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Abstract: Developing number sequence based on polygonal numbers is an 
enthusiastic field in number theory. As tetrahedral numbers are similar to 
pyramids, one of the Seven wonders of the World, yields a unique 
copiousness in its suitability. In number theory study of pyramidal 
numbers vary in richness and variety. Also the study of continued fractions 
is a fastly developing field.  
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Notations 
       1.    𝑝𝑝0, 𝑝𝑝1, 𝑝𝑝2, 𝑝𝑝3, … . , 𝑝𝑝𝑛𝑛   –   continued  fraction expansion 
       2.   𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟    −  pyramidal  number of order ′𝑛𝑛′ and rank ′𝑟𝑟′ 
       3.    𝑃𝑃𝑁𝑁 3, 𝑟𝑟    −  triangular  pyramidal  number 

4.    𝑃𝑃𝑁𝑁 4, 𝑟𝑟    −  square pyramidal number 

1. Introduction 
                        Representation of rational numbers as continued fractions is continuously 
studied by various mathematicians. The convergence of continued fractions is specially 
studied and applied in finding the best rational gear ratio approximations. Higher 
dimensional polygonal numbers namely pyramidal numbers combined with continued 
fractions is really mind boggling. Finding solution of cubic equations with figurate numbers 
as coefficients in terms of continued fractions is found in. Centered polygonal numbers 
taken in various forms as continued fraction as given in [3,9] is really a motivating factor 
for this paper. 
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2. Pyramidal number 
The  polygonal number of higher order namely, pyramidal number of order 𝑛𝑛 and 
rank 𝑟𝑟 is  represented by the formula  

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 = 𝑛𝑛 𝑛𝑛 + 1  𝑛𝑛 𝑟𝑟 − 2 −  𝑟𝑟 − 5  
6  

2.1 Continued Fraction 
     An expression of the form 

𝑎𝑎
𝑏𝑏 = 𝑝𝑝0 + 𝑞𝑞0

𝑝𝑝1 + 𝑞𝑞1
𝑝𝑝2+ 𝑞𝑞2

𝑝𝑝3+𝑞𝑞3
⋱

 

    where   𝑝𝑝𝑖𝑖 , 𝑞𝑞𝑖𝑖   are real or complex numbers is called a continued fraction. 
2.1  Theorem  
If ′𝑛𝑛′ and ′𝑟𝑟′ are order and rank of the corresponding pyramidal numbers 
then the continued fraction of     𝑃𝑃𝑁𝑁 𝑛𝑛,𝑟𝑟 

𝑃𝑃𝑁𝑁 𝑛𝑛+1,𝑟𝑟   is given by 

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛 + 1, 𝑟𝑟 

=

 
 
 
 
 
 
 

 
 
 
 
 
  0, 1, 2𝑘𝑘 − 1,

 3𝑘𝑘 − 1 𝑟𝑟 − 3 2𝑘𝑘 − 1 
𝑘𝑘  , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘 − 2

 0, 1, 2𝑘𝑘 − 1, 1,
 6𝑘𝑘 − 1 𝑟𝑟 −  6𝑘𝑘 − 5 

2𝑟𝑟 6𝑘𝑘 − 1 −  4 6𝑘𝑘 − 1 + 3 2𝑘𝑘 − 1  
 , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘 − 1

 0, 1, 2𝑘𝑘 − 1, 1, 2𝑘𝑘𝑟𝑟 −  3𝑘𝑘 − 1 
𝑘𝑘 𝑟𝑟 − 3  , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘

 0, 1, 2𝑘𝑘,
 6𝑘𝑘 + 1 𝑟𝑟 − 12𝑘𝑘

2𝑘𝑘 + 1  , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘 + 1

 0, 1, 2𝑘𝑘, 1,
 3𝑘𝑘 + 1 𝑟𝑟 −  3𝑘𝑘 − 1 
 6𝑘𝑘 + 2 𝑟𝑟 −  15𝑘𝑘 + 4  , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘 + 2

 0, 1, 2𝑘𝑘, 1,
 4𝑘𝑘 + 2 𝑟𝑟 −  6𝑘𝑘 + 1 
 2𝑘𝑘 + 1  𝑟𝑟 − 3  , 𝑖𝑖𝑓𝑓 𝑛𝑛 = 6𝑘𝑘 + 3, 𝑘𝑘 = 1,2,3,4. .

