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ABSTRACT: This article summarizes about edge proper interval-valued complex fuzzy graph.
Here, degree of an edge, total degree of an edge, edge proper and edge totally proper interval -
valued complex fuzzy were introduced. A necessary and sufficient condition in which these two
graphs are equivalent is provided. Many properties of edge proper interval-valued complex fuzzy
graphs are examined and they were investigated for edge totally proper interval-valued complex
fuzzy graphs,
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1. INTRODUCTION

Mathematics is a powerful tool for global understanding and provides an
effectivewayofbuildingnewthings.InMathematics,GraphTheoryisthestudyof graphs, which are mathematical
structures used to model pairwise relationsbetween objects. Graphs are the basis for many new things, ideas,
concepts, operations and process in everyday life. In many real applications, the membership degree in a fuzzy
set cannot be lightly confirmed. It is more reasonable to give an interval-valued data to describe membership
degree. In 2011, Akram and Dudek[1] defined the interval-valued fuzzy graph as an extension of fuzzy graph in
which the values of the membership degrees are intervals of numbers instead of the number and described
operations on it. R. Venkateshwara and R. Sridevi[10] defined the concept of interval-valued complex fuzzy
graph. Throughout this paper ivef graph denote interval-valued complex fuzzy graph.

2. PRELIMINARIES

Definition 2.1.A fuzzy graph G: (o, ) is a pair of functions (o, 1), where a:V — [0,1] is a fuzzy subset of a
nonempty set V and u: V X V = [0,1] is a symmetric fuzzy relation ono such that for all u, v in V, the relation
u(u,v) < a(u) Aa(v) is satisfied. The underlying crisp graph of the fuzzy graph G:(o,u) is denoted as
G*(V,E)where ECV X V.

Definition 2.2.A interval-valued fuzzy graph with an underlying set V is defined to be the pair (4, B), where
A= (u,",u,s") is an interval-valued fuzzy set on V and B = (ug~,ug™) is an interval-valued fuzzy set onE
such that ug~(x,y) < min{u,~ (x), u,~ (¥)} and gt (x,y) < min{u,* (x), us* (y)} for all (x,y € E). Here, A
is called interval-valued fuzzy vertex set on V and B is called interval-valued fuzzy edge set on E.
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Definition 2.3. Let G: (4, B)be an interval-valued fuzzy graph, where A = (u,~, 1, )and B = (ug~,up*). The
positive degree of a vertex u € G is defined as d*(u) = Y ugt(u,v), for uv € E. The negative degree of a
vertex u € G is defined as d~(u) = Y pug~ (u,v), for uv € E and pug*(w,v) = g~ (u,v) =0 if uv not in E.
The degree of a vertex u is defined as d(u) = (d~ (w),d* (w)).

Definition 2.4. Let G: (4, B)be an interval-valued fuzzy graph on G*(V, E). If all the edges of G have the same
degree, then G is said to be regular interval-valued fuzzy graph.

Definition 2.5. Let G: (4, B)be an interval-valued fuzzy graph on G*(V,E). The positive degree of an edge is
defined as d*(uv) = d*(u) + d*(v) — 2up* (uv). The negative degree of an edge is defined as d~ (uv) =
d~(u) + d~(v) — 2ug~ (uv). The degree of an edge is defined as d(uv) = (d~ (uv), d* (uv)). The minimum
degree of an edge is 65(G) =A {d(uv): uv € E}. The maximum degree of an edge is Ag (G) =V {d(uv):uv €
E}.

Definition 2.6. Let G: (4, B)be an interval-valued fuzzy graph on G*(V, E). The total positive degree of an edge
is defined as td*(uv) =d*(u) + d*(v) — ug*(uv). The total negative degree of an edge is defined as
td~(uv) = d (u) + d~(v) — ug~ (uv). The degree of an edge is defined as td(uv) = (td~ (uv), td* (uv)).
The minimum total degree of an edge is t8;(G) =A {td(uv): uv € E}. The maximum total degree of an edge is
t Ag (G) =V {td(uv):uv € E}.

3. Edge Proper Complex Interval-Valued Fuzzy Graphs

Definition 3.1.Let G: (S, T)be an interval-valued complex fuzzy graph on G*(F,I). The positive degree of an
edge is defined as d," (uv) = d," (W) + d,* (v) — 2u;* (uv)e!ZFr@)  The negative degree of an edge is
defined as d,” (uv) = d,” () + d;” (v) — 2u;~ (uv)e!22T@)_ The degree of an edge is defined as d,(uv) =
(d;” (uv), d;" (uv)).

