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Abstract. Equations of mixed type, the degeneracy line of which is the 
envelope of a family of characteristics, therefore, is itself also a 
characteristic, in the literature it is customary to call equations of mixed 
type of the second kind, which causes additional difficulties in the study of 

boundary value problems for equations of the second kind. In the present 
work, a boundary value problem for a homogeneous equation of parabolic-
hyperbolic type of the third order of the second kind is investigated. 
Necessary and sufficient conditions for the existence and uniqueness of a 
generalized solution of the problem are found. In some special cases, the 
representation of the solution of the problem under study is written out 
explicitly. 

1 Introduction 

At present, boundary value problems for equations of mixed type have become an 

important part of the modern theory of partial differential equations. One of the main 

problems in the theory of partial differential equations is the study of mixed type equations, 

which is of both theoretical and practical interest. In 1959, I.N. Vekua pointed out the 

importance of the problem of equations of mixed type in connection with problems in the 

theory of infinitesimal bendings of surfaces. The problem of the outflow of a supersonic jet 

from a vessel with flat walls is reduced to the Tricomi problem for the Chaplygin equation 

(a degenerate equation of mixed type). There are a number of works by F. Tricomi, S. 

Gelderstedt, A. V. Bitsadze, M. S. Salakhitdinov, T.D. Dzhuraev and their students in 

which the main mixed boundary value problems are studied and new correct problems are 
posed for the equations of the elliptic-hyperbolic, parabolic-hyperbolic types of the first 

kind, i.e. equations for which the degeneracy line is not a characteristic. 

In recent years, a large number of papers have appeared devoted to the study of equations 

of composite and mixed-composite types. Correct boundary value problems for equations 

of mixed-composite type, the main part of which contains an elliptic-hyperbolic operator, 

were first formulated by A.V. Bitsadze (see [1, 2]). These problems and some of their 

generalizations have now been studied in some detail. We note that the results of all the 

                                         
*Corresponding author: akmal09.07.85@mail.ru  

E3S Web of Conferences 401, 03049 (2023)

CONMECHYDRO - 2023
https://doi.org/10.1051/e3sconf/202340103049

  © The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of the Creative
Commons Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/). 

mailto:akmal09.07.85@mail.ru


above works were obtained for equations of the first kind, and for equations of the second 

kind of the third order, boundary value problems have not been previously studied. 

Therefore, the study of boundary value problems for mixed type equations of the second 

kind seems to be very relevant and little studied. We note the works [3-6]. In this paper, we 

study a local boundary value problem for equations of mixed composite type of the second 

kind, i.e. for an equation where the line of degeneracy is a characteristic. 

2 Statement of the problem 

Consider the equation 
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and the domain 
1

D
 
at 0x  limited by segments OA, AD, BD, OB of straight lines

0,1,1,0  xyxy   respectively. 

The general solution of equation (1) can be represented as [5]: 
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where ),( yxz is  regular solution of equation (2) in the domain 
1D , and in the domain 

2D  

is a generalized solution of the class R. Denote  x  in the following form: 
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and  1 x has all the derivatives in equation (1) and the smoothness of the function is 

given by the definition of a generalized solution of the class R of equation (1). 

Dirichlet problem. Required to define a function  yxu , , which has the following 

properties: 

a)    ;, DСyxu 
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b) function  yxu , is a generalized solution of equation (1) of class R in the domain
2D , and 

in the domain
1D  is regular; 

c) the gluing condition is satisfied on the degeneracy line 
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d) 𝑢𝑥continuous up to the transition line both on the left and on the right; 

e) satisfies the boundary conditions 
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mm is coordinate of point C to 𝑥. 

Note that this problem in the case 0m studied in [2], and in the case 01  m
considered in [1]. 

Without loss of generality, we can assume that     11,00  ww . Based on (3) and 

boundary conditions, the Dirichlet problem is reduced to the definition of a regular solution 

in the domain 
1

D , a generalized solution of the class R in the domain 2D equation (2) 

satisfying the conditions 
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3. Uniqueness of solutions to the problem. We will prove the uniqueness of the problem 

under consideration by the method of energy integrals. In the domain of 𝐷1 we have the 

equation 0
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Can express xx
zz via 