  

Proof: 

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛 + 1, 𝑟𝑟 = 𝑛𝑛 𝑛𝑛 + 1  𝑛𝑛 𝑟𝑟 − 2 −  𝑟𝑟 − 5  /6

 𝑛𝑛 + 1  𝑛𝑛 + 2   𝑛𝑛 + 1  𝑟𝑟 − 2 −  𝑟𝑟 − 5  /6 

= 𝑛𝑛 𝑛𝑛𝑟𝑟 − 2𝑛𝑛 − 𝑟𝑟 + 5 
 𝑛𝑛 + 2  𝑛𝑛𝑟𝑟 + 𝑟𝑟 − 2𝑛𝑛 − 2 − 𝑟𝑟 + 5  

= 𝑛𝑛 𝑛𝑛𝑟𝑟 − 2𝑛𝑛 − 𝑟𝑟 + 5 
 𝑛𝑛 + 2  𝑛𝑛𝑟𝑟 − 2𝑛𝑛 + 3  
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= 𝑛𝑛2𝑟𝑟 − 2𝑛𝑛2 − 𝑛𝑛𝑟𝑟 + 5𝑛𝑛
𝑛𝑛2𝑟𝑟 − 2𝑛𝑛2 + 3𝑛𝑛 + 2𝑛𝑛𝑟𝑟 − 4𝑛𝑛 + 6 

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛 + 1, 𝑟𝑟 = 𝑛𝑛2𝑟𝑟 − 2𝑛𝑛2 − 𝑛𝑛𝑟𝑟 + 5𝑛𝑛

𝑛𝑛2𝑟𝑟 − 2𝑛𝑛2 + 2𝑛𝑛𝑟𝑟 − 𝑛𝑛 + 6 

Case (i) Take  𝑛𝑛 = 6𝑘𝑘 − 2 

𝑃𝑃𝑁𝑁 6𝑘𝑘 − 2, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 − 1, 𝑟𝑟 =

 6𝑘𝑘 − 2 2𝑟𝑟 − 2 6𝑘𝑘 − 2 2 −  6𝑘𝑘 − 2 𝑟𝑟 + 5 6𝑘𝑘 − 2 
 6𝑘𝑘 − 2 2𝑟𝑟 − 2 6𝑘𝑘 − 2 2 + 2𝑟𝑟 6𝑘𝑘 − 2 −  6𝑘𝑘 − 2 + 6 

 

= 36𝑘𝑘2𝑟𝑟 + 4𝑟𝑟 − 24𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 8 + 48𝑘𝑘 − 6𝑘𝑘𝑟𝑟 + 2𝑟𝑟 + 30𝑘𝑘 − 10
36𝑘𝑘2𝑟𝑟 + 4𝑟𝑟 − 24𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 8 + 48𝑘𝑘 + 12𝑘𝑘𝑟𝑟 − 4𝑟𝑟 − 6𝑘𝑘 + 8  

 

= 36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 − 30𝑘𝑘𝑟𝑟 + 6𝑟𝑟 + 78𝑘𝑘 − 18
36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 − 12𝑘𝑘𝑟𝑟 + 42𝑘𝑘  

= 0 + 1
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−12𝑘𝑘𝑟𝑟+42𝑘𝑘

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−30𝑘𝑘𝑟𝑟+78𝑘𝑘+6𝑟𝑟−18

 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−30𝑘𝑘𝑟𝑟 +78𝑘𝑘+6𝑟𝑟−18
18𝑘𝑘𝑟𝑟−36𝑘𝑘−6𝑟𝑟+18

