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Abstract. This work aims to study the vertical velocity distribution in the 

near-wall layer of a pipe, channel, and boundary layer of a flat plate 

because these issues are of great practical and theoretical importance. Until 

now, engineering calculations of turbulent flows have been based on 

empirical formulas derived in the last century. The theory of turbulent fluid 

motion has not been completed, and the issues of velocity distribution and 

hydraulic resistance remain open for further study. It is known that velocity 

distribution in the flow is intricately linked to hydraulic resistance. 

Therefore, the study's objectives also include determining the position of 

the point of maximum turbulent tangential stresses and comparing the 

change in tangential stresses with the logarithmic velocity profile. Based 

on calculation and analytical methods, we have researched the distribution 

of the turbulent component of the tangential stress along the depth of the 

flow. Derived an expression determining the position of the maximum 

point of the turbulent component of the tangential stress for smooth tubes. 

The contribution of the viscous component of the tangential stress at 

different points along the flow depth has been evaluated. The calculation 

results determining the position of the maximum point of the turbulent 

component of the tangential stress were compared with experimental data 

on velocity distribution in the flow. With the decrease of the hydraulic 

resistance coefficient, the point of maximum turbulent tangential stresses 

shifts towards the solid flow boundary. Based on the results of comparing 

the maximum turbulent tangential stresses with the total tangential stress, 

we can conclude that the contribution of the viscous component of the 

tangential stress to the total amount of friction and its influence on velocity 

distribution is significant. The angular coefficient of the velocity profile for 

the flow core is determined.  

1 Introduction 

Knowing the patterns of velocity distribution for a cross-section of a stream is crucial for 

solving a number of theoretical and practical problems of hydrometry and hydraulic 

engineering. The pattern of average velocity distribution for vertical lines in the flow field 

has a significant practical value. The time-averaged velocity in vertical lines is linked with 
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problems of determining the discharge and flow circulation strength on the curve, 

calculating riverbed erosion and carrying capacity of the stream, as well as other important 

matters [1,2]. 

The matters connected with velocity distribution and hydrodynamic drag for the moving 

fluid are considered well-studied [3-16]. However, to date, the engineering calculations are 

based on half-empiric turbulent theories that were made in the first half of the 20th century. 

One of the most famous and highly-demanded theories is Prandtl's turbulence theory. 

Nowadays, results of experimental research allow us to divide turbulent flow into the 

following sections: a viscous sublayer adjacent to the boundary surface, a near-wall region 

adjacent to the viscous sublayer, and a peripheral area of the flow that lies above the near-

wall region [17]. 

It is also worth noting that velocity distribution and hydrodynamic drag formulas are 

interdependent and should not contradict each other.  

2 Materials and methods  

It is known for a fact that velocity distribution in the near-wall region in the vicinity of the 

solid flow boundary is compliant with the logarithmic law that results from Prandtl's half-

empiric theory: 

 

 
* ln

u
u y C


  , (1) 

 

where 0

*u



  is dynamic velocity, 0 is skin friction drag of the solid flow boundary, 

and  is Karman parameter. 

The half-empiric theory was based on several conformable apriori postulates. Therefore 

the accuracy and versatility of logarithmic velocity distribution were questioned by various 

researchers that proposed different corrections [18, 19] for the velocity profile (1). 

Nowadays, the velocity profile (1) is considered applicable not for the whole flow but only 

for the near-wall layer lp, the width of which is roughly 15% of the pipe radius r0, or of the 

flow depth in the channel h, or of the width of the boundary layer , that appears while 

flowing around a flat plate. However, there were yet no attempts to computationally and 

analytically ground the width of the said lp layer, which due to understandable 

circumstances, can be named the Prandtl layer. 

