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Abstract. The paper studies the propagation of shear elastic waves in a 
layer on the basis of a simplified Cosserat model. One of the planes bounding 
the layer is loaded with inertial mass, the second boundary is fixed. The 
possibility of the appearance of a localized (surface) wave along the loaded 
surface of the layer is established. The velocity of wave propagation is 
determined in the short-wave and long-wave approximations.  

1 Introduction 
An analysis of the works of dedications on the moment theory of elasticity shows that taking 
into account the moment in the reduction equations in the work of Cosserat [1] is of great 
interest. Currently founding in the fields of seismology, there is a peak of interest in this 
topic. On the one hand, this interest is due to the rapid development of nanotechnologies and 
the need for models that describe the behavior of media with a microstructure. On the other 
hand, in connection with the further development of seismic research methods, there is a need 
for physical models that more accurately describe real geological environments. For example, 
with the development of the concepts of the micropolar continuum, which simultaneously 
take into account both translational displacements and kinematic independent microrotations 
of individual blocks, it turned out to be possible within the framework of one model to 
describe the propagation of tectonic solitary waves emitting seismic elastic precursors [2]. 
The result obtained is of fundamental importance, since it can be used to construct a model 
of the source of tectonic earthquakes within the framework of the micropolar continuum. In 
seismic and geophysical research at present. 

Mechanical [3] or laser [4] sensors are used (although not very widely) to directly 
measure the rotational velocities of an elastic or seismic wave in three perpendicular 
directions. This indicates the fundamental possibility of measurements showing the nature of 
the relationship between the displacement and rotation vectors. In such experiments, it is 
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often assumed that the rotation components are related to displacements by a relation that 
corresponds either to the classical theory of elasticity or to an asymmetric theory with 
constrained rotation. The localization of the energy of a propagating elastic wave in the 
vicinity of the boundary that bounds the medium has both negative (destruction) and positive 
(lossless energy transfer) significance in practice. The results of the study of localized waves 
(oscillations) lead to the creation of various kinds of devices and instruments, both for their 
damping and amplification [4,5,6]. 

In this paper, we consider the problem of the propagation of viscoelastic waves in a layer 
subordinating the Cosserat medium, i.e., taking into account the rotation of the stress and 
couple stress tensors, which are asymmetric [7,8]. In contrast to known works, the 
viscoelastic properties of the layer material are taken into account. Numerical results are 
obtained. 

2 Methods 

2.1 Problem statement 

The propagation of purely shear viscoelastic waves is considered taking into account the 
inertia of rotation of particles in a flat layer. In a rectangular Cartesian coordinate system 
𝑥𝑥,𝑦𝑦, 𝑧𝑧 layer occupies an area �∞ � 𝑥𝑥 � ∞, 0 � 𝑦𝑦 � ℎ,�∞ � 𝑧𝑧 � ∞. В In this paper, we 
consider an anti-planar problem � � � � 0,𝑤𝑤 � 𝑤𝑤�𝑥𝑥,𝑦𝑦, 𝑡𝑡� 

The equation of motion in stresses has the form [9,10] 
����
�� � ����

�� � � ���
���   ,                                            (1) 

where indexes 1,2,3 mean directions by coordinates 𝑥𝑥,𝑦𝑦, 𝑧𝑧 respectively, � � density. The 
relationship between stresses and mixed for a viscoelastic Cosserat medium based on a 
simplified model is taken as [11,12] 

𝜎𝜎�� � �̃�𝑐�� ∂𝑤𝑤∂𝑥𝑥 � 𝐼𝐼 ∂�𝑤𝑤
∂𝑥𝑥 ∂𝑡𝑡� ,𝜎𝜎�� � �̃�𝑐�� ∂𝑤𝑤∂𝑥𝑥 � 𝐼𝐼 ∂�𝑤𝑤

∂𝑥𝑥 ∂𝑡𝑡� , 
𝜎𝜎�� � �̃�𝑐�� ���� � 𝐼𝐼 ���

����� ,𝜎𝜎�� � �̃�𝑐�� ���� � 𝐼𝐼 ���
�����,                   (2) 

where 

с���𝑓𝑓�𝑡𝑡� � с��� �𝑓𝑓�𝑡𝑡� � � 𝑅𝑅����𝑡𝑡 � 𝜏𝜏�𝑓𝑓�𝜏𝜏�𝑑𝑑𝜏𝜏
�

�∞
�
 �̃�𝑐��  is the operator moduli of shear elasticity, 𝑅𝑅с���𝑡𝑡 � 𝜏𝜏� is the relaxation nuclei and с���  is 

the instantaneous moduli of elasticity. 𝑓𝑓�𝑡𝑡�-is the arbitrary function of time, 𝐼𝐼 -is the 
coefficient characterizing the inertia of rotation of the particles of the medium. 