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 6𝑘𝑘
18𝑘𝑘𝑟𝑟−36𝑘𝑘−6𝑟𝑟+18

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
 3𝑘𝑘−1 𝑟𝑟−3 2𝑘𝑘−1 

𝑘𝑘

 

𝑃𝑃𝑁𝑁 6𝑘𝑘 − 2, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 − 1, 𝑟𝑟 =  0, 1, 2𝑘𝑘 − 1,

 3𝑘𝑘 − 1 𝑟𝑟 − 3 2𝑘𝑘 − 1 
𝑘𝑘   

2.2  Illustrations  

 

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 4, 𝑟𝑟 
𝑃𝑃𝑁𝑁 5, 𝑟𝑟  

 0, 1, 1, 2𝑟𝑟 − 3
1   

 
𝑘𝑘 = 2 𝑃𝑃𝑁𝑁 10, 𝑟𝑟 

𝑃𝑃𝑁𝑁 11, 𝑟𝑟   0, 1, 3, 5𝑟𝑟 − 9
2   

Case (ii)   Take  𝑛𝑛 = 6𝑘𝑘 − 1 

𝑃𝑃𝑁𝑁 6𝑘𝑘 − 1, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘, 𝑟𝑟 =

 6𝑘𝑘 − 1 2𝑟𝑟 − 2 6𝑘𝑘 − 1 2 −  6𝑘𝑘 − 1 𝑟𝑟 + 5 6𝑘𝑘 − 1 
 6𝑘𝑘 − 1 2𝑟𝑟 − 2 6𝑘𝑘 − 1 2 + 2𝑟𝑟 6𝑘𝑘 − 1 −  6𝑘𝑘 − 1 + 6 
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=
 36𝑘𝑘2 + 1 − 12𝑘𝑘 𝑟𝑟 − 2 36𝑘𝑘2 + 1 − 12𝑘𝑘 − 6𝑘𝑘𝑟𝑟 + 𝑟𝑟 + 30𝑘𝑘 − 5

 36𝑘𝑘2 + 1 − 12𝑘𝑘 𝑟𝑟 − 2 36𝑘𝑘2 + 1 − 12𝑘𝑘 + 12𝑘𝑘𝑟𝑟 − 2𝑟𝑟 − 6𝑘𝑘 + 1 + 6 

= 36𝑘𝑘2𝑟𝑟 + 𝑟𝑟 − 12𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 2 + 24𝑘𝑘 − 6𝑘𝑘𝑟𝑟 + 𝑟𝑟 + 30𝑘𝑘 − 5
36𝑘𝑘2𝑟𝑟 + 𝑟𝑟 − 12𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 2 + 24𝑘𝑘 + 12𝑘𝑘𝑟𝑟 − 2𝑟𝑟 − 6𝑘𝑘 + 7 

= 36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 − 18𝑘𝑘𝑟𝑟 + 2𝑟𝑟 + 54𝑘𝑘 − 7
36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 − 𝑟𝑟 + 18𝑘𝑘 + 5  

= 0 + 1
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−𝑟𝑟+18𝑘𝑘+5

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−18𝑘𝑘𝑟𝑟+2𝑟𝑟+54𝑘𝑘−7

 

= 0 + 1
1 + 18𝑘𝑘𝑟𝑟−3𝑟𝑟−36𝑘𝑘+12

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−18𝑘𝑘𝑟𝑟+2𝑟𝑟+54𝑘𝑘−7

 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−18𝑘𝑘𝑟𝑟 +2𝑟𝑟+54𝑘𝑘−7
18𝑘𝑘𝑟𝑟−3𝑟𝑟−36𝑘𝑘+12

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 6𝑘𝑘𝑟𝑟 −𝑟𝑟−6𝑘𝑘+5
18𝑘𝑘𝑟𝑟−3𝑟𝑟−36𝑘𝑘+12