At the same time, the flow in the near-wall Prandtl layer has several physical features 

that allow us to suggest a computing model determine lp. One of the notable peculiarities of 

this layer is the non-stationarity flow in the viscous sublayer that constitutes a rather small 

part of the near-wall layer and which occurs mostly in viscous friction [14]. Later 

researches [20] showed that the flow in the viscous sublayer is interlacing, with an 

alternation of viscous (laminar) and turbulent flow states. When the viscous sublayer 

becomes turbulent, the momentum transfer mechanism from the flow to the solid boundary 

changes. The further from the solid boundary, the longer and more intense the flow 

turbulence. At the same time, the number of turbulent components in total skin friction drag 

balance grows while its viscous component drops [21]. Further from the solid boundary, the 

total skin friction drag is primarily determined by the turbulent component of the flow 

drops. This means that turbulent skin friction drag reaches its maximum at some distance 

from the solid flow boundary (Fig. 1). 
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Fig. 1. Skin friction drag balance. 

 

3 Results 

Considering the linear scaling of total skin friction drag along the pipe radius r0, the 

formula can be written as 

 

 
2

*0

0

1 B T

y du du
u

r dy dy
 

 
   

 
, (2) 

 

where B is kinematic viscosity and T is turbulent viscosity. 

This equation for total skin friction drag is derived from Newton-Boussinesq's idea and 

is open for critique. Newton proposed that there is a causal relationship between skin 

friction drag and velocity gradient that occurs in the flow. In this case, velocity gradient is 

mostly created by turbulent skin friction drag, and formula (2) connects it with skin friction 

drag of viscous nature to the same degree. This mistaken assumption is used in many 

hydraulics course books. 

The velocity gradient that is normal against the wall 
du

dy
 can be found as a derivation 

from the equation (1): 

 
* 1udu

dy y
 . (3) 

 

Then the turbulent component of skin friction drag T can be found as the difference 

between total skin friction drag and its viscous component 

 

 
2 *
*

1
1T

B

uy
u
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
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 
. (4) 

 

E3S Web of Conferences 401, 01017 (2023)

CONMECHYDRO - 2023
https://doi.org/10.1051/e3sconf/202340101017

3



Taking the derivative from the equation (4) with the first order derivative equal to zero 

 

 2

* *

2

1
0T

B

M

u ud

dy r y




 

 
    

 
, (5) 

 

we can determine the coordinates of the maximum turbulent skin friction point 

 

 2

*0 0

0

1M

B

u ry

r




 
 

 
. (6) 

 

Then by taking the logarithm of this expression with  1=0.4 we get 

 

 
* 0

0

2ln ln 2,5 lnM

B

u ry

r 
  . (7) 

 

For further analysis, we consider the flow in smooth pipes using the famous formula for 

smooth pipe drag 

 

 1
2lg Re 0,8


  , (8) 

 

where Re   can be expressed as 

 

 
0 *0 02 8

Re 2 8
8B

V r u r


 


   . (9) 

 

Taking into account the correlation between (8) and (9), we get 

 

 
*0 0 1,15

ln 0.82
B

u r

 
  , (10) 

 
* 01

0.71 ln
u r


  . (11) 

 

If we place the expression (11) in equation (9), we find 

 

 

0

1 0.575
ln ln 2.5 0.41

2

My

r 
   , (12) 

 

or the final form of the formula 

 

 

0

0.575
ln 0.87My

r 
  . (13) 

 

Calculation results from the acquired formula (13) are shown in Fig. 2. According to 

them, with the average coefficient values =0.030.05 that often occur in practice, the 
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maximum of turbulent skin friction drag is located at the distance of yM=(0.10.15)r0, 

which concords with the data from the suggested corrections [18, 19] for the logarithmic 

velocity profile for 
0

0,15
y

r
  mentioned above. 

 

 

Fig. 2. Calculation results from the acquired formula (13) 

 

It is worth noting, however, that the  is lower, the closer to the solid flow boundary shifts 

the position of the maximum turbulent skin friction drag point. 

