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Abstract. The problem of assessing the reliability and analyzing the functioning of an autonomous wind-
diesel complex, consisting of a wind power plant, working and standby diesel generators, an inverter and a
storage battery, is considered. First, a semi-Markov model of an autonomous wind-diesel complex is built,
which makes it possible to calculate the stationary and temporal reliability characteristics. Then, on its
basis, a hidden Markov model is developed, which is used to solve the problems of predicting and
evaluating its characteristics, taking into account the given parameters and the signal vector. The results of
the study are obtained in a general form and are invariant with respect to the laws of distribution of
random variables describing the elements of an autonomous wind-diesel complex. They allow you to
simulate the functioning of the system under various distribution laws, based on statistical data, without

modifying the model itself.

Introduction

Currently, renewable energy sources are being
introduced into power supply system’s everywhere.
The combined use of wind turbines and diesel
generators contributes not only to economic benefits,
but also to the reduction of emissions of fuel
processing products. [10, 2] However, the efficiency of
wind turbines depends on many factors, in particular,
on the wind load, which is stochastic. In this regard,
the problem arises of constructing adequate
mathematical models that take into account the
stochastic nature of work and the natural resources
used (for example, wind) and the presence of a diesel
generator (backup energy source).

The article [3] considers an approximate model of a
wind-diesel complex in Matlab\Simulink. Articles [4,
5] present the results of simulation studies. In [6, 7],
the assessment of the operating modes of the power
supply complex with a wind-diesel power plant is
studied. In [1, 2], Markov models are used to analyze
the functioning of a wind-diesel complex. It should be
noted that most of the results obtained by other authors
consider cases where the random variables describing
the system have an exponential distribution (Markov
model). The semi-Markov model proposed in this
article allows the use of distributions of an arbitrary
form. It also allows you to find the time characteristics
of the reliability and efficiency of the system, in
contrast to the Markov model.

Secondly, for territorially remote systems (or
systems controlled remotely), the operator is not
always able to completely obtain the information
contained in the encoding of the states of the semi-
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Markov model when changing their states, but it is
always possible to obtain some signal (information)
associated with the states of the nested chain Markov,
which can be considered unobservable (hidden). In
such cases, the use of the theory of hidden Markov
models makes it possible to solve the problems of
finding and estimating characteristics based on the
observed signal vector. The purpose of our work is to
apply the theory of semi-Markov processes with a
common phase space of states and the theory of hidden
Markov models for the analysis of reliability and
efficiency of an autonomous wind-diesel complex
(WDC).

This article discusses the problem of assessing the
reliability and analysis of the functioning of an
autonomous WDC, consisting of a wind power plant,
working and standby diesel generators, an inverter and
a storage battery.

In this paper, first, a semi-Markov model [8-12] of
an autonomous WDC is constructed, which makes it
possible to calculate the stationary and temporal
characteristics of reliability. Then, following the
methodology proposed by the authors [18], a hidden
Markov model [15—17] is developed on its basis, which
is used to solve forecasting problems and evaluate its
characteristics, taking into account the given
parameters.

1 Semi-Markov model of an

autonomous WDC

Consider system S, which is an autonomous wind-
diesel complex. We will consider the inverter and the
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battery to be absolutely reliable in the sense that the
probability of their failure is much less than the
probability of failure of other elements. Therefore, we
will not take them into account when constructing a
semi-Markov model. Then the system S can be
represented as a three-clement system with a time
reserve: element 1 is a wind turbine, element 2 is a
diesel generator (DG), element 3 is a reserve diesel
generator (RDG) (time reserve). The failure of element
1 should be understood as any event that leads to
disruption of normal functioning (for example, lack of
wind, failure of one of the components, etc.). The
system functions as follows: if element 1 (2) fails, then
element 2 (1) is switched off, element 3 is switched on,
and the system operates due to the reserve of time
(element 3). As soon as element 1 (2) is restored,
element 3 is switched off (in this case, we assume that
by the next time its characteristics are fully restored),
and element 2 (1) starts working with the previous
level of operating time. System failure occurs when
element 1 (2) is on recovery, element 2 (1) is disabled,
and the reserve time ends (failure of element 3). The
reserve of time ends if either the fuel of the backup
generator runs out (time of operation due to the reserve
of fuel), or it fails.