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
18𝑘𝑘𝑟𝑟−3𝑟𝑟−36𝑘𝑘+12

6𝑘𝑘𝑟𝑟−𝑟𝑟−6𝑘𝑘+5

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
1+ 1

6𝑘𝑘𝑟𝑟−𝑟𝑟−6𝑘𝑘+5
12𝑘𝑘𝑟𝑟−2𝑟𝑟−30𝑘𝑘+7

 

 
𝑃𝑃𝑁𝑁 6𝑘𝑘 − 1, 𝑟𝑟 

𝑃𝑃𝑁𝑁 6𝑘𝑘, 𝑟𝑟 =  0, 1, 2𝑘𝑘 − 1, 1,
 6𝑘𝑘 − 1 𝑟𝑟 −  6𝑘𝑘 − 5 

2𝑟𝑟 6𝑘𝑘 − 1 −  4 6𝑘𝑘 − 1 + 3 2𝑘𝑘 − 1  
  

 

2.3 Illustrations:  

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 5, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6, 𝑟𝑟   0, 1, 1, 1, 5𝑟𝑟 − 1

10𝑟𝑟 − 23  

 
𝑘𝑘 = 2 

 

𝑃𝑃𝑁𝑁 11, 𝑟𝑟 
𝑃𝑃𝑁𝑁 12, 𝑟𝑟  

 0, 1, 3, 1, 11𝑟𝑟 − 7
22𝑟𝑟 − 53  

Case (iii)  Take  𝑛𝑛 = 6𝑘𝑘   
𝑃𝑃𝑁𝑁 6𝑘𝑘, 𝑟𝑟 

𝑃𝑃𝑁𝑁 6𝑘𝑘 + 1, 𝑟𝑟 =
 6𝑘𝑘 2𝑟𝑟 − 2 6𝑘𝑘 2 − 6𝑘𝑘𝑟𝑟 + 5 6𝑘𝑘 

 6𝑘𝑘 2𝑟𝑟 − 2 6𝑘𝑘 2 + 2𝑟𝑟 6𝑘𝑘 − 6𝑘𝑘 + 6 

= 36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 − 6𝑘𝑘𝑟𝑟 + 30𝑘𝑘
36𝑘𝑘2 − 72𝑘𝑘2 + 12𝑘𝑘𝑟𝑟 − 6𝑘𝑘 + 6 
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= 0 + 1
36𝑘𝑘2−72𝑘𝑘2+12𝑘𝑘𝑟𝑟−6𝑘𝑘+6
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−6𝑘𝑘𝑟𝑟+30𝑘𝑘

 

= 0 + 1
1 + 18𝑘𝑘𝑟𝑟−36𝑘𝑘+6

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−6𝑘𝑘𝑟𝑟+30𝑘𝑘

 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2−6𝑘𝑘𝑟𝑟 +30𝑘𝑘
18𝑘𝑘𝑟𝑟−36𝑘𝑘+6

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 +12𝑘𝑘𝑟𝑟−18𝑘𝑘+6
18𝑘𝑘𝑟𝑟−36𝑘𝑘+6

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
3𝑘𝑘𝑟𝑟−6𝑘𝑘+1
2𝑘𝑘𝑟𝑟−3𝑘𝑘+1

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
1+ 𝑘𝑘𝑟𝑟 −3𝑘𝑘

2𝑘𝑘𝑟𝑟−3𝑘𝑘+1

 

= 0 + 1
1 + 1

 2𝑘𝑘−1 + 1
1+ 1

2𝑘𝑘𝑟𝑟− 3𝑘𝑘−1 
𝑘𝑘 𝑟𝑟−3 

 

𝑃𝑃𝑁𝑁 6𝑘𝑘, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 1, 𝑟𝑟 =  0, 1, 2𝑘𝑘 − 1, 1, 2𝑘𝑘𝑟𝑟 −  3𝑘𝑘 − 1 