Paying to attention (2), the equation for the propagation of shear waves in the medium 
will be [13,14] 

𝑐𝑐���Δ𝑤𝑤 � 𝑐𝑐��� � 𝑅𝑅����
�∞ �𝑡𝑡 � 𝜏𝜏�Δ𝑤𝑤�𝑥𝑥,𝑦𝑦, 𝜏𝜏�𝑑𝑑𝜏𝜏 � 𝐼𝐼 ��

��� Δ𝑤𝑤 � � ���
��� ,         (3) 

where Δ is the two-dimensional Laplace operator. 
It is assumed that on the plane 𝑦𝑦 � 0, bounding the layer, there is a boundary condition 

[15,16] 
𝜎𝜎�� � � ���

���                                                       (4) 
Using the boundary condition (4), the influence of the presence of an inertial mass on the 

plane is modeled 𝑦𝑦 � 0. The second plane bounding the layer is assumed to be fixed 
       𝑤𝑤 � 0𝑓𝑓��𝑦𝑦 � ℎ                                                   (5) 

It is required to find a solution to the integro-differential equation (3) that satisfies the 
boundary conditions (4) and (5). 
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[15,16] 
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���                                                       (4) 
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It is required to find a solution to the integro-differential equation (3) that satisfies the 
boundary conditions (4) and (5). 

2.2 Solution method 

Solution equation (3) is presented as follows:    
                            � � 𝑓𝑓�𝑦𝑦�𝑒𝑒��������   ,                                              (6) 

where 𝜔𝜔 � 𝜔𝜔� � 𝑠𝑠𝜔𝜔�- complex circular frequency, k- wave number. 
Substitution (6) into (3) leads to the solution of an ordinary differential equation with 

respect to the desired function 𝑓𝑓�𝑦𝑦�
 

      𝑓𝑓''�𝑦𝑦� � 𝑘𝑘� �1 � �
����� 𝑓𝑓�𝑦𝑦� � 0,                               (7) 

where the following designations are accepted:  
      𝜂𝜂 � ��

�����
, �̄�𝑐�� � ����

� Γ��,� � ���
� ,Γ�� � 1 � Γ��� � 𝑠𝑠Γ���             (8) 

Γ��� �𝜔𝜔�� � � 𝑅𝑅���𝜏𝜏� 𝑐𝑐𝑐𝑐𝑐𝑐 𝜔𝜔� 𝜏𝜏𝜏𝜏𝜏𝜏;
∞

�
Γ��� �𝜔𝜔�� � � 𝑅𝑅���𝜏𝜏� 𝑐𝑐𝑠𝑠𝑠𝑠𝜔𝜔� 𝜏𝜏𝜏𝜏𝜏𝜏 �

∞

�
 

Cosine and sine Fourier transforms of the material relaxation kernel respectively;𝜔𝜔�- real 
value.  

3 Result and discussion  
The three-parameter relaxation kernel of Koltunov-Rzhanitsyn was used in the calculations: 

𝑅𝑅���𝑡𝑡� � 𝐴𝐴��𝑒𝑒�����/𝑡𝑡�����. 
According to (6), the boundary condition of the loaded edge (4) is reduced to a differential 

equation with complex coefficients in the form 
�1 � �𝜂𝜂��𝑓𝑓 ′ � ����

� 𝑓𝑓 � 0  for   𝑦𝑦 � 0.                                        (9) 
Here 

𝜂𝜂 � 𝜔𝜔�

𝑘𝑘�𝑐𝑐��
1 � Γ���

��1 � Γ��� �� � �Γ��� ��� � 𝑠𝑠 𝜔𝜔��Γ��� �
𝑘𝑘�𝑐𝑐����1 � Γ��� �� � �Γ��� ���.