Let's assume that the uptime of elements 1 and 2
are described by random variables (RV) a; and a5,
respectively, having distribution functions F;(x) =
P(a; <x), F,(x) = P(a; < x) and density
distributions f; (x), f,(x), and the recovery time - by
random variables (3; and f,, having distribution
functions G, (x) = P(B; < x), G,(x) = P(B, < x) and
distribution density g,(x), g,(x). A random instantly
replenished reserve of time is considered, which is
described by RV t having the distribution function
R(x) =P(t<x) and distribution density r(x).
Random variables a4, oy, By, B2, T are assumed to be
independent and have finite mathematical expectations.
It should be noted that SV t is the minimum of the
operating time due to the fuel reserve of the standby
generator and its uptime.

On fig. 1 is shown a block diagram of the system
under consideration.

Consider the discrete-continuous phase space of
states of the system under consideration:

E = {1112x,, 2112x;, 10215, 2201x,, 3020x, x5, 3200x,x,} (1).

Phase states are designated according to the
following scheme: the first digit of the code indicates
the number of the element in which the state change
occurred; the rest of the numbers - what happens to
each element (1 — work, 2 — disabled, 0 — recovery).
The continuous components show the time remaining
until the next state change.

Wind
turbine
] DG
element 2
element 1
RDG
element 3

Fig. 1. Structural diagram of the considered system

Let's decipher the values of the status codes:

e 1112x, (2112x,) — element 1(2) has been restored,
element 2(1) is enabled, element 3 is disabled, x, (x;)
— time until the end of element 2(1) operation.

®1021x, (2201x;) — element 1(2) fails and starts
recovery, element 2(1) turns off, element 3 turns on,
X5 (x1) time until element 2(1) ends.

® 3020x;,%, (3200x,x,) — system failure: x; (x;) —
time until the end of element 1(2) restoration, x, (x;) —
time until the end of element 2(1) operation.

Let's write down the probabilities of transitions
between the states of the system:

2201
P1112xi1 = fi(x; + x1), %, > 0;

1021y, _ .
Piiize, = [ilxz —¥2),0 <yy <y

1021x
Pz11le2 = f,(x1 + x3),x, > 0;

2201y
Pznle1 = f2(x1 = ¥1),0 < y; < xq;

P11012112xx22 = j 9:(OR()dt = P(t > By);
0

13130()221(;clex2 = f T(t)g,(x, + t)dt;
0
P22210112xxll = f 92(OR()dt = P(T > B,);
0

3200 *
132201;»cxllx2 = fo r(t) g, (x; + t)dt;

1112x, 2112%; __
P3020x1x2 - P3200x1x2 - (2)

Let's write down the system of equations for
finding the stationary distribution of the embedded
Markov chain.
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p(1112x,) = p(1021x,) jmgl(t)ﬁ(t)dt +
0
+J-mp(3020x1x2)dx1,
0
p(2112x,) = p(2201x,) fwgz(t)ﬁ(t)dt +
0
+jmp(3200x1x2)dx2,
0
p(1021x,) = J:Ofl(J’z —x) p(1112y,)dy, +
2
+ jwfz(xz + x,)p(2112x,)dx, ,
0
p2201x) = | ThOn - 1) p(2112y)dy, +
1
+ foofl(xl + x)p(1112x;)dx;,
0
p(3020x,x,) = p(1021x,) foor(t)gl(xl + t)dt,
0
p(3200x,x;) = p(2201x,) fwr(t)gz(xz + t)dt,
0

f p(e)de = 1 ( normalization condition). (3)
E

Let ‘s substitute equation 5 into equation 1 of
system (3). We'll get

p(1112x,) = p(1021x2)fmg1(t)§(t)dt +
0
+p(1021x2)f dxlf r(t)g,(x; + t)dt =
o 0
= p(1021x) | [ gu(ORde
0

+f dxlf r(t)g,(x, + )dt| =
0 0 |

= p(1021x,) f g1 OR@dt
4]

+J. r(t)dtf g1(xy + )dx; | =
0 0 ]

= p(1021x,) U;J g1(OR()dt + fo
= p(1021x5).

r(t)G_l(t)dt] =

Similarly, substituting equation 6 into equation 2 of
system (3), we obtain:

p(2112x,) = p(2201x,).