𝑘𝑘 𝑟𝑟 − 3   

2.4 Illustrations  

 

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 6, 𝑟𝑟 
𝑃𝑃𝑁𝑁 7, 𝑟𝑟  

 0, 1, 1, 1, 2𝑟𝑟 − 2
1 𝑟𝑟 − 3   

 
𝑘𝑘 = 2 

 

𝑃𝑃𝑁𝑁 12, 𝑟𝑟 
𝑃𝑃𝑁𝑁 13, 𝑟𝑟   0, 1, 3, 1, 4𝑟𝑟 − 5

2 𝑟𝑟 − 3   

 
 
Case (iv)  Take 𝑛𝑛 = 6𝑘𝑘 + 1 

𝑃𝑃𝑁𝑁 6𝑘𝑘 + 1, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 2, 𝑟𝑟 =

 6𝑘𝑘 + 1 2𝑟𝑟 − 2 6𝑘𝑘 + 1 2 −  6𝑘𝑘 + 1 𝑟𝑟 + 5 6𝑘𝑘 + 1 
 6𝑘𝑘 + 1 2𝑟𝑟 − 2 6𝑘𝑘 + 1 2 + 2𝑟𝑟 6𝑘𝑘 + 1 −  6𝑘𝑘 + 1 + 6 

 

= 36𝑘𝑘2𝑟𝑟 + 𝑟𝑟 + 12𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 2 − 24𝑘𝑘 − 6𝑘𝑘𝑟𝑟 − 𝑟𝑟 + 30𝑘𝑘 + 5
36𝑘𝑘2𝑟𝑟 + 𝑟𝑟 + 12𝑘𝑘𝑟𝑟 − 72𝑘𝑘2 − 2 − 24𝑘𝑘 + 12𝑘𝑘𝑟𝑟 + 2𝑟𝑟 − 6𝑘𝑘 + 5 

 

= 36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 + 6𝑘𝑘𝑟𝑟 + 6𝑘𝑘 + 3
36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 + 24𝑘𝑘𝑟𝑟 + 3𝑟𝑟 − 30𝑘𝑘 + 3 

5

E3S Web of Conferences 387, 05007 (2023)	 https://doi.org/10.1051/e3sconf/202338705007
ICSERET-2023



 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+6𝑘𝑘𝑟𝑟 +6𝑘𝑘+3
3𝑟𝑟+18𝑘𝑘𝑟𝑟−36𝑘𝑘

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
18𝑘𝑘𝑟𝑟−36𝑘𝑘+3𝑟𝑟

6𝑘𝑘+3

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
 6𝑘𝑘+1 𝑟𝑟−12𝑘𝑘

2𝑘𝑘+1

 

𝑃𝑃𝑁𝑁 6𝑘𝑘 + 1, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 2, 𝑟𝑟 =  0, 1, 2𝑘𝑘,

 6𝑘𝑘 + 1 𝑟𝑟 − 12𝑘𝑘
2𝑘𝑘 + 1   

2.5  Illustrations : 

 

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 7, 𝑟𝑟 
𝑃𝑃𝑁𝑁 8, 𝑟𝑟  

 0, 1, 2, 7𝑟𝑟 − 12
3   

 
𝑘𝑘 = 2 

 

𝑃𝑃𝑁𝑁 13, 𝑟𝑟 
𝑃𝑃𝑁𝑁 14, 𝑟𝑟  

 0, 1, 4, 13𝑟𝑟 − 24
5   

 

Case (v)  Take 𝑛𝑛 = 6𝑘𝑘 + 2 

𝑃𝑃𝑁𝑁 6𝑘𝑘 + 2, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 3, 𝑟𝑟 =

 6𝑘𝑘 + 2 2𝑟𝑟 − 2 6𝑘𝑘 + 2 2 −  6𝑘𝑘 + 2 𝑟𝑟 + 5 6𝑘𝑘 + 2 
 6𝑘𝑘 + 2 2𝑟𝑟 − 2 6𝑘𝑘 + 2 2 + 2𝑟𝑟 6𝑘𝑘 + 2 −  6𝑘𝑘 + 2 + 6 