2)(
xxxx
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x
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  then the last equality takes the form:  
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Applying Green's formula, we get the following: 
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Let us show that the second integral of the left side of the equality is equal to zero. To do 

this, we use Green's formula and since 
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by domain 𝐷2 and applying Green's formula to the right side of the equality, we have 
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Let us divide the first integral into three parts i.e. and integrating by parts, respectively, we 

have 
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Then, inequalities (5) and (6) lead to the equality 
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To represent the solution of the equation 02 zL
 
in the domain of 2D satisfying the 
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Equation (12) is an integral Fredholm equation of the second kind, the solvability of which 

follows from the uniqueness of the solution to the problem and is determined by the 

formula 
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Taking into account the gluing condition and excluding    yyz
x

,0
 
from (14) and (15), 

we have 

         yФdttTtyKyTyN 22

1

0

2 ,
cos2

1



 

 
or 

 

         
1

2 2 2

0

2 cos , 2cos 2 cos .T y K y t T t dt N y Ф y        (16) 

 

The study of equation (16) shows that it is an integral Fredholm equation of the second kind 

with a weak singularity. Its unique solvability follows from the uniqueness of the solution 

of the problem. Solutions of the integral equation (16) can be written using the resolvent as 

 

              ,;,cos4cos2

1

0

221

2

222   dssФsNsyRyФyNyT   17) 

 

Where  ;,
1

syR  is resolvent of equation (16). 

Subordinating (7) to the conditions on the characteristics of OC, BC 

     ., 232 xwxzxz
BCOC

  and taking into account (17), i.e. on the

0: OC from (7) and denoting
  2112)]21(2[ x we get 
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       









0

2112

2 212 dN   (18) 

 

Based 1: BC  and
  2112 )1()]21(2[  x we get 

 

          


FdKw  


1

0

4

2112

2 1,1212  (19) 

 

where 

 

 
     

 

1

2

2 1

04

2cos 4 cos , ; 0 ,
,

1

N N s R s ds at
K

N at

       
 

  


  

 
  

  

           

          .1cos2;,

1cos41212

0

22

1

0

12

0

22

2

2112

3























dФdsdsRsФ

F

 
 

The latter system has a solution, which proves the existence of a solution to the 

Dirichlet problem. 

Studies on the smoothness of given functions. It can be seen that if we use from (18), 

we can find𝑇(𝑦)those. using the fractional operator, we rewrite𝑁(𝜂)in the following form: 
 

    2 11 1 2

0 2 2 1 2
(1 )

N D


 




   



 
     

 
 

Therefore, from (19)      


2112

2
1212


w

 
takes the form: 

 

           

       

       

3

22

2
221

22

2

1

2112

2

1

0

0

2112

2

1

0

2112

3

2112

2

)1(

cos4
cos2cos4

2121
)1(

1

2121
)1(

cos2

12121212

JJJ

dD

dD

w



























































 

(20) 

 

where 

 

       
1

1 2 1

0 0

1 , ;J Ф s R s dsd


 

     
 

      (21) 
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     2 2

0

1J Ф d


 

    
 

    

 

        
1

2 11 1 2

3 1 0 2

0 0

1 , ; 2 1 2sJ R s s D s dsd


    

       
   

         (22) 

           

         

       

       

 

  

 









y

xx

x

dyGdyG

dyGdttRdtG

dssRdttGtdssRs

dGdssGsyФ

0

1

0

1

1

0

1

0

1

0

1

0

1

0

11

1

0

1

0

1

0

112

.,1;,00,;,0

0,;,0]1;,,1;1,

1;,0,;1,1;,

,1;1,0,;1,[















 
 

Let us present some auxiliary expansions of the Green's function involved inside the 

integral as a kernel 

 

   
,

12

)21(

1

)21(
),1;1,( )1(4

)21(

2

3

)1(4

)21(

2

3

22








































n

nn

e
n

e
n

G 
















  

,)0,;1,( 4

)2(

4

)2( 22






















n

ntnt

eetG




 

,

2

2

2

2
)0,;,0( 4

)2(

2

3

4

)2(

2

3

22































n

y

n

y

n

x
e

y

n
e

y

n
yG




  

   







































n

y

n

y

n

x
e

y

n
e

y

n
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)21(

2

5

2

)(4

)21(

2

5

2
22

4

)21(

4

)21(
),1;,0( 






 
 

For (21) to take place, it is necessaryФ2was a continuous function, then from the 

representationФ2(𝑦)it easily follows that 11,  continuous. Hence from

  dG ),1;1,()(

1

0


 

function should look like )()1()( *2

3

 
 

where 

* is a continuous function. Now from (22) we will study the function
2

 . From the 

definition of integro-differential operators of fractional order 𝛼 > 0 those. From
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)}({)( )( xfD
dx

d
xfD n

axn

n

ax

  where 1,1  nnn  , );()( baLxf  and 

because )
4

7
;