Example 3.2. Consider a ivcf graph on G*(F, I).

[”‘3‘_,11 .Ia:‘ [J__lr,__ll.ﬁ.i_-_)

s(0.4e"%7_ 0.5e%5T) F(0.5e%07 0.6e07i)

“]_3‘.”. ”:. r}__h,.lfl..':a::) {0_1‘,.0.31: _3[,“'. h':] [n_lt.tl.-h.—.‘ n__lrll..'n':J

h{{)_.‘je“'"”, Ul_leil.ﬁr} 5 g{{_]_fjf‘l":_'r:. U.!—JE"U.SJT}

{U‘IEJP.erL O.EE,U.UJ:}

Definition 3.3.Let G: (S, T)be an interval-valued complex fuzzy graph on G*(F, ). The positive total degree of
an edge is defined as td," (uv) = d,* (W) + d;* (v) — up* (uv)e!ZFr@¥)  The total negative degree of an edge
is defined as td,” (uv) = d,” (W) + d,” (v) — pp~ (uv)e!Z4T)  The total degree of an edge is defined as
td,(uv) = (td,” (uwv), td,* (uv)). It can also be defined as td,(uv) = d,;(uv) + T(uv).

Example 3.4. Consider a ivcf graph on G*(F, ).
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Definition 3.5.Let G:(S,T)be an ivcf graph on G*(F,I). If each edge in G has the same degree
(k €17, k,e'2™), then G is said to be an edge proper ivcf-graph.
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Definition 3.6.Let G:(S,T)be an ivef graph on G*(F,I). If each edge in G has the same total degree
(c,e't1™, c,e™), then G is said to be an edge totally proper ivcf-graph.

Theorem 3.7.Let G: (S, T)be an ivcf graph on G*(F,I). Then T is constant function if and only if the following
are equivalent

(i) G is an (rlelsln,rze”z”)_— edge proper ivcf gr_aph.

(i) Gis a totally ((r; + j;)e!C1HkI™ (r, + j,)elS2+k2)™)_ edge proper ivef graph.

Proof.Assume T is constant function. Let T(gx) = (j;e?*17,j,e*2™) for all gx € I. Suppose that Gis
(r €17, r,e'52™) edge proper ivef graph. Then d,(gx) = (r;e™1%,1r,e'2™) for all gx € I. Now td,;(gx) =
d;(gx) + T(gx) for all gx € I = td,(gx) = (1,17, r,e'52™) + (j,e?*17, j,etk2™)for all gx € I = td,(gx) =
((ry + jetCrHkim (4 j,)elS2+k2)™) for all gx € I. Hence G is a ((r; + j;)e!C1TkOT (1, + j,)ei(s2+k)m).
edge totally proper ivcef graph. Thus (i) imply (ii) is proved. Now assume Gis ((r; + j;)e!C1HkO™ (1, +
jp)etl2+k)m™y Then td,(gx) = ((ry + j;)e C1H*IT (1, + j,)el2tk2™) for all gx € I = d,(gx) + T(gx) =
(r e517, 1, et52™) + (jietk1™, j,etk2™) for all gx € I = d;(gx) = (r,e'17,1,e'2™) for all gx € 1. So, G is
(r, €517, r,e'52™)- edge proper ivcf graph. Thus (ii) imply (i) is proved. Hence (i) and (ii) are equivalent.
Conversely, assume (i) and (ii) are equivalent. Let G be a (r,e%1™, r,e2™)- edge proper ivcf graph and totally
((ry + jetCrtkim (, + j,)elS2+k2)™)_ edge proper ivef graph. Assume T is not a constant function, then
T(gx) # T(kl) for at least one pair of edges gx, kl € I. Since G is (1;€*1™,1r,e!52™)- edge proper ivcf graph.
Then  d,(gx) = d,(kl) = (rle'”l”,rze'”z”) = td,(gx) = d;(gx) + T(gx) = (1,17, r,e'2™) + T (gx)and
td, (kD) = d;(kD) + T(kl) = (r e™1™, r,e*s2™) + T (kl). Since T(gx) # T(kl) = td,;(gx) # td;(kl). Hence G
is not totally ((ry + j;)e!C1HkI™ (1, + j,)ei2+k2)™)_ edge proper ivcf graph. Which is a contradiction. Now,
let G be a totally ((ry + j;)e G+ (1, + j,)ei2+k2)™)_ edge proper ivef graph. Then td,(gx) = td,(kl) =
d;(gx) + T(gx) = d;(kl) + T(kl) = d,(gx) — d,;(kl) = T(kl) —T(gx) # 0 = d;(gx) # d;(kl). Thus G is
not (1, €17, r,e's2™)- edge proper ivcf graph. Which is a contradiction. Hence T is constant function.