Consequently, system (3) is reduced to the form:

(.0(1021352) = f,:: fi(y2 = x2) p(1021y,)dy, +
+ fooo f2(x, + x)p(2201x, )dxy, @
p(2201xy) = [ (1 — ) p(2201y1)dy, +
+ fooo f1(x1 + x,)p(1021x,)dx, .

The solution to system (4) was found in [12] and
has the form:

p(1112x;) = p(1021x;) = poF,(x,),
p(2112x,) = p(2201x,) = poFi(xy),

p(3020x,%,) = poF3 (%) f r(0)91 G + D),
0

p(3200x,x;) = poFy(x1) Jy T (1) g2 (xz + t)dt, (5)

the constant p, is found from the normalization
condition.
Stay times in system states:

O1112x, = A1 A X3, 02112x, = A2 N Xy,

01021x, = B1 AT, 022015, = B2 AT,

93020x1x2 = X1 93200x1x2 = X2, (6)

where A is the sign of the minimum.

Then the average residence times in the states are
equal to:

E61112x, = foxz Fi()dt, E6y115x, = f;l F,(t)dt,

E6,021x, =j G (DR ()dt,
0

EB201x, = fooo Gy (DR(t)dt,. (7

EO3020x,%, = X1 E03500x,x, = X2

We divide the state space E into two non-
overlapping subsets: healthy (E,) and failure states

(E_):
E, = {1112x,, 2112x,, 1021x,, 2201x,},
E_ = {3020)61362, 3200X1X2}

Let's find the stationary characteristics of the
system reliability.

Using transition probabilities (2), stationary
distribution (5), average residence times in states (7),
we obtain:

Rz, [ T OR®E +
0

m(x)p(dx) = po f

Ey 0

too [ Rt [ GOR@t +
0 0

X

oo 2
+p0 f 7y ()dxs f F(Odt +
0 0

X

OO_ 1_
+p0 f P (xy)d f F(0dt =
0 0

= poEa,E(By AT) + poEa, E(By AT) +

+poEaEa,.

f P(x,E_)p(dx) =
E

+

= po j dx, f 7y ()dx f r(0)g1Cry + Odt +
0 0 0
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00 j ax, [ R [ g, +odt =
0 0 0

[e3) 3}

= poBa, [ TOG©de + pofa [ TG Ode =
0 0
= poEa,P(B; > 1) + poEa; P(B, > 7).

m(x)p(dx) =

E_

[oe]

= po f xidx, f 7y (x2)dxcs f r(£)g1Cxy + Odt +
0 0

0

+p0 j xpdx; f Fi () dx, f r(£)g5Cer + D)t =
0 0 0

[oe] [oe]

= poEazf xldxlf r(t)g,(x; + t)dt +
0 0

+PoEa1f

xzdxzf r(t)g,(x, + t)dt.
0 0

Using the results obtained in [18, p. 61],

m(x)p(dx) = poEaz[EB; — E(By AT)] +

E_

+poEay[EB, — E(B, AT)].

m(x)p(dx) + [ m(x)p(dx) =

E_ Ey

f m()p(dx) =
E

= poEay[Efy — E(By AT)] +
+poEay[EB; — E(B2 AT)] + poEazE(By AT) +
+poEa E(By AT) + poEay Eary =
= po[EalEaz + EazEﬁl + EalEﬁz].