Considering equations (3) and (5), we can determine the contribution of the turbulent 

component to the total amount of skin friction drag. The relationship (3) can be expressed 

as 

 

 
2

*0

0 *

1
1T By

u
r u y

 

 

 
   

 
, (14) 

 

and using formula (5) 

 

 

* 0

1 B M

M

y

u y r




 , (15) 

 

we get the following correlation in the point of maximum turbulent skin friction drag 

 

 
max

2

0*0

1 2T My

ru





 
  
 

, (16) 

 

The calculation results for the correlation (16) for various 
0

My

r
 taken considering the 

estimates above are shown in Table 1. 
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Table 1. The calculation results for the correlation (16) for various 

0

My

r
 

0

My

r
 0.5 0.1 0.15 0.2 0.25 

max

2

*0

T

u




 0.9 0.8 0.7 0.6 0.5 

 

The total amount of skin friction drag changes depending on the distance from the wall. 

Therefore, it would be more accurate to compare Tmax with total skin friction drag  where 

y=yM that equals 
2

*0

0

1 My
u

r


 
 

 
. The results of this comparison are shown in Table 2. 

Table 2. Comparison Tmax with total skin friction drag  

0

My

r
 0.05 0.1 0.15 0.2 0.25 

max

2

*0

0

1

T

My
u

r




 
 

 

 
0.947 0.89 0.82 0.75 0.67 

 

The data shows that the contribution of viscous components to the total amount of skin 

friction drag and its impact on velocity distribution at the point of maximum turbulent skin 

friction drag is quite significant. 

Using the expressions above, we can evaluate the contribution of turbulent components 

to the total amount of skin friction drag  in other points of the flow. 

The equation (7) can be expressed as 

 

 
*01 BT

u

y

 

  
  ,              (17) 

 

where 
2

*0

0

1
y

u
r






 
  

 
we can find 

 

 
*0

*0 0

0 0

1 1 1
1 1

1
1

BT

B

u

u r y yy
r r



  


 




   
 
 

 
 

(18) 

 

Using the connection between 
*0 0

B

u r


 and drag coefficient  expressed as (10), we can 

calculate 
T

 

 for various  values with =0.4. The results are presented in Table 3. 
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Table 3. Results of calculations 
T

 

 for various  values 

0

y

r
 0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.4 0.5 0.6 

=0.01 

*0 0

B

u r



=43478 

0.994 0.999         

=0.015 

*0 0

B

u r



=4402 

0.943 0.988 0.994 0.996       

=0.02 

*0 0

B

u r



=1498 

0.831 0.96 0.981 0.987 0.99      

=0.03 

*0 0

B

u r



=337 

 0.84 0.918 0.942 0.954 0.96 0.965 0.969   

=0.04 

*0 0

B

u r



=138.4 

 0.62 0.80 0.86 0.89 0.9 0.914 0.925 0.928 0.925 

 

The calculated data in Table 3 show that with 
0

0.05
y

r
  when <0.02, the percent of 

turbulent component is more than 95–99% of the total amount of skin friction drag. With 

the increase of  value, the contribution of viscous component grows and exceeds 4–5% till 

0

y

r
~0.250.30. 

It is also interesting to compare the experimental value of Prandtl's layer width 

calculated via velocity profiles measured by Nikuradse in smooth pipes with the calculated 

results acquired from measuring turbulent and viscous components of skin friction drag. 

Experimental values of 
0

p

B

l

r

 
 
 

 were calculated based on either the location of deviation of 

Prandtl-Nikuradse's logarithmic experimental points or the points where the near-wall flow 

area crossed the logarithmic approximation of flow core velocity distribution (Fig. 3). The 

0

p

B

l

r

 
 
 

 values that were calculated using this method are shown in table 4 and Fig. 2. 
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Fig. 3. Determination of experimental values 

0

p

B

l

r

 
 
 

 

1 is Nikuradse's logarithmic profile; 2 is deviation from the real velocity profile. 