Theorem 3.8.Let G: (S, T)be an ivcf graph on G*(F,I). Then T is constant function if and only if the following
are equivalent

(i) Gis a (a,e'?1™, a,e'P2™)- proper ivcf graph

(i) G is an (r,e™17, r,e's2™)- edge proper ivcf graph.

(iii) Gis a totally ((r; + j;)e'C1HkOT (1, + j,)el(2+k2)™)_ edge proper ivcf graph.

Proof: Proof of the theorem is similar to Theorem 3.7.
Theorem 3.9. If aivef graph G is both edge proper and totally edge proper then T is constant function.

Proof: Let G be a (r;e"1™,1,e’52™)- edge proper and totally ((r; + j;)e!C1TkOT (1, + j,)el(2+k2)™). edge
proper ivef graph. Then d;(gx) = (€17, r,e'2™) and td, (gx) = ((ry + j,)e!C1HDIT (1, + j,)elS2+k2)™) for
all  gxel. Now td;(gx)= ((r1 + jy)elbitkor (g, +j2)ei(52+k2)”) =d,(gx) + T(gx) = ((rl +
jpetbitkom +j2)ei(52+k2)") forall gx € I = (1,17, r,e!2™) + T(gx) = (1,17, r,ei%2™) +

(ret*m, jetk2Mforall gx € I. HenceT (gx) = (1, €17, r,et52™) + (j e, j, etk2™) — (1,517, 1, et527) =
(j,e'*1™, j,etk2™) Thus T is constant function.

4. Properties of Edge Proper and Edge totally Proper Interval-Valued Complex
Fuzzy Graph

Definition 4.1.Let G: (S, T)be an ivcf graph on G*(F, ). If the underlying graph G* is a proper graph, then G is
said to be partially proper ivcf graph.

Theorem 4.2.Let G: (S, T)be an ivcf graph on G*(F,I) such that T is a constant function. Then G is a proper ivef
graph if and only if G is a partially proper ivcf graph.

Proof: Proof is Obvious.

Theorem 4.3.Let G: (S, T)be an ivef graph on G*(F,I). If G is both edge proper ivcf graph and edge totally
proper ivef graph, then G is proper ivcf graph if and only if G* is proper graph.
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Proof: Assume that G is both edge proper and edge totally proper ivcf graph then, T is a constant function.
Hence by Theorem 4.2, the result follows.

Theorem 4.4.Let G: (S, T)be a proper ivcf graph on G*(F, ). Then G is an edge proper ivcf graph if and only if
T is a constant function.

Proof.Let G:(S,T) be(r;e™1™,r,e!2™) — proper ivcf graph. Then d,(j) = (r;e%1%,1,e™2™) for all j € F.
Assume that T is a constant function. Let T(gx) = (j,e'*17, j,e*2™)for all gx € I. By definition, d;(gx) =
d;(g) + d;(x) — 2T(gx) = (r,e™17, 1, e™52™) + (1,517, rye's2™) =2(j, ™7, j,e™h2™) = 2((r, —

jelsikom (i Yel(s2=k2)myfor all gx € I. Hence G is an edge proper ivcf graph.

Conversely, assume that G is edge proper ivef graph. Let d;(gx) = (j,e™™,j,e*2™)for all gx € I. By
definition, d;(gx) = d,(g) + d;(x) — 2T(gx)

= (ileikln,jzeikzn) — (rleisln’rzeiszn) + (rleisln'rzeiszn) _ ZT(gX)

= 2T(gx) — Z(rleisln’rzeiszn) — (ileikln,jzeikzn)

= 2T(gx) = ((21’1 — jy)ei@si=kom (o, —jz)ei(zsz‘kz)”)

= T(gx) = (

(2r1—j)e!2S17KDT (7, —j;)el(2S2—k2)m

. , 3 ) Hence T is a constant function.
Theorem 4.5.Let G: (S, T)be an ivcf graph on G*(F,I) such that T is a constant function. If G is proper ivcf
graph, then G is edge totally proper ivcf graph.