Where indicated above:
m(x) — average residence times in states, P(x,E_) —
probabilities of transition from operable to failure
states, E(B A1) — mathematical expectation of the

minimum of two RVs, P(8 > 1) — mathematical
expectation of that RV f is greater than RV 7,

[oe]

P(g > 1) =f r(OGB)dt |

0

E(BAT) = wa_(t)R(t)dt )

0

Using the formulas presented in [12, 13] and the
expressions found above, we obtain:

e mean stationary uptime T, :
L m@en)
= =
J,, PG, E)p(d)

_EqE(B AT+ EaE(B; AT) + EayEa,
B Ea,P(B; > 1) + Ea;P(B, > 1) ’

e average stationary recovery time T_ :
. Jp_mC)p(dx)
Jg, PCx, E_)p(dx)

_Ea]ER —EB AT+ Eay[E, — E(B, AT)]
- Ea,P(B; > 1) + Ea;P(B, > 1) ’

o stationary availability factor F :
o S mGp(@)

Y mop(an)

_EqEBANT) + EaiE(B, AT) + EayEa,
B Ea,Ea, + EayEB, + Ea,Ef,

In the case of a non-random slack, i.e. when
R(x) = 1(x — h) where h is the value of the time
reserve, stationary characteristics of reliability will take
the form:

e mean stationary uptime T, :

Ea, [)' Gi(t)dt + Eay [} G,()dt + Ea,Ea,
T Ea,G;(h) + Ea;,G,(h) ’

(8)
e average stationary recovery time T_ :

_Ea J, Gi(t)dt + Ea, [, G, (D)dt
Ea,Gi(h) + Ea,G,(h) '

e stationary availability factor F:

_Ea, [, Gi(t)dt + Ea, [, Gy(t)dt + EayFa,
@ EaEay + EqyEB;, + Eq,EfB,

(10)

As an illustrative example of the use of formulas
(8)-(9), consider the system S, for which, before the
start of its operation, it is assumed that the RVs
a4, 0y, B4, B2 have an Erlang distribution of order IV
and Eoy = 150 h, Ea, = 100 h, EB; = 24 h, EB, =
20 h, and the time reserve h varies from 10 to 20 hours.

The results obtained are shown in fig. 2.

1860

141 P

Mean Stationary Uptime
"\\.

Time reserve, h

a)
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18 OO_ [oe] [oe]

136k =po | Fa(x)dxy | xidxy | 1(0)gi(xy +0)dt =

PEe ."\ 0 0 0

. o
[5) 128 o _—
£ s M = POEQ’ZJ- r(t)G,(t)dt = poEa P(By > 7).
= . T 0
a‘ 9 -.kx 0 o0
% ] ™ L f f p(3200x,x,)dx; dx, =
Q - o Jo
é 108 s ey o) o0 oo
s ' —po [ RGdn [ xdx, [ @, + 0de =
S STIET 13 14 15 16 17 18 1% 20 0 0 0

Tim roserve, = poFar | (OG0t = poBarP(; > ).
0

. Consequently, the discrete phase space of enlarged
T . - states of the system under consideration has the form:
) - ~
5 as1 f,f’d E ={1112, 2112, 1021, 2201, 3020, 3200}.
2 0504 ; -
% a9 /_,«’ Using the formulas presented in [12, p. 36],
< D554 o
B amm v
R . JgpPEE) [ p(deym(e)

nE% A = y My = ——F— <
g o Pi p(Er) KT @D
& ; 151 s 2 A
= : we find the probabilities of transitions pj, between the
] Time reserve, h

©)
Fig. 2. Graphs of stationary reliability characteristics for
different values of the reserve time h: a) mean uptime, b)
mean recovery time, c) stationary availability factor.

2 Finding the transition probabilities of
the enlarged semi-Markov model

To construct a hidden Markov model (HMM), we
enlarge the stationary distributions (5) in terms of
continuous components, i.e. we apply the algorithm of
stationary phase enlargement to each state. Note that
the phase space of semi-Markov states is obtained by
adding to the codes of physical states a set of
continuous components that fix the residual times of
the action of factors that change the state of the system.
[13] It is desirable to enlarge these continuous
components, leaving only a discrete set of physical
states.
We'll get
[oe]

fp(1112x2)dx2=f p(1021x,)dx,
0 0

= Pof F—z(xz)dxz = poEas,
0

f p(2112x;)dx; =f p(2201x,)dx;
0 0
= Pof Fi(x))dx; = poEay,
0

f fp(3020x1x2)dx1dx2=
0o Jo

enlarged states and the average sojourn times my in
them.
Let's calculate the denominators of formulas (11).

p(E1112) = p(E1021) = poEa,
p(Ez2112) = p(Ez201) = poEas,
p(E3020) = poEayP(By > 1),
p(Es200) = poEa; P(B, > 7).