 

Table 4. Results of calculations 

0

p

B

l

r

 
 
 

  

d, 

cm 
Re103 102 102, 

cm2/sec 

u*0, 

cm/sec 

*0 0

B

u r


 

0

p

B

l

r

 
 
 

 
T

p





 
 
 

 

1 4.0 3.88 1 4.0 3.88 1 4.0 

1 6.1 3.53 1 6.1 3.53 1 6.1 

1 9.2 3.17 1 9.2 3.17 1 9.2 

1 4.0 3.88 1 4.0 3.88 1 4.0 

1 6.1 3.53 1 6.1 3.53 1 6.1 

1 9,2 3.17 1 9.2 3.17 1 9.2 

1 4.0 3.88 1 4.0 3.88 1 4.0 

1 6.1 3.53 1 6.1 3.53 1 6.1 

1 9.2 3.17 1 9.2 3.17 1 9.2 

1 4.0 3.88 1 4.0 3.88 1 4.0 

1 6.1 3.53 1 6.1 3.53 1 6.1 

1 9.2 3.17 1 9.2 3.17 1 9.2 

1 4.0 3.88 1 4.0 3.88 1 4.0 

1 6.1 3.53 1 6.1 3.53 1 6.1 

1 9.2 3.17 1 9.2 3.17 1 9.2 

1 4.0 3.88 1 4.0 3.88 1 4.0 

 

Bearing in mind the previously mentioned assumption that the difference of velocity 

distribution in the near-wall Prandtl layer and the flow core is connected with a viscous 

component of skin friction drag, we can determine the 
T

 

 correlation on the boundary of 

Prandtl layer for real values *0 0u r


 shown in table 4 for

0 0

p

B

ly

r r

 
  
 

. The calculation results 
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for 
T

 

 based on formula (18) presented in Table 4 indicate that the velocity profile in the 

near-wall Prandtl layer exists if the viscous component of skin friction drag is barely 

noticeable. 

The graphs of 
0

p

B

l

r

 
 
 

 and 
0

My

r
 change based on  value (Fig. 2) show both the tendency 

of their quality similarity and quantitative difference. The dependency  
0

p

B

l
f

r


 
 

 
 can 

be approximated as 

 

 

0

0,18
ln 0.5

p

B

l

r 

 
   

 
 (19) 

 

Analysis of experimental data for velocity distribution in pipes [20] and open channels 

[14] showed that velocity distribution in the flow core above the Prandtl layer could be 

quite accurately approximated as a logarithmic profile, similar to Prandtl layer: 

 

 
max 0

* 2

1
ln

u u r

u y


  (20) 

 

However, the angular coefficient for this 
2

1


 profile is significantly different from the 

angular coefficient 
1

1


=2.44 for the Prandtl layer velocity profile. 

To determine 2 value we can express the velocity profile for the flow core based on 

Hinze's ideas as: 

 

 
max

* 0 0

2.44ln 0.8
u u y y

h
u r r

 
     

 

 

(21) 

where Hinze shows 
0

y
h

r

 
 
 

 function as a graph (Fig. 4).  
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Fig. 4. Hinze function in graphical form 

 

Considering the possibility of expressing the velocity distribution of the flow as a 

logarithmic profile, we can express 
0

y
h

r

 
 
 

 the function as the following logarithmic 

approximation that is accurate enough for experimental points in Fig. 3: 

 

 

0 0 0

ln ln 6 ln
0.15

T T T

y y y
h

r r r
  

 
   

 

 

(22) 

 

where 0.15r0 is the average lp value starting from which we need to use a correction 

additive for Prandtl–Nikuradse profile. At the same time, the velocity profile for the flow 

core can be expressed as 

 

 
max

* 1 0 0

1
ln 0,8 ln 6 lnT T

u u y y

u r r
 




    

 

(23) 

 

where 
1

1


=2.44 and  coefficient needs to be determined. 