Proof.Given that T is a constant function. Take T(gx) = (j;e™*17, j,e™*2™), for all gx € I. Assume that G is
proper ivcef graph. Then d,;(j) = (r;e*17", r,e's2™), for all j € F. Now, td;(gx) = d,(g) + d;(x) —T(gx) =
(rleisln’rzeiszn) + (rleisln’rzeiszn) _ (ileikln,jzeikzn) — (Zrlei2$1n" ZrzeiZSZn) _ (jleikln,jzeikzn) —

((21*1 — j)el@si—kom (2, —jz)ei(ZSZ‘kz)”). Hence, G is edge totally proper ivcfgraph.

Theorem 4.6.Let G: (S, T)be an ivcf graph on G*(F,I) such that T is a constant function. If G is proper ivcf
graph, then G is a (1; €1, 1, €52™) - edge proper ivcf graph.

Proof.Proof is Obvious.
Remark 4.7.The converse of theorem 4.6 need not be true.

Theorem 4.8.Let G: (S, T)be an ivef graph on G*(F,I) with G* is k-proper. Then T is a constant function if and
only if Gis both proper and edge totally proper ivcf graph.

Proof.Let G:(S,T) be an ivcf graph on G*(F,I). Let G* be a k-proper. Assume that T is a constant
function.LetT (gx) = (j,e™*17, j,e*2™) for all gx € 1. Now, d,(j) =X T(gx), for allj € F = d,(j) =
(e, j,etk2™) forrall j € F
= d(j) = (jie" 17, je"2")dg-(j), for all j € F
= d(j) = (j,e*17, j,etk2™)k, for all j € F. Hence, G is proper ivcfgraph.Now,
td; (if) = Xiej TUK) + Xy T(kf) + T(f), forall jf € 1.
= kaf(heikln:jzeikzn) + Zka:j(fleiklﬂ»jzeikzn) + (jye'*am, j,etk2™) foralljf € 1.
= (j,e™17, je™*2™)(dg- () — D) + (jie™17, e 2™) (dg+ (f) — D) + (jie™7, je'2T)

= (jie™7, je 2m) (k — 1) + (™17, je*2™) (k — 1) + (j ™7, je™ 2™ )for all jf €1
= 2(jetfm, jetk2™) (k — 1) + (je*17, j,e*2™)for all jf € 1.
Hence G is edge totally proper ivcf graph.
Conversely, assume G is both proper and edge totally proper ivef graph. Since G is edge proper, d,(f) =
(ret1™,r,et2M)for all f€F. Since G is edge totally proper, td;(gx) = (h,e™1™, h,e?"2") =

(r €17, 1,e'52™) + (1, e'17, 1, e52™) — T(gx), for all gx €l T(gx) = 2(rye"17, ryels2™) —
(h ™1™, h,e™2") = ((27‘1 — hy)el@si=wom (2, — hz)ei(zsz‘wz)”)for all gx €1. Hence T is constant
function.

Definition 4.9.Let G*: (F,I) be a graph. Then G* is said to be an edge proper graph if each edge in G* has same
degree.
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Definition 4.10.If G is both an edge proper ivcf graph and partially edge proper ivcf graph, then G is said to be
full edge proper ivcf graph.

Theorem 4.11.Let G: (S, T)be an ivef graph on G*(F,I) such that T is a constant function. If G is full proper ivef
graph, then G is full edge proper ivef graph.

Proof.Since T is constant function, Let T(gx) = (j;e**17, j,et*2™)for all gx € I. Assume that G is full proper
ivef graph. Then dg(j) = (r,e%1™, r,et2™)and dg- (j) = r for all j € F. So, dg+(gx) = dg+(g) + dg+(x) — 2 =
2r — 2. Hence G* is an edge proper ivcf graph. Now, d;(gx) = d,(g) + d;(x) — 2T (gx) = (r,€*17, r,es2™) +
(rleisln’rzeiszn) _ 2(1'18“‘1”,]'28""2”) — Z(T.leisln'rzeiszn) _ Z(ile“‘l’f,jzeikzn) — 2((7,.1 _

jpelsimkom (i Yeils2=k2)™) Hence G is an edge proper ivef graph. Thus, G is full edge proper ivcfgraph.

Remark 4.12.The converse of the above theorem is need not be true.

5. Conclusion

In this paper, we have defined edge proper and edge totally proper ivcf graph and discussed some of its
properties. In future we extend this property for improper ivef graph and try to find real valued application.
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