Average sojourn times my equals:

Jy B (e)dx, [ Fy(Ddt

My112 = Ea )
2

_ Iy FiGedx, Jy Fp(t)dt

Ma112 = Ea, )

Jy Fa(x)dx; [ G(OR()dt
Ea, B

E(Bi A7),

Mip21 =

Ma201 = E(B2 AT),

_ _EB —EBi A7)
Mo =G>
PN _EB, —E(B;AT)

ST >

Let's find the transition probabilities p], :

Iy Fa(ea)dx, fy” fi e, — )dt _

10t = 2
Eaz - E(al Aaz)
B Ea, ’

2201 _ E(al A aZ) 21021 _ E(Uf1 A az)

P1112 Ea, , 2112 Ea,
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52201 _ Ea, — E(a; Aay)
2112 Ea, )

Piozr = P(t>p1),  Piozi = Pt < B,
3201 = P(x > Ba),
p3206 = 1.

pis0r = P(T<B,),  Psozg =1,

Then the matrix of transition probabilities I3l.j

between the enlarged states of the system is equal to:

o o Ea,-E(qrna,)  E(aray) 0 o
Ma, Ea,
o o E(oqyne) Ea,—E(oy net,) 0 o
B _ Eq, Eq,
" P(r>R) 0 0 0 P(r<f) 0
0 P(z>4) 0 0 0 Pe<p)
1 0 0 0 0 0
0 1 0 0 0 0

3 Hidden Markov model of the system
under consideration

For a complete description of the HMM [16, 17], it is
necessary to determine:

1. The set of model states corresponds to the set of
states of the enlarged model E.

2. Observable sequence alphabet (set of signals).
Let's assume that during the functioning of the
system S, the states of the EMC of the enlarged model
are not observed (hidden states), but only the number
of operable elements is observed during the change of
states of the HMM. We introduce the following set of

signals:
J=1{0,1,2},
where
« 0 - system failure;
el - eclements 1 and 2 of the system are
functioning;

¢ 2 - the system is operational due to the backup

diesel generator.

Many signals can be selected in different ways. The
set of signals J is chosen in this form, because
"Accurate" information about the number of operable
main and redundant elements can be obtained for
almost any system.

3. The matrix of transition probabilities between
system states.

For our model, the transition probability matrix
consists of the transition probabilities 131.1 of the
enlarged semi-Markov model.

4. Connection of model states with signals.

Consider the relationship between the states of the
embedded Markov chain (EMC) of the enlarged model
and signals, i.e. define the connection function R(s|x)
[16, 18]:

R(s|x) = P(S,, =s|X, =x),x€E,s€],
R(s|x) =1,

SEJ

where S, is the n-th signal.

We assume that signals 0 and 2 are emitted
correctly with a probability of 0.99 and erroneously
with a probability of 0.01.

The function R(s|x) of the connection between the
NCM states of the integrated digital model and the
signals is presented in Table 1.

Table 1. The connection function between the merged model
EMC states and the signals.

Signal, s

Condition, X s=0 s=1 §=
1112 0 1 0
2112 0 1 0
1021 0.01 0 0.99
2201 0.01 0 0.99
3020 0.99 0 0.01
3200 0.99 0 0.01

5. The initial probability distribution of the model.

We will assume that at the initial moment of time
the enlarged model can be equally likely to be in the
state 1112 or 2112.

The HMM is built on the basis of the enlarged semi-
Markov model.

4 Evaluation of characteristics and
prediction of states

As an illustrative example, consider a system S, for
which, before starting its operation, it is assumed that
the CVs ay,a,, 1, B> have an Erlang distribution of
order IVand Ea; = 150 h, Ea, = 100 h, Ef; = 24 h,
EB, = 20 h, ET = 15 h. It is assumed that at the initial
time the system is in states 1112 and 2112 with
probabilities of 0.5.