To determine  we can use the condition for speed deficiency to equal zero when y=r0. 

Thus, we get 

0.8 ln 6T , 

hence T=0.44  (24) 

Therefore, the expression (23) takes the following form: 

 

 
 max 0 0

*

2.44 0.44 ln 2.88ln
u u r r

u y y


  

 

(25) 

Then velocity profile logarithmic approximation for the flow core will have an average 

angular coefficient 

0

- 0,1

- 0,2
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- 0,6

- 0,7
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2

1
2.88


  (26) 

 

that is 1.18 times higher than the angular coefficient for the logarithmic velocity profile in 

the Prandtl layer. 

According to Hinze [18], for the peripheral area of the flow in the flat plate boundary 

layer, the velocity deficiency profile can be expressed as 

 

 
max

*

2.44ln 2.5
u u y y

h
u  

  
     

 

 

(27) 

where correction additive 
y

h


 
 
 

 is shown as a graph in Fig. 5, and  is the width of the 

boundary layer. 

 

 

Fig. 5. Correction additive 
y

h


 
 
 

 in graphical form 

 

For the correction additive, we can use an approximation like in formula (22) 

 

 
ln ln 6 ln

0.15
n n n

y y y
h   

  

 
   

 
 

(28) 

Then we can express the velocity profile (27) as 

 

 
 max

*

2.44 ln 2.5 ln 6n n

u u

u y


 


   

 

(29) 

where n value can be determined from the condition of u=umax with y=. 

2.5 ln 6n , 

hence    n=1.39. 

 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

- 0,5

- 1,0

- 1,5
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Considering the determined n value, we can find the angular coefficient in expression (29). 

 

 

2

1
2.44 2.44 1.39 3.83n


    

 

(30) 

At the same time, velocity deficiency for the peripheral area of the boundary layer takes 

the following form 

 

 
max

*

3.83ln 8.8lg
u u

u y y

 
   (31) 

 

Comparison of dependencies (25) and (31) shows that, while flowing in a pipe with an 

angular coefficient ratio equal to 1.33, in a quantitative sense, velocity distribution in the 

peripheral area of the flat plate boundary layer is significantly different than in flow core. 

The determined angular coefficient in the logarithmic velocity profile for the outer zone 

of the boundary layer (29, 30) is consistent with the experimental value of the velocity 

profile angular coefficient measured in wide open smooth and rough channels (Fig. 6, 7). 

 

Fig. 6. Experimental value for velocity profile angular coefficient, 

1-6 are V.S. Borovkov; 7 is L. Gogiberidze; 8 is M. Viparelli; 9 is L. Rao; 10 is G. Ludvig & 

V. Tilman. 
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Fig. 7. Experimental value for velocity profile angular coefficient, 

1-12 are V.S. Borovkov; 13 is M. Viparelli; 14 is N. Isachenko. 

 

4 Conclusion 

Conducted analysis shows that the maximum turbulent skin friction drag point is located at 

the distance of (0.10.15)r0. A comparison of the total amount of skin friction drag and its 

turbulent component allows us to conclude that the viscous component of skin friction drag 

has a significant contribution to the total drag. With the increase of  value, the contribution 

of viscous component grows and exceeds 4–5% till 
0

y

r
~0.250.30. 

Based on the assumption that the difference in velocity distribution in the near-wall Prandtl 

layer and the flow core is connected with the viscous component of skin friction drag, it 

was possible to determine the correlation between turbulent skin friction drag. Total skin 

friction drag T

 

 on the boundary of Prandtl layer. The calculation results show that the 

velocity profile in the near-wall Prandtl layer exists if the viscous component of skin 

friction drag is barely noticeable. 

An angular coefficient of 1.33 is obtained in the logarithmic velocity profile for the outer 

zone of the boundary layer, confirming the assumptions about the flow similarity between 

boundary layers and wide open channels. 
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