=
 36𝑘𝑘2 + 4 + 24𝑘𝑘 𝑟𝑟 − 2 36𝑘𝑘2 + 4 + 24𝑘𝑘 − 6𝑘𝑘𝑟𝑟 − 2𝑟𝑟 + 30𝑘𝑘 + 10
 36𝑘𝑘2 + 4 + 24𝑘𝑘 𝑟𝑟 − 2 36𝑘𝑘2 + 4 + 24𝑘𝑘 + 12𝑘𝑘𝑟𝑟 + 4𝑟𝑟 − 6𝑘𝑘 − 2 + 6 

= 0 + 1
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+36𝑘𝑘𝑟𝑟+8𝑟𝑟−54𝑘𝑘−4
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+18𝑘𝑘𝑟𝑟+2𝑟𝑟−18𝑘𝑘+2

 

= 0 + 1
1 + 18𝑘𝑘𝑟𝑟+6𝑟𝑟−36𝑘𝑘−6

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+18𝑘𝑘𝑟𝑟+2𝑟𝑟−18𝑘𝑘+2

 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+18𝑘𝑘𝑟𝑟 +2𝑟𝑟−18𝑘𝑘+2
18𝑘𝑘𝑟𝑟 +6𝑟𝑟−36𝑘𝑘−6

 

= 0 + 1
1 + 1

2𝑘𝑘+ 6𝑘𝑘𝑟𝑟 +2𝑟𝑟−6𝑘𝑘+2
18𝑘𝑘𝑟𝑟 +6𝑟𝑟−36𝑘𝑘−6

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
1+ 1

6𝑘𝑘𝑟𝑟 +2𝑟𝑟−6𝑘𝑘+2
12𝑘𝑘𝑟𝑟 +4𝑟𝑟−30𝑘𝑘−8
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= 0 + 1
1 + 1

2𝑘𝑘+ 1
1+ 1

3𝑘𝑘𝑟𝑟 +𝑟𝑟−3𝑘𝑘+1
6𝑘𝑘𝑟𝑟 +2𝑟𝑟−15𝑘𝑘−4

 

 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 2, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 3, 𝑟𝑟 =  0, 1, 2𝑘𝑘, 1,

 3𝑘𝑘 + 1 𝑟𝑟 −  3𝑘𝑘 − 1 
 6𝑘𝑘 + 2 𝑟𝑟 −  15𝑘𝑘 + 4   

2.6  Illustrations : 

 

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 8, 𝑟𝑟 
𝑃𝑃𝑁𝑁 9, 𝑟𝑟  

 0, 1, 2, 1, 4𝑟𝑟 − 2
8𝑟𝑟 − 19  

 
𝑘𝑘 = 2 

 

𝑃𝑃𝑁𝑁 14, 𝑟𝑟 
𝑃𝑃𝑁𝑁 15, 𝑟𝑟   0, 1, 4, 1, 7𝑟𝑟 − 5

14𝑟𝑟 − 34  

(vi)  Take 𝑛𝑛 = 6𝑘𝑘 + 3 

 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 3, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 4, 𝑟𝑟 =

 6𝑘𝑘 + 3 2𝑟𝑟 − 2 6𝑘𝑘 + 3 2 −  6𝑘𝑘 + 3 𝑟𝑟 + 5 6𝑘𝑘 + 3 
 6𝑘𝑘 + 3 2𝑟𝑟 − 2 6𝑘𝑘 + 3 2 + 2𝑟𝑟 6𝑘𝑘 + 3 −  6𝑘𝑘 + 3 + 6 