9

16
( m , )5.3;4(  , follows that 5514  n  and 

 

          2112

2

)4(

5

5
2112

2

1

0 212212   sD
ds

d
sD ass

 
 

  
5

2 1(4 ) 1 2

25
2 1 2as

d
D s

ds

 
 

         
 

  
5

2 13 1 2

25

0

1
( ) 2 1 2

(1 )

s
d

s d
dx

 
    



  
        


   (23) 

 

It can be seen that the right side of equation (23) has a weak feature. Therefore, we cannot 

immediately differentiate it. To avoid this, we will first integrate by parts and then 

differentiate. Repeating this process five times and putting the result obtained in (22), then 

we choose among them the term that has the largest singularity, i.e.

      dss

s


 

0

2112)5(

2

3 212)( . The study of this expression shows that the 

existence of the integral depends on the continuity of the function belonging to the kernel. 

To do this, we will do the following: 
 

       
 2112*

2

232112

2 212212 


 

In sofar as
  21

1

2112)]21(2[   kxx where
)21(2

)1( 21

1












k then we get 

)()( *

2

21

23

23

2 xxkx  



 



 . From (20) it can be seen that the function

)()( 2
2

3 DCx  .  

Based on the above results, we will formulate the following theorem: 

Theorem. If )()( 2
2

3 DCx 
, 11,  continuous functions and )(x , )(2 x

represent in the form )()1()( *2

3

xxx    and )()( *

2

21

23

23

2 xxkx  



 



 , where

,* *

2
 continuous functions, then the solution of the Dirichlet problem exists and is 

unique. 

3 Conclusions 

Thus, with the help of energy integrals, the uniqueness of the solution of the boundary 
value problem for the homogeneous equation of parabolic - hyperbolic type of the third 

order of the second kind is proved. Necessary and sufficient conditions for the existence of 

a generalized solution of the formulated problem are found. An explicit representation of 
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the solution of the problem under study is obtained. The results obtained and the developed 

methods make it possible to further investigate similar boundary value problems for a 

homogeneous parabolic-hyperbolic type equation of the third order of the second kind. 

References 

1. Bitsadze A.V. Some problems of mathematics and mechanics. Novosibirsk, 1961, pp. 

47-49. 

2. Bitsadze A.V., Salakhitdinov M.S. Siberia. math. magazine, 2, no. 1, 1961. 

3. Abdullayev A.,Zhuvanov, K.,Ruzmetov, K.A generalized solution of a modified 

Cauchy problem of class R2 for a hyperbolic equation of the second kind.Journal of 

Physics: Conference Series, (2021), 1889(2), 022121 doi:10.1088/1742-
6596/1889/2/022121 

4. Abdullayev A.,Kholturayev, K.,Safarbayeva, N.Exact method to solve linear heat 

transfer problems.E3S Web of Conferences(2021), 264, 02059 

5. https://doi.org/10.1051/e3sconf/202126402059 

6.  Salakhitdinov M.S. Equations of mixed-composite type. Tashkent: Fan, 1974. 

7. Meredov M, Bazarov D. The Dirichlet problem for a third-order equation of 

parabolic-hyperbolic type.Differential Equations. 1986. V.22. No 6. pp. 1016-1020. 

8. B.I.Islomov and Y. K. Alikulov, Siberian Electronic Mathematical Reports18, 72–85 

(2021). 

9. B. I. Islomov and U. S. Ubaydullayev, Lobachevskii Journal of Mathematics41(9), 

1801–1810 (2020). 

E3S Web of Conferences 401, 03049 (2023)

CONMECHYDRO - 2023
https://doi.org/10.1051/e3sconf/202340103049

12

https://www.scopus.com/authid/detail.uri?authorId=57217593029
https://www.scopus.com/authid/detail.uri?authorId=57224322979
https://www.scopus.com/authid/detail.uri?authorId=57214896805
https://www.scopus.com/authid/detail.uri?authorId=57217593029#disabled
https://www.scopus.com/authid/detail.uri?authorId=57217593029#disabled
https://www.scopus.com/authid/detail.uri?authorId=57217593029
https://www.scopus.com/authid/detail.uri?authorId=57217594106
https://www.scopus.com/authid/detail.uri?authorId=57215419667
https://www.scopus.com/authid/detail.uri?authorId=57217593029#disabled
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=37041356900&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57218557864&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57218557864&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=37041356900&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57219802090&zone=
https://www.scopus.com/authid/detail.uri?origin=resultslist&authorId=57219802090&zone=