Suppose that as a result of the operation of the
system S, the following vector of signals is received:

§30 = (1’25192,1323192503192’1>231927071325192,0313
2,1,2,1,2,1,2,1), n=30.

Consider the problem of estimating the
characteristics of a hidden Markov model, taking into
account the introduced parameters, following [18, 19].

1. Let's determine the probabilities of states of the
hidden model at the moment of emission of the 30th
signal (the last signal in the chain).

Because the 30th signal is equal to 1 (elements 1
and 2 of the system are functioning), then the task is to
determine the probability of finding the enlarged
system in states leading to the emission of the specified
signal. As a result, we get that at the 30th step the
enlarged model with a probability of 0.3553 was in
state 1112, with a probability of 0.6447 in state 2112.
For other states, this probability is equal to zero.
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Fig. 4. The trellis of maximized transition probabilities for considered chain of signals

2. Let's find the probabilities with which the hidden
model will make the transition to the states at the next
31st step.

The probabilities of the transition of the hidden
model at the 31st step: to state 1021 with a probability
of 0.419, to state 2201 — 0.581, to all others — with
Zero.

3. Let's determine the probabilities of the appearance
of signals at the next 31st step.

We get that the probability of the appearance of
signal 2 at the 31st step is 0.99, signal 0 — 0.01, signal
1 -0.

4. Let's find the probability of occurrence (emission)
of the received signal vector S3,.

The probability of occurrence of the received signal
vector Sz, is equal to 0.00000243.

5. Forecasting the states of the hidden model based
on the received signal vector.

Table 2 shows the most probable states of the
hidden model at the transitions indicated in it and the
probabilities of these states.

Table 2. Most probable states of the hidden model on

transitions.

Transition 1 7 11 17 21 26 29
number
Mostlikelyl 1115 | 2112 | 2201 | 2112 | 3200 | 2112 | 2201
state

State

probabi- (0.5233 | 0.6737 | 0.652 | 0.519 | 0.5136 | 0.6132 | 0.6447
lity

Applying the Baum-Welsh algorithm [15, 16], we
obtain an overestimated matrix of transition
probabilities for the system under consideration. The
original transition probability matrix and the transition
probability matrix after reassessment are presented in
Fig. 3.

Applying the Viterbi algorithm [15, 16] to the
overestimated model, we determine the most probable
chain of states for the received signal vector: 2201,
3200, 2112, 2201, 2112, 1021, 3020, 1112, 2201, 2112,
1021, 2112, 2201, 2112, 1021, 2112.

The trellis diagram for the first 12 received signals
is shown on fig. 4. For simplicity, the following
recoding of model states is used: 11121, 21122,
10213, 22014, 3020<5, 3200<6. The most
probable states (according to the Viterbi algorithm for
the overestimated model) for the vector of received
signals are marked with a thick line. Thin lines connect
other possible states that the system could achieve
without information about the signal vector.

0 0 0.1454 0.8546 0 0
0 0 0.5697 0.4303 0 0
0.2606 0 0 0 0.7394 0
0 0.3469 0 0 0 0.6531
1 0 0 0 0 0
0 1 0 0 0 0
a)
0 0 0.1283 0.8717 0 0
0 0 0.5369 0.4631 0 0
0.7075 0 0 0 0.2925 0
0 0.8066 0 0 0 0.1934
1 0 0 0 0 0
0 1 0 0 0 0
b)

Fig. 3. Transition probability matrices:
a) original transition probability matrix P/,

b) overestimated transition probability matrix E I,

Discussions

The results of this article open up great opportunities
for evaluating the functioning of autonomous wind-
diesel complexes. The article shows how to apply the
apparatus of the theory of hidden Markov models (used
for systems with a finite set of states) to semi-Markov
models that have a common phase space of states,
which expands the possibilities of applying the HMM
theory.

The article provides only illustrative examples
showing the expansion of the possibilities of modeling
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