
negative value of 𝑠𝑠u represent triaxial extension tests.  

5 Conclusion 
The instability and strength of unsaturated tailings under 
a closed system loading condition are explored. The 
deformation towards failure under static loading is 
assumed to happen fast enough so the pore air does not 
have time to escape, given the tailings’ low permeability. 
A bounding surface plasticity model is used to simulate 
the tailings’ behaviour under the closed system condition. 
The effect of suction, both suction hardening and its 
contribution to the effective stress, is included in the 
model. Constant suction and closed system triaxial tests 
were used to calibrate the model. The calibrated model 
was then used to explore a variety of influencing factors, 
including the total stress path, initial degree of saturation, 
initial anisotropic consolidation and initial mean effective 
stress. The slope of the instability line, 𝜂𝜂IL, was found to 
be mostly influenced by the degree of saturation for a 
given initial state parameter. Also, a combined pore fluid 
pressure parameter, when plotted against (1 − 𝑣𝑣a/𝑣𝑣) , 
depends on the initial degree of saturation and initial void 
ratio. Finally, the relationship between a peak shear 
strength ratio and initial degree of saturation, for this gold 
tailings and other sands and tailings reported in published 
papers, is similar.  
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