= 36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 + 30𝑘𝑘𝑟𝑟 + 6𝑟𝑟 − 42𝑘𝑘 − 3
36𝑘𝑘2𝑟𝑟 − 72𝑘𝑘2 + 48𝑘𝑘𝑟𝑟 + 15𝑟𝑟 − 78𝑘𝑘 − 15 

= 0 + 1
36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+48𝑘𝑘𝑟𝑟+15𝑟𝑟−78𝑘𝑘−15

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+30𝑘𝑘𝑟𝑟+6𝑟𝑟−42𝑘𝑘−3

 

= 0 + 1
1 + 18𝑘𝑘𝑟𝑟+9𝑟𝑟−36𝑘𝑘−12

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+30𝑘𝑘𝑟𝑟+6𝑟𝑟−42𝑘𝑘−3

 

= 0 + 1
1 + 1

36𝑘𝑘2𝑟𝑟−72𝑘𝑘2+30𝑘𝑘𝑟𝑟 +6𝑟𝑟−42𝑘𝑘−3
18𝑘𝑘𝑟𝑟 +9𝑟𝑟−36𝑘𝑘−12

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
18𝑘𝑘𝑟𝑟 +9𝑟𝑟−36𝑘𝑘−12
12𝑘𝑘𝑟𝑟 +6𝑟𝑟−18𝑘𝑘−3

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
1+ 1

12𝑘𝑘𝑟𝑟 +6𝑟𝑟−18𝑘𝑘−3
6𝑘𝑘𝑟𝑟 +3𝑟𝑟−18𝑘𝑘−9

 

= 0 + 1
1 + 1

2𝑘𝑘+ 1
1+ 1

4𝑘𝑘𝑟𝑟 +2𝑟𝑟−6𝑘𝑘−1
2𝑘𝑘𝑟𝑟 +𝑟𝑟−6𝑘𝑘−3
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𝑃𝑃𝑁𝑁 6𝑘𝑘 + 3, 𝑟𝑟 
𝑃𝑃𝑁𝑁 6𝑘𝑘 + 4, 𝑟𝑟 =  0, 1, 2𝑘𝑘, 1,

 4𝑘𝑘 + 2 𝑟𝑟 −  6𝑘𝑘 + 1 
 2𝑘𝑘 + 1  𝑟𝑟 − 3   

 
2.7 Illustrations : 
 

Value Ratios Continued fraction 
 

𝑘𝑘 = 1 

 

𝑃𝑃𝑁𝑁 9, 𝑟𝑟 
𝑃𝑃𝑁𝑁 10, 𝑟𝑟  

 0, 1, 2, 1, 6𝑟𝑟 − 7
3 𝑟𝑟 − 3   

 
𝑘𝑘 = 2 

 

𝑃𝑃𝑁𝑁 15, 𝑟𝑟 
𝑃𝑃𝑁𝑁 16, 𝑟𝑟  

 0, 1, 4, 1, 10𝑟𝑟 − 13
5 𝑟𝑟 − 3   

2.8  Theorem :  
If    ′𝑛𝑛′  and  ′𝑟𝑟′   are order and rank of the corresponding pyramidal numbers then the 
continued function of  

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 + 1 =  0, 1,  𝑟𝑟 − 2 , 𝑛𝑛 − 1

3   

Proof: 

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 + 1 =  

 𝑛𝑛 𝑛𝑛 + 1  𝑛𝑛 𝑟𝑟 − 2 −  𝑟𝑟 − 5   /6

 𝑛𝑛 𝑛𝑛 + 1  𝑛𝑛 𝑟𝑟 + 1 − 2 −  𝑟𝑟 + 1 − 5   /6
 

=  0 + 1
𝑛𝑛𝑟𝑟−𝑛𝑛−𝑟𝑟+4
𝑛𝑛𝑟𝑟−2𝑛𝑛−𝑟𝑟+5

 

=  0 + 1
1 + 1

 𝑟𝑟−2 + 1
𝑛𝑛−1

3

 

𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 
𝑃𝑃𝑁𝑁 𝑛𝑛, 𝑟𝑟 + 1 =   0, 1,  𝑟𝑟 − 2 , 𝑛𝑛 − 1

3   

 

2.9 Illustrations  
2.10  

Ratios Continued fraction 

𝑃𝑃𝑁𝑁 𝑛𝑛, 3 
𝑃𝑃𝑁𝑁 𝑛𝑛, 4  

 0, 1, 1, 𝑛𝑛 − 1
3   

𝑃𝑃𝑁𝑁 𝑛𝑛, 5 
𝑃𝑃𝑁𝑁 𝑛𝑛, 6  

 0, 1, 3, 𝑛𝑛 − 1
3   
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3. Conclusion 
                     Continued fractions of pyramidal numbers with higher orders in the numerator 
are studied here. When the ratios of continued fractions with consecutive ranks are taken 
six cases arise whenever for consecutive ordered fractions only a single case arise.  
Consecutive ordered pyramidal numbers have been taken up for study. 
 
References 
 

[1] A.Gnanam, S.Krithika,“ Ratios  of  Polygonal  Numbers  as  Continued  Fractions 
”, International journal of Engineering Science, Advanced Computing and Bio 
Technology, Vol.8,No.3, pages 143-155,  July-September 2017. 

[2] P.Balamurugan, A.Gnanam,“Pattern classification of continued fractions with 
triangular  number as base”, International journal of pure and applied mathematics, 
Vol 119,No 15, Pages  3413-3418, 2018. 

[3] P.Balamurugan, A.Gnanam,“Pattern classification of continued fractions with 
centered polygonal number as base”, International journal of  Management. , IT and 
Engineering,  
Vol 9, Issue 1,Pages  156-162 (Special issue HICAAMMC) -January-2019. 

[4] P.Balamurugan, A.Gnanam, B.Anitha,“ Expression  of  ratios  of  polygonal  
numbers 
 as continued fractions”, Advances and Applications in Mathematical Sciences, 
Vol 18,  
Issue 10,  Pages 997-1006, August 2019. 

[5] B.Anitha,“ Expression of  ratios  of  pentatope  numbers as continued fractions”, 
Advances and Applications in Mathematical Sciences, Vol 21, Issue 7,Pages 
3873-3883,May 2022. 

[6] B.Anitha,“ Some remarkable observations of farey sequence”, Advances and 
Applications in Mathematical Sciences,Vol 21, Issue 7,Pages 3885-3893,May 
2022. 

[7] A.Venkatachalam, P.Balamurugan,“Pattern classification of continued fractions with 
square number as base”,Journal of Physics: Conference Series, Vol 1362, Issue 1, pp 
0120843, 2019. 

[8] A.Gnanam, B.Anitha,, “ Sums of squares of  Fibonacci  numbers with prime 
indices”, Journal of Applied Mathematics and Physics”, Vol 3, Issue 12 ,Pages 
1619-1623,2015. 

[9]  P.Balamurugan, A.Gnanam, R.Senthilkumar, Sivaranjani M,“Continued fractions 
ofratios of polygonal numbers with consecutive orders and ranks”, International 
Journal of Advanced Science and Technology,.Vol 29,issue 7s,Pages 1550 - 1556. 

[10]  S.Krithika, A.Gnanam,“Solution of a cubic Equation with triangular number as 
coefficients ”, International journal of Recent Technology and Engineering, Vol.8, 
Issue 3, pages 8867-8870, 2019. 

[11]  A.Gnanam, B.Anitha,, “ Sums of squares of  polygonal  numbers”,Advances  in 
Pure Mathematics”, Vol 6, Issue 4  ,Pages 297-301, August 2016. 

 

9

E3S Web of Conferences 387, 05007 (2023)	 https://doi.org/10.1051/e3sconf/202338705007
ICSERET-2023