 The solution to equation (7) satisfying the boundary condition (9) will be 
𝑓𝑓�𝑦𝑦� � 𝐴𝐴��𝑠𝑠 � 𝜌𝜌��𝑒𝑒���� � �𝑠𝑠 � 𝜌𝜌��𝑒𝑒����,𝜌𝜌� � ��������

���    ,           (10) 
where 𝐴𝐴 arbitrary constant,  

𝑝𝑝 � �1 � ����������������������
������������������    , 

𝜂𝜂� � ��
�����

��Γ���
����Γ��� ����Γ��� ��� , 𝜂𝜂� � ���Γ��� �

���������Γ��� ����Γ��� ���.                      (11) 
It follows from (11) that Eq. (7) has a solution in the form of hyperbolic functions (in the 

form (10)) if the condition  
        0 � |𝜂𝜂| � �

���                                                (12) 
Otherwise, the solution of equation (7) will be expressed in terms of trigonometric 

functions. If equation (7) has a solution that satisfies condition (12), the shear wave is 
localized in the vicinity of the layer surface 𝑦𝑦 � 0 [9,10]. In particular, for the half-space 0 �
𝑦𝑦 � � condition (12) will be the conditions for the damping of the wave amplitude at 𝑦𝑦 𝑦
��� 𝑦 0�. The requirement that solution (10) satisfy the fixed edge boundary condition (5) 
leads to the solution of the dispersion equation with respect to the dimensionless parameter 
𝜂𝜂 wave propagation speed 

  𝑡𝑡��𝑘𝑘𝑝𝑝ℎ� � ����
�� 𝑝𝑝,� � ��

�                                             (13) 
In the general case, it is difficult to find a solution to (13), because the argument of the 

trigonometric functions is complex. Therefore, we consider some special cases. Let 𝑅𝑅���𝑡𝑡� �
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0, then in the shortwave approximation  𝑘𝑘𝑘 � 1or  𝑡𝑡 𝑡𝑡 �𝑘𝑘𝑘𝑘ℎ� � 1   equation (reduced) to the 
form  

  �1 � ���1 � ��1 � �� � 𝜃𝜃�                                       (14) 
The solutions of equation (14) satisfying the damping condition (12) will be 

                           � � �����������
������������                                                         (15) 

It is easy to check that the velocity of propagation of a localized wave, determined by 
formula (15), coincides with the velocity of a surface shear wave (of the Love type) for a 
half-space with a loaded surface and taking into account the internal rotation of particles. 
Equation (13) has a solution � � �1 � ���� which sets the layer thickness at which the 
transition from solutions in the form of trigonometric functions (to localized waves) occurs. 
The conditions for the appearance of localized waves are obtained from Eq. (13) when 
passing to the limit  

� 𝑝 �1 � �����𝑘𝑘 𝑝 0� 
                       𝑘𝑘ℎ � �

�                                                           (16) 
From equation (13) in the long-wavelength approximation �𝑘𝑘𝑘�� � 1 at 𝑘𝑘ℎ � �

� it turns 
out 

                              � � �� � 𝑘𝑘ℎ𝜃𝜃��� .                                                (17) 
In the approximation adopted here 𝜔𝜔 does not depend on the wavenumber, so it is 

necessary to consider the following approximation.  
When the layer boundary � � ℎ free 

                         𝜎𝜎�� � 0 at   � � ℎ ,                                        (18) 
 

the dispersion equation is obtained in the form 
𝑐𝑐𝑡𝑡𝑡𝑡�𝑘𝑘𝑘𝑘ℎ� � ����

�� 𝑘𝑘.                                           (19) 
In the short-wavelength approximation, from (19) an equation is obtained that coincides 

with equations (14). In the long wave approximation 
                              � � �ℎ

������ℎ��                                                   (20) 
 

 
Fig. 1. Dependences of phase velocities on frequency in the Cosserat medium - longitudinal wave. 

According to (20), the shear wave propagation velocity satisfies the damping condition 
(12), i.e. in this case, a localized wave always exists (regardless of the layer thickness or 𝑘𝑘ℎ). 
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According to (20), the shear wave propagation velocity satisfies the damping condition 
(12), i.e. in this case, a localized wave always exists (regardless of the layer thickness or 𝑘𝑘ℎ). 

 

 
Fig. 2. Dependences of phase velocities on frequency in a Cosserat medium - a transverse wave 

Figures 1 and 2 show the frequency dependences of the phase velocities for the 
longitudinal and transverse waves in the Cosserat medium, respectively. On Figure 1, the 
solid line denotes the phase velocity of the body wave of displacement, the dashed line is the 
phase velocity of the body wave of rotations, which has an asymptotic value, at , as 
well as the vertical asymptote at 0. In Figure 2, the solid and dashed lines denote two 
phase velocities for two bulk shear modes. They have, respectively, two asymptotic values 
at . 

4 Conclusions 
The study of the propagation of shear elastic waves in a layer based on the simplified Cosserat 
model, when one of the planes bounding the layer is loaded with an inertial mass, and the 
second boundary is fixed, revealed the possibility of the appearance of a localized (surface) 
wave along the loaded layer surface. The wave propagation velocity and damping 
coefficients are determined in the short-wave and long-wave approximations. 
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